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ABSTRACT

In the present paper we have studied generalized recurrent Kaehlerian Weyl spaces. The properties
of generalized Weyl Concircular, Conformal and Projective curvature tensor is shown and the
relation between them is established.
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1. Introduction

An-n-dimensional differentiable manifold W, is said to be Weyl space if it has a symmetric
connection V* and a symmetric conformal metric tensor g;; preserved by V*. Accordingly, in local
coordinates there exists a covariant vector field T,(complementary vector field) satisfying the

condition [1],[2], and [3]

v*kgij — ZTkgL] = 0. (11)
The above equation can be extended to

%Gy — gnj Tk — 2Tegy = O, (1.2)

Wherel}’,; are the connection coefficients of the symmetric connection V and are defined as
h _ h hm
Dk =1k (9 Gmj T + Gmic Ty — G Tn), (1.3)

L},i }being the coefficient of the metric connection defined by

(e]=19" @ 9 + 09y — Oy
Moreover, under the renormalization condition
gij = )lzgij! (1.4)
of the metric tensor g;;, the covariant vector field T; is transformed by the law
T, = Ty + 0, InA, (1.5)

whereA is a scalar function defined on W,,. We denote such a Weyl space by Wn(l},ﬁ,gij,Tk)or
W, (g.T).
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An n-dimensional differential manifold having an anti-symmetric connection V and anti-symmetric
metric tensor g;; preserved by V is called generalized Weyl space [4]. It is denoted by GW, (g, T).

For such a space, in local co-ordinate system, the compatibility condition is
Vigij — 2T gy =0, (1.6)

where T, are the components of a covariant vector field, called the complementary vector field of
the GW,, (g, T) space. Using the concept of covariant differentiation ([5],[6]), the compatibility
condition of (1.6) can be written as

O Gix — Gnj Ll — gLy — 2T gy =0, 1.7)

whereL”, are the connection coefficient of the anti-symmetric connection V and are obtain from
the compatibility condition as

Ly =T + 5 Dt i + Xby Gin + XL G )™ : (1.8)
Now putting

X =S Dt Gy + Xby Gin + XL G ™, (1.9)
we obtain

Ly =T +xij» (1.10)

where Fiﬁ-l and )(l-’} are respectively the coefficient of a Weyl connection and the torsion tensor of

GW,,(g,T) space and are expressed as

1
ry =[G + i = L, (111)
and

1
Xh = E[L?cl - L}llk] = Li[lkl]! (1.12)

where square bracket stands for anti-symmetry.

The components of mixed curvature tensor and Ricci tensor of GW,, (g, T) are respectively

Ly = 0L}y — 0, + L Li; — LiLj, : (1.13)
Ly =L%,. (1.14)
On the other hand scalar curvature of GW,,(g,T) is defined by

L=gLy. (1.15)
It is easy to see that curvature tensor L]’-lki of GW,,(g,T) can be written as

Ly = Bl + Xfu (1.16)

where the tensors Bj}}d and Xﬁz are defined respectively as

ki = 0Ll — 0T + T TL — TR TG, (1.17)
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Xhi = Vexh —Vxh + xbtxhe — xhixl — 2x)i ki (1.18)

The curvature tensor of GW,, (g, T) satisfies the relation [6].

Ly + Lo + L = 2[Viexthy + VX + 2X0m Xilie + 2Xhm X0t + 2Xm Xin ) (1.20)
VinLis + VicLiim + Vil = 2[Ly xbie + Lok Xty + Lipm Xkt (1.21)

A Kaehlerian Weyl space denoted by KWW, is an n-dimensional (n=2m) space with an almost
complex structure Fji satisfying

F}iFik = —é}ka gijFiiFig = Gk (1.22)

V,{Fji =0 (foralli,jk) (1.23)
Fy; = gijik = —F; (1.24)
FU = ghF] = —FJ! (1.25)

the tensors F;; and FY are of weight 2 and —2 respectively [4].

The mixed curvature tensor R
respectively

l-hjk and the covariant curvature tensor Ry, of W, (g, T) are given

d 0
Riy = @1‘5 - @1‘5@ + T T

-
andRy, = giRly
The Ricci tensor and the scalar curvature of W, (g, T) are defined by
Ry =R;andR = gYR;
Also, it can be seen that the anti-symmetric part of the Ricci tensor satisfies
Ryyjy = nVyTj)

Let

1
Gy = ERijkl F¥ , H; = giRf

whereRr;, = g R} R = Rjyg*' . Then the following relations hold

n—2 2 2
Hy = TRij +£Rji =R; +;{Rji —Ry}

Gij = _HhiFih = H; th

GuiF" = =Gy F' = Hj;

