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1 Introduction, De�nitions and Notations.

Let f be a meromorphic function de�ned in the open complex plane C: We use
the standard notations and de�nitions in the theory of entire and meromorphic
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functions which are available in [5] and [1]. In the sequel we use the following
notations:

log[k] x = log(log[k�1] x) for k = 1; 2; 3; ::: and log[0] x = x

and

exp[k] x = exp[exp[k�1] x] for k = 1; 2; 3; :::::and exp[0] x = x:

Somasundaram and Thamizharasi [4] introduced the notion of L*-order and
L*-type for entire functions, where L � L(r) is a positive continuous function
increasing slowly i:e: L(ar) s L(r) as r !1 for every positive constant a:
The L*-order and L*-type of a meromorphic function f are de�ned in the

following way.

De�nition 1 The L*-order �L
�

f of a meromorphic function f is de�ned as

�L
�

f = lim sup
r!1

log T (r; f)

log[r expfL(r)g] :

If f is entire then one can easily verify that

�L
�

f = lim sup
r!1

log[2]M(r; f)

log[r expfL(r)g] :

De�nition 2 The L*-type �L
�

f of a meromorphic function f is de�ned as fol-
lows:

�L
�

f = lim sup
r!1

T (r; f)

[r expfL(r)g]�L
�

f

, 0 < �L
�

f <1:

When f is entire then

�L
�

f = lim sup
r!1

logM(r; f)

[r expfL(r)g]�L
�

f

, 0 < �L
�

f <1:

But when a meromorphic function f is of L*-order zero or L*-order in�nity
then the L*-type of f can not be de�ned. In this paper we introduce the
de�ninition of L*-type of a meromoromorphic function of L*-order zero or L*-
order in�nity and deduce its integral representation. In order to do this we
just recall the de�nition of zero L*-order (i.e., alternatively L*-order zero) of
a merommorphic function. In the line of Liao and Yang[3] we may give the
following de�nitions.

De�nition 3 Let f be a meromorphic function of L*-order zero. Then the
quantitiy ��L

�

f is de�ned as

��L
�

f = lim sup
r!1

log T (r; f)

log[2][r expfL(r)g]
:
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If f is entire then clearly,

��L
�

f = lim sup
r!1

log[2]M(r; f)

log[2][r expfL(r)g]
:

The following de�nition is also well known.

De�nition 4 The hyper L*-order �L
�

f of a meromorphic function f is de�ned
as follows:

�L
�

f = lim sup
r!1

log[2] T (r; f)

log[r expfL(r)g] :

If f is entire then

�L
�

f = lim sup
r!1

log[3]M(r; f)

log[r expfL(r)g] :

In this paper we introduce the following de�nitions.
De�nition A The L*-type ��L

�

f of a meromorphic function of L*-order zero
is de�ned by

��L
�

f = lim sup
r!1

T (r; f)

[log[r expfL(r)g]]��L
�

f

; 0 < ��L
�

f <1:

De�nition B A meromorphic function f of L*-order zero is said to be of
L*-type ��L

�

f if the integralZ 1

r0

expfT (r; f)gdrh
exp

�
log
�
reL(r)

�	��L�f

ik+1 (r0 > 0)

is convergent for k > ��L
�

f and divergent for k < ��L
�

f where 0 < ��L
�

f <1:
De�nition C The L*-type �L

�

f of a meromorphic function of L*-order in�nity
is de�ned as follows:

�L
�

f = lim sup
r!1

log T (r; f)

[r expfL(r)g]�L
�

f

;where 0 < �L
�

f <1:

De�nition D A meromorphic function f of L*-order in�nity is said to be of
L*-type �L

�

f if the integralZ 1

r0

T (r; f)drh
exp

�
log
�
reL(r)

�	��L�f

ik+1 (r0 > 0)

converges for k > �L
�

f and diverges for k < �L
�

f :
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2 Lemmas.

In this section we present some lemmas which will be needed in the sequel.

