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ABSTRACT

Goldberg (1956) has studied on projectively Euclidean Hermitian
spaces. Mizusawa and Koto (1960) have studied holomorphically projective
curvature tensors in certain almost Kaehlerian spaces. Also, Prvanovic and
Pusic (1995) have studied on manifold admitting some semi-symmetric metric
connection. In the present paper, we have defined and studied Geodesic lines on
any metric space are autoparallel lines of its Levi-Civita connection. The
necessary and sufficient condition for a metric semi-symmetric connection of a
hyperbolic almost Kaehlerian space to have some of their autoparallel lines in
common with their Levi-Civita connection.
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1. INTRODUCTION.

Let us consider a Riemannian space M, of dimension n, with metric
tensor (gij). Let us denote the Christoffel symbols towards given metrics by
{i'\}, the operator of covariant differentiation towards the Levi-Civita
connection by V and components of its curvature tensor by K',—k| (or by Kjja for
its Riemann-Christoffel tensor).

The geodesic line, that means, an autoparallel line of Levi-Civita
connection is characterized by the relation
(1.1) vV, /=0,
Where v* stands for a component of tangent vector field of the geodesic line.

The component of metric semi-symmetric connection are given
by
(1.2) Gk =4 " s} + 6 —p* i

Where p; and p® are covariant and contravariant components of a vectors of
a vector field. This vector field is called the generator or the generating vector
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field of metric semi-symmetric connection. The torsion tensor components of
the metric semi-symmetric connection are equal

(1.3) i = PiOf — Pk5ia

Let v* be the component of tangent vector field of a geodesic
line, then, this geodesic line will be autoparallel for metric semi-symmetric
connection if and only if three holds
(1.4) p vV = plu,v
As we consider a Riemannian space and its metrics is positively definite, (1.3)
reduces if and only if

(1.5) Dk = QD

k

Where « is a scalar function.
If we explore properties of the function «, as it is the
proportionality coefficient between the tangent vector field of the geodesic line
and generating vector field of the metric semi-symmetric connection, we shall
get an answer to the following question; for a geodesic line on a Riemannian
space, how many semi-symmetric metric connections have same line as an
autoparallel line.

Let us denote the operator of covariant differentiation towards

metric semi- symmetric connection by V, then

Ve = Viwy - a(vey; - gy )

Vip; = agy +a Vi,

Where v stands for scalar square of the vector v, and «a = a0‘/ axk -

The components of Riemannian-Christoffel tensor of the metric
semi-symmetric connection can be expressed in this way

(1.6) Rijii = Kijiu + i Py —9uPrj + 9j1 Pri — 9jk Pui

Where Kjj,; denotes a Riemann-Christoffel tensor component of Levi-Civita
connection and the abbreviation py; stands for the tensor

. 1
(1.7) Pej = Vibj — PjPk 7 Ps P Jjk-
The tensor py; is symmetric if and only if p; is a gradient, that

means

ay; — v =a( Vv — Viy),

Or, equivalently
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1.8 — = = (uy, —va

(1.8) = = (v —vay)

Where u stands for a;, v*.

From the expression (1.5), we easily obtain,
Rk =Ky + (2 —n)py; — gjips,
ks = Kyp— Ry — (M —2)pj,

nps = K- R —= (n—-2)ps,

S — (K_R)

bs = 2(n — 1)

o _ Kk — R K—R |
Pij n—2 2(n— D(n — 2) Tk

By Kj,K and R R we denote the Ricci tensor and the curvature scalar for
the Levi-Civita connection and for metric semi-symmetric connection
respectively.

We have our curvature tensor (1.5) to satisfy the all algebraic
properties which are most common for curvature tensors to be skew-symmetric
in first two Indies, to be invariant under change of places of first and second
pair of indices and to satisfy the first Bianchi identity. All these properties are
satisfied if and only if the generating vector field is a gradient.

There holds

v'Viv, =0 and p'Vip, = p'Vip; = @p = pavy,

Now, we apply the Ricci identity for the metric semi-symmetric
connection to the generator and we obtain
(1.9) va; — @v; =0,
Then there yields, in view of (1.7), = =0,
and the tangent vector of the geodesic line is of constant length.
From (1.8), we have  a, = % v, Of ap=fpp

This means that all three vectors are mutually proportional. Then

psp° = a’v.

d(psp®)
dxk

Besides
= pSVips + 0sVip® = piayps + ap®Vy v;
=2a,p;p° + Zapsvkvs = 2a;,p,p° + 2a2v57kvs
=2ppiay = 2a’a,v.
As V,vSv, =0 and consequently vSV,v, =0,
Then, on the other side
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d(psp*) :
— = 2°Vips = 2a,p°ps = 2a’vey
= 2av ay.
Comparing two results for %, we obtain a = 1 or a;,=0. Then

(1) (py) and (v,) are equal, both gradients, both of constant length,
Or
(2) (pg) and (vy) are collinear vectors, both of constant length and both
gradients. Therefore

Definition (1.1): On a Riemannian space, the curvature tensor of
metric semi-symmetric metric connection satisfies the all most common
algebraic properties for any curvature tensor if and only if the generating vector
field is a gradient. Then the Levi-Civita connection and metric semi- symmetric
connection have some of their autoparallel lines in common if the generating
vector field of metric semi-symmetric connection and tangent vector field of the
geodesic line are collinear gradients of constant length.