GniF" = =My g" = —R
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Ry + Ry = 4V Ty 95
Gij + Gji = 0
2. Generalized Recurrent Kaehlerian Weyl Space

An n-dimensional Weyl space is called generalized recurrent Weyl space if its curvature tensor
Ry satisfies

VinRiijie = Kin Ruijic + Lin Ghiji (2.1)
where
Inijk = GrkGij — 9njGik - (2.2)

K,, and L,, are associate vectors of recurrence.
Multiplying (2.1) by g"* we get
VR = KnRj + Ly(n—1)gy (2.3)
Transvecting (2.3) by g¥ we have
VR = KyR + Lyn(n—1)gy (2.4)
Eliminating L,, from (2.1) and (2.4) we have

Vo Shijke = Ko Shiji
where
Shije = Rnijie — ﬁ Ghiji (2.5)
Multiplying (2.5) by g"* we get
Sy =Ry — fgu (2.6)
Such a space is denoted by W/, .

The Weyl Conformal curvature C,;;. , Weyl Concircular cuvature tensor Zy,;;, and Weyl Projective
cuvature tensor Zy,;;, in W, (g, T)is given by

1 R
Chije = Ruije — =194 Rk — Gt Rnj + GnkRij — GnjRu} + D0z WYij Ink — GikGn; } 2.7)
R
Zhijke = Rny — r— {9 9ni — 9 9nj} (2.8)
1
Wik = Ry +—{Rij g — Rk Gns} (2.9)

From (2.8) and (2.9) we have

R 1
Whijre = Znijre + m{gij Gnk — Jidnj } + — {RijGnk — R gns } (2.10)
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From (2.7) and (2.8) we have

1 2R
Chijc = Znijk — E{gij Ruk — GixRnj + 9niRij — gnjRuc} + m{gi}' Ihie — Gk 9nj } (2.11)

From (2.7) and (2.9) we have

R 1
Crije = Whie + m{gﬁghk — Jik9nj } — m{gij Ruk — iR }

2n-3
- (n_;;(n__z) {9ncRy; — gnjRuc} (2.12)

Definition (2.1). If the curvature tensor Cy;j, of GRKW, satisfies the condition
Vin Chije = Kin Chijk + L Gnijic » (2.13)

whereK,, and L,, are associate vectors of recurrence then GRKW;, is called generalized recurrent
Kaehlerian Weyl space with generalized recurrent Weyl Conformal curvature tensor. We denote
such a space by C* — GRKW,,.

Definition (2.2). If the curvature tensor Zy;;, of GRKW, satisfies the condition
Vi Zhije = K Zhijie + L Gnij (2.14)

whereK,, and L,, are associate vectors of recurrence then GRKW;, is called generalized recurrent
Kaehlerian Weyl space with generalized recurrent Weyl Concircular curvature tensor. We denote
such a space by Z* — GRKW,,.

Definition (2.3). If the curvature tensor W), of GRKW,, satisfies the condition
Vi Whise = K Whijie + Lo Ghijc (2.15)

whereK,, and L,, are associate vectors of recurrence then GRKW;, is called generalized recurrent
Kaehlerian Weyl space with generalized recurrent Weyl Projective curvature tensor. We denote
such a space by W* — GRKW,,.

Theorem (2.1) : A Kaehlerian Weyl space is generalized recurrent if and only if it is Projective
generalized recurrent.

Proof: Let the space be Kaehlerian Weyl generalized recurrent then (2.1) is satisfied.

Taking covariant derivative of (2.9) we have

Vo Whijk = Vi Rpijic + anl{vaijghk — Vo Rigni . (2.16)
using (2.1) and (2.3) above equation reduces to

Ve Whijie = Ko Rniic + Lin Onijic +—— Ko Ry Giic + L (0 = 1G5 Gic = K Rij G — Ln (0 = 1) gie g

which in view of (2.9) gives

Vi Whisie = K Whiie + Lin G - (2.17)
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Conversely, let us assume that (2.17) holds then using (2.9) we obtain

K, [Rhijk + anI{Rijghk - Rikghj}] + Loy Gnijic = Vi Ruijic + nlj{vaij Gnie — Vi Rix gnj . (2.18)
multiplying (2.18) by g"* we get

VinRy = Ky Ry + Lngij- (2.19)
Equation (2.18) in view of (2.19) reduces to

. 2n-3

Vi Rpijie = K Rpijie + mnghuk-

which completes the proof.

Theorem (2.2): The necessary and sufficient condition for a GRKW,, to be W* — GRKW,, is that it
should be Z* — GRKW,.