Lemma 1 Let the integralZ 1

r0

exp[T (r; f)]drh
exp

�
log
�
reL(r)

�	��L�f

ik+1 (r0 > 0) (A)

converges for 0 < k <1: Then

lim
r!1

exp[T (r; f)]h
exp

�
log
�
reL(r)

�	��L�f

ik = 0:
Proof. Since the integralZ 1

r0

exp[T (r; f)]drh
exp

�
log
�
reL(r)

�	��L�f

ik+1
is convergent for 0 < k <1; given � (> 0) there exists a number R = R(�) such
that Z 1

r0

exp[T (r; f)]drh
exp

�
log
�
reL(r)

�	��L�f

ik+1 < � for r0 > R
i.e., for r0 > R;

Z r0+exp[logfr0eL(r0)g]
��L

�
f

r0

exp[T (r; f)]drh
exp

�
log
�
r0eL(r0)

�	��L�f

ik+1 < �:
As exp[T (r; f)] is an increasing function of r; so

Z r0+exp[logfr0eL(r0)g]
��L

�
f

r0

exp[T (r; f)]drh
exp

�
log
�
reL(r)

�	��L�f

ik+1
� exp[T (r0; f)]h

exp
�
log
�
r0eL(r0)

�	��L�f

ik+1 : exp[logfr0eL(r0)g]��L�f

=
exp[T (r0; f)]h

exp
�
log
�
r0eL(r0)

�	��L�f

ik
i.e.,

exp[T (r0; f)]h
exp

�
log
�
r0eL(r0)

�	��L�f

ik < � for r0 > R;
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from which it follows that

lim sup
r!1

exp[T (r; f)]h
exp

�
log
�
r0eL(r0)

�	��L�f

ik = 0:
This proves the lemma.

Lemma 2 If the integralZ 1

r0

T (r; f)drh
exp

�
reL(r)

	�L�f ik+1 (r0 > 0)

is convergent for 0 < k <1 then

lim sup
r!1

T (r; f)h
exp

�
reL(r)

	�L�f ik = 0:
Proof. Since the integral Z 1

r0

T (r; f)drh
exp

�
reL(r)

	�L�f ik+1
converges for 0 < k < 1; given � (> 0) there exists a number R = R(�) such
that Z 1

r0

T (r; f)drh
exp

�
reL(r)

	�L�f ik+1 < � for r > R:
i.e.,

Z r0+exp[r0eL(r0)]
�L

�
f

r0

T (r; f)drh
exp

�
reL(r)

	�L�f ik+1
�

T (r0; f): exp
�
r0e

L(r0)
��L�fh

exp
�
r0eL(r0)

	�L�f ik+1
=

T (r0; f)h
exp

�
r0eL(r0)

	�L�f ik
i.e.,

T (r0; f)h
exp

�
r0eL(r0)

	�L�f ik < � for r0 > R:
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Now from the above it follows that

lim sup
r!1

T (r; f)h
exp

�
reL(r)

	�L�f ik = 0:
Thus the lemma is established.

Lemma 3 [2]If f is a non constant entire function then

T (r; f) � logM(r; f) � log T (2r; f) + o(1) as r !1:

3 Theorems.

In this section we present the main results of the paper.

Theorem 1 Let f be meromorphic with L*-order zero. Also let 0 < ��L
�

f <1:
Then De�nition A and De�nition B are equivalent.

Proof. Case I: ��L
�

f =1:
De�nition A ) De�nition B.
As ��L

�

f =1, from De�nition A we obtain for arbitrary positive G and for
a sequence of values of r tending to in�nity that

T (r; f) > G log fr exp (L(r))g�
�L�
f

i.e., exp (T (r; f)) >

"
exp

n
log
�
reL(r)

�o��L�f

#G
: (1)

If possible, let the integralZ 1

r0

exp [T (r; f)] drh
exp

�
log
�
reL(r)

�	��L�f

iG+1 (r0 > 0)

be converge. Then by Lemma 1 we get that

lim sup
r!1

exp [T (r; f)]h
exp

�
log
�
reL(r)

�	��L�f

iG = 0:

So for all su¢ ciently large values of r,

exp [T (r; f)] <

"
exp

n
log
�
reL(r)

�o��L�f

#G
: (2)

Now from (1) and (2) we arrive at a contradiction. HenceZ 1

r0

exp [T (r; f)] drh
exp

�
log
�
reL(r)

�	��L�f

iG+1 (r0 > 0)
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diverges whenever G is �nite, which is De�nition B.
De�nition B ) De�nition A.
Let G be any positive number. Since ��L

�

f = 1; from De�nition B the
divergence of the integral,Z 1

r0

exp [T (r; f)] drh
exp

�
log
�
reL(r)

�	��L�f

iG+1 (r0 > 0)

gives for arbitrary positive � and for a sequance of values of r tending to in�nity

exp [T (r; f)] >

"
exp

n
log
�
reL(r)

�o��L�f

#G��

i.e., T (r; f) > (G� �)
h
log
n
reL(r)

oi��L�f

:

This gives that

lim sup
r!1

T (r; f)�
log
�
reL(r)

	���L�f

� G� �

Since G > 0 is arbitrary, it follows that

lim sup
r!1

T (r; f)�
log
�
reL(r)

	���L�f

=1:

Thus De�nition A follows.
Case II: 0 � ��L�f <1:
De�nition A ) De�nition B
Subcase (a): Let f be of L*-type ��L

�

f where 0 < ��L
�

f < 1: Then for
arbitrary � > 0 and for all su¢ ciently large values of r,

T (r; f)�
log
�
reL(r)

	���L�f

< ��L
�

f + �

i.e., T (r; f) < (��L
�

f + �)
h
log
n
reL(r)

oi��L�f

i.e., exp [T (r; f)] < exp
h
(��L

�

f + �)(log reL(r))�
�L�
f

i
i.e., exp [T (r; f)] <

"
exp

n
log
�
reL(r)

�o��L�f

#(��L�f +�)

i.e.,
exp [T (r; f)]h

exp
�
log
�
reL(r)

�	��L�f

ik <

�
exp

�
log
�
reL(r)

�	��L�f

�(��L�f +�)

h
exp

�
log
�
reL(r)

�	��L�f

ik
i.e.,

exp [T (r; f)]h
exp

�
log
�
reL(r)

�	��L�f

ik <
1h

exp
�
log
�
reL(r)

�	��L�f

ik�(��L�f +�)
:
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Therefore Z 1

r0

exp [T (r; f)]h
exp

�
log
�
reL(r)

�	��L�f

ik+1 (r0 > 0)

converges if k > ��L
�

f and diverges if k < ��L
�

f :

Subcase (b): When f is of type ��L
�

f = 0:
De�nition A gives for all su¢ ciently large values of r that

T (r; f)�
log
�
reL(r)

	���L�f

< �:

Then as before we obtain thatZ 1

r0

exp [T (r; f)] drh
exp

�
log
�
reL(r)

�	��L�f

ik+1 (r0 > 0)

converges for k > 0 and diverges for k < 0:
Thus combining Subcase (a) and Subcase (b), De�nition B follows.
De�nition B ) De�nition A
Since f be of L*-type ��L

�

f , by De�nition B for arbitrary � (> 0) the integralZ 1

r0

exp [T (r; f)] drh
exp

�
log
�
reL(r)

�	��L�f

i��L�f +1+�

converges. Then by Lemma 1

lim sup
r!1

exp [T (r; f)]h
exp

�
log
�
reL(r)

�	��L�f

i��L�f +�
= 0

i.e., for all su¢ ciently large values of r,

exp [T (r; f)]h
exp

�
log
�
reL(r)

�	��L�f

i��L�f +�
< �

i.e., exp [T (r; f)] < �

"
exp

n
log
�
reL(r)

�o��L�f

#��L�f +�

i.e., T (r; f) < log �+
�
��L

�

f + �
� h
log
n
reL(r)

oi��L�f

i.e.,
T (r; f)�

log
�
reL(r)

	���L�f

<
log ��

log
�
reL(r)