2. HYPERBOLIC ALMOST KAEHLERIAN SPACE

A hyperbolic almost Kaehlerian space is an even-dimensional
pseudo-Riemannian space, endowed with a nondegenerate structure tensor F
satisfying

(2.1) F'F = 6., F, = —F;

Theorem (2.1): The curvature scalars of Levi-Civita connection,
the Riemannian part of metric semi-symmetric connection and metric semi-
symmetric F-connection are mutually equal.

Proof: Consider a semi-symmetric on a hyperbolic almost
Kaehlerian space has the torsion

22)  Tj=psf - pof + ek — gFf,

where p; and g; are components of certain vector fields. If we, moreover, want
this connection to be a metric one, then it has components

a
(2.3) ik = {l- k} + 06 —p*gu — kY
The connection V is an F-connection, that means that VF = 0. Then
2
(24) qj = _% Pa F]"a ) paF]"a = - ; Qj
Then we can denote

(2.5) i = T — qiFf
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where Tj% is a component of Riemannian part of metric semi-symmetric F-
connection, which is itself a component of a metric semi-symmetric connection
on the adjoint pseudo-Riemannian space, satisfying conditions of the
definition(1.1).

Now we can calculate the coefficients of curvature tensor of

connection (2.3)

Rijww = Ry — Ei Vige — Vieq ) +
2 2
+ q (pjFy + 49t gy +piF)—

2 2
- q (ijki Tt Qigkj) + piEji

By Ry we denote a component of curvature tensor of metric semi-symmetric
connection, satisfying of definition (1.1) and the tensor R, is skew-symmetric
in first two Indies. R, is invariant under changing places of first and second
pair of indies if and only if the tensor ( p;q,, + q;pi) is skew-symmetric. Then

pp*q = — v qp,

As the vectors p* and g* are mutually orthogonal, there yields p,p* = 0.
This means that the generator of metric semi-symmetric connection, that is, the
Riemannian part of metric semi-symmetric F-connection is an isotropic
gradient, which is in accordance with the statement of definition (1.1). Then the
vector g, is also an isotropic vector.

Theorem (2.2): The curvature tensor of a metric semi-symmetric
F-connection on the hyperbolic almost Kaehlerian space is invariant under
changing places of first and second pair of indices and satisfies the first Bianchi
identity if and only if the generators of the connection are isotropic and V, p® =
0. Then the all geodesic lines whose tangent vectors are proportional to the
generators or Eigen for the structure are autoparallel for the metric semi-
symmetric F-connection, and conversely.
Proof: We have the autoparallel lines of the connection (2.3)
are geodesic lines of the adjoint pseudo-Riemannian space if and only if the
condition

(2.6) p;6jv/ vk — plgivi vk — q Fvivk = %pjvjvi
where v is the tangent vector field of a geodesic line. Then
2.7) v/ = yv = Tpp) vt = — qv*u,

where u'=—-F'y = Fly

Then, from (2.7),
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(2.8) ut = a vl or q v =

If (2.7) holds, then the tangent vector field is eigen for the structure, for one of
its eigen values, 1 or -1. Then v, is a self-orthogonal or isotropic vector field.
The scalar product g, v* then equals to

— pv - yv = v
If (2.8) holds, we have express the vectors in the adapted basis
(2.9) p= 0" + Pl

where [; are also eigen vector, for the eigen values -1. Then

l and v=v%,+ vBl,;.

Then (2.8) gives

(2.10) vt = = (pPv® — p*vP)g5 = 0,

It is satisfied if and only if v is proportional to p. Anyway, the tangent vector
field of the geodesic-autoparallel line is isotropic.

As for the hyperbolic almost Kaehlerian space the generating
vector field of the metric semi-symmetric F-connection having some of its
autoparallel lines in common with Levi-Civita connection is isotropic, then the
tensor (1.6) looks this way

(2.11) Prj = ViDj — DiD;j
and

. s _ s _ K—R
(2'12) VSp - pS - Z(n_l)'

Contracting the tensor ( V,,q; — V,q;) with the tensor F{, we obtain

2. 2 e n . .
— Vi + —Fp e Viba = — 5 Viepp + Fp Vg
-4 . . 2 .
and —Vipy = Fj (VICIk — - F Pa)-
Contracting the last relation with g*”, we obtain
ned 20 2
on A p = n al n PaP =V
If n >4, then
(2.13) V,p*=0. Then, by (2.12), K=R.

However, from (2.5) and the form of curvature tensor, we can
obtain that
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(2.14) R=R+ F* (Vyq, — Viq,)

or §=R+%(lel+ Vip') = R+ %lel.
If we have our curvature tensor to satisfy the first Bianchi identity, using
expression for the curvature tensor, then we also obtain and proved V, p® =0.
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