Proof: Let GRKW,, satisfies the relation (2.15), then (2.15) in view of (2.10) gives

. VR 1 . .
K Whijk + LinGnijie = VinZnijx + m{gi]‘ Gnie — Gikn} + E{vaijghk — ViR }, (2.20)
equation (2.20) in view of (2.3) and (2.4) reduces to

Vo Znije = Kin [Rhijk - n(:;_l){gijghk — ik Inj }] + L' Ghijkc »

which in view of (2.8) reduces to (2.14).

Conversely, let us assume that (2.14) is satisfied, taking covariant derivative of (2.10) gives

Vo Whise = VinZniie + %{gijghk — Gugn } + ﬁ{vau Gnie — Vi Rix gn - (2.21)
Using (2.3) and (2.4), equation (2.21) reduces to

Vo Whijk = K [Rnijic + anl{Rijghk — Rixgnj } + 3L Ghijic

which on using (2.9) gives

Vo Whije = KnWhije + 3L Ghijic -

Therefore the proof is completed.

Theorem (2.3): The necessary and sufficient condition for a GRKW,, to be C* — GRKW,, is that it
should beZ* — GRKW,.

Proof: Let GRKW,, satisfies the relation (2.14), then (2.13) in view of (2.14) gives
Vo Chijie = Vi Znijk — ﬁ{gu Vi Rik = 9itVin Rij + Gk Vi Rij — Gnj Vi Rt} + %{gijghk = Jik9nj} (2.22)

Using (2.3), (2.4) and (2.14), equation (2.22) reduces to
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. 1
Vi Crijk = K Zpijie + L Gnijie — E{Km (95 Rnk — GixRuj + gnkRij — gnjRix) + 2Ly (n — (94 ghk — 9 9nj)} +

2{Kn R+Lmn(n—-1)}
9y 9k — Gik i (2.23)

using (2.8), (2.23) reduces to

Vo Chijie = Kin Chijic + Lin Gnijic -

Conversely, let GRKW,, satisfies the relation (2.13), then (2.11) in view of (2.13) gives (2.23).Now
from (2.7) and (2.23) we have

1 R
Kn [Rhijk - m{gu Ruk — 9ieRej + gk Ry — gnjRac} + m{gu Ghk — gikghj}] + L Ghiji

. 1
= VinZpije — m{Km (94 Ruk — G Ruj + gniRij — gnjRi) + 2Ly (n — (i e — Gic 9nj )}

2{Km R+Lmn(n—1)}
ey Yy 9hk ~ G Gnj 3

which in view of (2.8) reduces to
Vi Zhijie = K Zhijie + Lin Gniji -
Therefore the proof is completed.

Theorem (2.4): The necessary and sufficient condition for a GRKW,, to be C* — GRKW,, is that it
should be W* — GRKW,,.

Proof: Let GRKW,, satisfies the relation (2.14), then (2.13) in view of (2.14) gives

. . V..R 1 . .

Vin Chijk = Vin Whije + m{gu Gnk — Jiknj } — m{gi]‘ Vi Rik — it Vin R }
2n-3 . .

~ o9V Ry = Ghy Vi R}, (2.24)

using (2.3), (2.4) and (2.15), equation (2.24) reduces to

[K,,R + L,n(n —1)]
{gij Ink — gikghj}

Vi Chijie = KnWhijie + LinGnijie +

n—-1Dn-2)
1
e {Kun(9ij Rk — GiRrj) + Lnn(n — 1)(gi Gnre — GixGnj) }
-3
—m{Km (9nkRyy — gnjRix) + Lon(n — 1) (Gnigij — 9nj i)}, (2.25)

using (2.14), (2.25) reduces to
Vo Chije = Kin Chijic + Lin G -
Conversely, let GRKW,, satisfies the relation (2.13), then (2.12) in view of (2.13) gives

[KnR+ Lynn—1

) . )]
Vi Chije = Vin Whyjie + m—Dm—-2) {9y 9nk — G gn; }
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— {Kn (9 Rur — giRrj) + Lnn(n — 1)(gyj Grie — Gix Gnj) }

2n—-3

—m{Km (9nkRy — gnjRix) + Ln(n — 1)(Gnigij — Inj i)}, (2.26)

using (2.7), (2.26) reduces to

1 R
K, [Rhijk - m{gi}* Ruk — Gk Rnj + GnicRij — gnj Ruc} + m{gg Ghie — gikghj}] + Ly Ghiji

[KnR+L,nn—1

) )]
=V Whij + n—Dm-2) {9y 9k — 99}

1
_nTZ{Km (gij Ry — githj) + Lpyn(n — 1)(9j Gnr — gikghj)}

2n-3

—m{Km (gnkRyj — gnjRu) + Lon(n — D) (Gnigij — 9nj i)}

using (2.9) above equation reduces to
2n-3

Vi Whise = Ko Wi + 5 Ghijk -

Therefore the proof is completed.
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