	���L�f

+
�
��L

�

f + �
�

i.e., lim sup
r!1

T (r; f)�
log
�
reL(r)

	���L�f

� ��L
�

f + �:
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Since � (> 0) is arbitrary, it follows from above that

lim sup
r!1

T (r; f)�
log
�
reL(r)

	���L�f

� ��L
�

f : (3)

Again by De�nition B, the divergence of the integralZ 1

r0

exp [T (r; f)] drh
exp

�
log
�
reL(r)

�	��L�f

i��L�f +1��

implies that there exists a sequence of values of r tending to in�nity such that

exp [T (r; f)]h
exp

�
log
�
reL(r)

�	��L�f

i��L�f +1��
>

1h
exp

�
log
�
reL(r)

�	��L�f

i1+�
i.e., exp [T (r; f)] >

"
exp

n
log
�
reL(r)

�o��L�f

#��L�f �2�

i.e., T (r; f) >
�
��L

�

f � 2�
� h
log
n
reL(r)

oi��L�f

i.e.,
T (r; f)�

log
�
reL(r)

	���L�f

> ��L
�

f � 2�:

As � (> 0) is arbitrary we get that

lim sup
r!1

T (r; f)�
log
�
reL(r)

	���L�f

� ��L
�

f : (4)

Therefore from (3) and (4) it follows that

lim sup
r!1

T (r; f)�
log
�
reL(r)

	���L�f

= ��L
�

f :

Thus we obtain De�nition A.
Now combining Case I and Case II, the theorem follows.

Theorem 2 The integralZ 1

r0

exp [T (r; f)] drh
exp

�
log
�
reL(r)

�	��L�f

i��L�f +1
(r0 > 0)

follows if and only if the integralZ 1

r0

M(r; f)drh
exp

�
log
�
reL(r)

�	��L�f

i��L�f +1
converges.
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Proof. Let Z 1

r0

M(r; f)drh
exp

�
log
�
reL(r)

�	��L�f

i��L�f +1
(r0 > 0)

converges. Then by the �rst part of Lemma 3, we obtain thatZ 1

r0

exp [T (r; f)] drh
exp

�
log
�
reL(r)

�	��L�f

i��L�f +1
�
Z 1

r0

M(r; f)drh
exp

�
log
�
reL(r)

�	��L�f

i��L�f +1

i.e.,
Z 1

r0

exp [T (r; f)] drh
exp

�
log
�
reL(r)

�	��L�f

i��L�f +1
converges.

Next let Z 1

r0

exp [T (r; f)] drh
exp

�
log
�
reL(r)

�	��L�f

i��L�f +1
(r0 > 0)

be convergent. Then by the second part of Lemma 3, we get thatZ 1

r0

M(r; f)drh
exp

�
log
�
reL(r)

�	��L�f

i��L�f +1

<

Z 1

r0

exp [T (2r; f)] drh
exp

�
log
�
reL(r)

�	��L�f

i��L�f +1
+

Z 1

r0

o(1)drh
exp

�
log
�
reL(r)

�	��L�f

i��L�f +1

=
1

2
h
exp

�
1
2�
�L�
f

�i Z 1

r0

exp [T (r; f)] dr�
exp

n
log
�
re(

r
2 )
�o��L�f

���L�f +1
+ o(1):

Thus Z 1

r0

M(r; f)drh
exp

�
log
�
reL(r)

�	��L�f

i��L�f +1

converges. This proves the theorem.

Now in view of Theorem 1 and Theorem 2 we may give an alternative de�-
nition of L*-type ��L

�

f of an entire function f with L*-order zero as follows:
An entire function f with L*-order zero is said to be of type ��L

�

f if the
integral Z 1

r0

M(r; f)drh
exp

�
log
�
reL(r)

�	��L�f

ik+1 (r0 > 0)

converges for k > ��L
�

f and diverges for k < ��L
�

f :
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Theorem 3 If f be a meromorphic function of in�nite L*-order and 0 < �L
�

f <
1 then De�nition C and De�nition D are equivalant.

Proof. Case I: �L
�

f =1:
De�nition C) De�nition D
As �L

�

f = 1; from De�nition C, we obtain for arbitrary positive G and for
a sequence of values of r tending to in�nity that

log T (r; f) > G
n
reL(r)

o�L�f
i.e., T (r; f) >

"
exp

n
reL(r)

o�L�f #G
: (5)

If possible, let the integralZ 1

r0

T (r; f)drh
exp

�
reL(r)

	�L�f iG+1 (r0 > 0)

be convergent. Then by Lemma 2

lim sup
r!1

T (r; f)h
exp

�
reL(r)

	�L�f iG = 0:

So for all su¢ ciently large values of r,

T (r; f) <

"
exp

n
reL(r)

o�L�f #G
: (6)

Now from (5) and (6) we arrive at a contradiction. HenceZ 1

r0

T (r; f)drh
exp

�
reL(r)

	�L�f iG+1 (r0 > 0)

diverges whenever G is �nite, which is De�nition D.
De�nition D) De�nition C
Let G be any positive number. Since �L

�

f = 1; from De�nition D the
divergence of the integralZ 1

r0

T (r; f)drh
exp

�
reL(r)

	�L�f iG+1 (r0 > 0)

gives for arbitrary positive � and for a sequence of values of r tending to in�nity,

T (r; f) >

"
exp

n
reL(r)

o�L�f #G��

i.e., log T (r; f) > (G� �)
n
reL(r)

o�L�f
:
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This gives that

lim sup
r!1

log T (r; f)�
reL(r)

	�L�f � G� �:

Since G is arbitrary, this shows that

lim sup
r!1

log T (r; f)�
reL(r)

	�L�f =1:

Thus De�nition C follows.
Case II: 0 � �L�f <1:
De�nition C) De�nition D.
Subcase(a): Let f be of L*-type �L

�

f where 0 � �L�f <1, Then according
to De�nition C, for arbitrary positive � and for all su¢ ciently large values of r
we get that

log T (r; f) <
�
�L

�

f + �
�n
reL(r)

o�L�f
i.e., T (r; f) < exp

"�
�L

�

f + �
�n
reL(r)

o�L�f #

i.e., T (r; f) <

"
exp

(�
reL(r)

��L�f )#��L�f +�
�

i.e.,
T (r; f)h

exp
n�
reL(r)

��L�f oik0 <
�
exp

��
reL(r)

��L�f ����L�f +�
�

h
exp

n�
reL(r)

��L�f oik0
i.e.,

T (r; f)h
exp

n�
reL(r)

��L�f oik0 < 1h
exp

n�
reL(r)

��L�f oik0�(�L�f +�)
:

Therefore Z 1

r0

T (r; f)drh
exp

n�
reL(r)

��L�f oik0 (r0 > 0)

converges if k
0
> �L

�

f and diverges if k
0
< �L

�

f

i.e.,
Z 1

r0

T (r; f)drh
exp

n�
reL(r)

��L�f oik0+1 (r0 > 0)

converges if k
0
> �L

�

f and diverges if k
0
< �L

�

f :
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Subcase (b): When f is of L*-type �L
�

f = 0; De�nition C gives for all
su¢ ciently large values of r,

log T (r; f)�
reL(r)

	�L�f < �:

Then as before we obtain thatZ 1

r0

T (r; f)drh
exp

n�
reL(r)

��L�f oik0+1 (r0 > 0)

converges if k
0
> 0 and diverges if k

0
< 0: Thus combining Subcase (a) and

Subcase (b), De�nition D follows.
De�nition D) De�nition C.
Since f is of L*-type �L

�

f ; by De�nition D, for arbitrary �(> 0) the integralZ 1

r0

T (r; f)drh
exp

n�
reL(r)

��L�f oi�L�f +1+�

converges. Then by Lemma 2, we obtain that

lim sup
r!1

T (r; f)h
exp

n�
reL(r)

��L�f oi�L�f +�
= 0

i.e. for all su¢ ciently large values of r,

T (r; f)h
exp

n�
reL(r)

��L�f oi�L�f +�
< �

i.e., T (r; f) < �

"
exp

(�
reL(r)

��L�f )#�L�f +�

i.e., log T (r; f) < log �+
�
�L

�

f + �
�"n

reL(r)
o�L�f #

i.e.,
log T (r; f)�
reL(r)

	�L�f <
log ��

reL(r)
	�L�f + (�L

�

f + �):

Since � (> 0) is arbitrary it follows from above that

lim sup
r!1

log T (r; f)�
reL(r)

	�L�f � �L
�

f : (7)
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Again by De�nition D, for arbitrary positive �; the divergence of the integralZ 1

r0

T (r; f)drh
exp

n�
reL(r)

��L�f oi�L�f +1��

implies that there exist a sequence of values of r tending to in�nity such that

T (r; f)h
exp

n�
reL(r)

��L�f oi�L�f +1��
>

1h
exp

n�
reL(r)

��L�f oi1+�
i.e., T (r; f) >

"
exp

(�
reL(r)

��L�f )#�L�f �2�

i.e., log T (r; f) >
�
�L

�

f � 2�
�n
reL(r)

o�L�f
i.e.,

log T (r; f)�
reL(r)

	�L�f � �L
�

f � 2�

i.e., lim sup
r!1

log T (r; f)�
reL(r)

	�L�f � �L
�

f � 2�:

As � (> 0) is arbitrary we obtain from above that

lim sup
r!1

log T (r; f)�
reL(r)

	�L�f � �L
�

f : (8)

Now from (7) and (8) it follows that

lim sup
r!1

log T (r; f)�
reL(r)

	�L�f = �L
�

f :

Thus we get De�nition C.
Hence combining Case I and Case II, the theorem follows.

Theorem 4 The integralZ 1

r0

T (r; f)drh
exp

n�
reL(r)

��L�f oi�L�f +1
(r0 > 0)

converges if and only if the integralZ 1

r0

logM(r; f)drh
exp

n�
reL(r)

��L�f oi�L�f +1
(r0 > 0) converges.
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Proof. Let Z 1

r0

logM(r; f)drh
exp

n�
reL(r)

��L�f oi�L�f +1
(r0 > 0)

be convergent . Then by the �rst part of Lemma 3, we obtain thatZ 1

r0

T (r; f)drh
exp

n�
reL(r)

��L�f oi�L�f +1
�
Z 1

r0

logM(r; f)drh
exp

n�
reL(r)

��L�f oi�L�f +1

i.e.,
Z 1

r0

T (r; f)drh
exp

n�
reL(r)

��L�f oi�L�f +1
(r0 > 0) converges.

Next let Z 1

r0

T (r; f)drh
exp

n�
reL(r)

��L�f oi�L�f +1
(r0 > 0)

be convergent. Then by the second part of Lemma 3, we get thatZ 1

r0

logM(r; f)drh
exp

n�
reL(r)

��L�f oi�L�f +1

�
Z 1

r0

T (2r; f)drh
exp

n�
reL(r)

��L�f oi�L�f +1
+

Z 1

r0

o(1)drh
exp

n�
reL(r)

��L�f oi�L�f +1

=
1

2
�
exp

�
1
2�
L�
f

�� Z 1

r0

T (r; f)dr�
exp

��
reL(

r
2 )
��L�f ���L�f +1

+ o(1):

Thus Z 1

r0

logM(r; f)drh
exp

n�
reL(r)

��L�f oi�L�f +1
(r0 > 0)

is convergent.
This proves the theorem.
Now in view of Theorem 3 and Theorem 4, we may give an alternative

deifnition of L*-type �L
�

f of an entire function f with in�nite L*-order as
follows:
An entire function f with L*-in�nite order is said to be of L*-type �L

�

f if
the integral Z 1

r0

logM(r; f)drh
exp

n�
reL(r)

��L�f oik+1 (r0 > 0)

converges for k > �L
�

f and diverges for k < �L
�

f :
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