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Abstract: In this paper we find the bounds for the zeros of a polynomial, when
the coefficients of the polynomial or their real and imaginary parts are restricted
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1.Introduction and Statement of Results

The following elegant result on the distribution of the zeros of polynomials is
due to Enestrom and Kakeya [4]:

Theorem A: Let Let P(z)zzn“ajzj be a polynomial of degree n whose
j=0

coefficients satisfy

Then P(z) has all its zeros in the closed unit disk |z <1.
In the literature there exist several generalizations and extensions of this result.
Recently, M. H. Gulzar [3] proved the following results:

Theorem B: Let Let P(z)zzn“ajzj be a polynomial of degree n with
j=0

a; =a; +if;,j=012,....,n, such that for some k >1,

either
ke, 2a, ,2.....20;,2a, 20
and o, ,>a, ,>....>2a,>a, >0, ifnis odd
or
ke, 2a, , 2.2, 20,20

a,>a, >...>2a,>a >0, if niseven.

Then all the zeros of P(z) lie in the disk
n-2
(2K =D, +a,y + |6, +|Ba] +23 ||
j=0

[,

Qn,y

Z+ <

(24

n
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Theorem C: Let Let P(z)zzn“ajzj be a polynomial of degree n with complex
j=0

coefficients such that for some real g,
‘argaj—ﬁ‘Sasﬁ,jzo,],Z ........ n,

and for some k >1,either
kla,| > [a,_,| = ... > [a5] > [a

and |a,,|>a, o >.....>]a,| > |a,|, If nis odd

or
kla,| = [a, 5| = ... >[a,]| >|ay]

and |a,,|>a, 4 >......>|a;| > [a,|, if nis even.
Then all the zeros of P(z) lie in the disk

-2
[k|a,|(cosar +sina +1) —[a, | +|a,_,|(cos & + sin &) + 2sin anZ‘aj ‘
j=2

Qn,y

- (| +[ap])(cosa —sina —1)

Z+
o

n |an|

Y. Choo [1] proved the following result:
Theorem D: Let Let P(z)zzn“ajzj be a polynomial of degree n with complex

j=0
coefficients such that for some real g,
arga; - f|<a<p,j=012...n,
and for some k, >1k, >1,either

Kia,| =]a, o] = .. 2|2 > |ay]
and kpja,,|>a, 4| >......>[a,| >[a,|, if n is odd
or
Kia,| = |a, 2| = 2 |2, = [y

and  k,|a,|>[a,;|>.....>[a;| = [a,], if nis even.
Then all the zeros of P(z) lie in the disk

z+h < K
a, | |a
where

K = (k, —D[a,|+ (k, —Dla, | +[a|+[ao| + (k;[a, |+ k,|a, 1)) (cosa +sin )
n-2
+ (|| +]a)(sinar —cosar) + 2siney_|a;|.
j=2

The aim of this paper is to generalize the above results with less restricted
conditions on the coefficients. In fact, we prove the following results:
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Theorem 1: Let Let P(z)zzn“ajzj be a polynomial of degree n with
j=0

a, =a;+iB;,j=012,....,n, such that for some k >1k,>1, 0<7, <10<7,<1
,either
ka,2a, ,2...20, 21,0
and ke, , >a, ,>...>2a, >1,0,, IfNis odd
or

and kya,,>a,;>...>2a, >1,a,, if Nis even.

Then for odd n all the zeros of P(z) lie in the disk
<K
2|

an—l
a

n

Z+

where
K, =k (a, + |an |) +k; (o, + |an—1|) + 2(|a'1| + |0{0 |) - (|an| + |an—1|) -7 (o + |a1|)

n-2
—7,(a, +|0‘0|) +|ﬂn|+|ﬂnfl|+22‘ﬁi‘ '
=0

and for even n all the zeros of P(z) lie in the disk

<Ko

a

an—l
a

n

Z+

ol
where
K, =k (a, + |an |) +k; (o, + |an—1|) + 2(|a1| + |ao |) - (|an| + |an—1|) —7,(a, + |a1|)

n-2
7, (et +a) + ||+ B0 + 23 |-
j=0

Remark 1: Taking r, =17, =1, k, =k,k, =1 and the coefficients to be non-
negative, we have K, =K, and Theorem 1 reduces to Theorem B.

Taking k, =1k, =1, the following result is an immediate consequence of
Theorem 1:

Corollory 1: Let Let P(z)zzn“ajzj be a polynomial of degree n with
j=0

a; =a; +if;,j=012,....,n, such that for some 0<r, <10<7, <1,either
A, 20, 5 2. 205 2T,0
and o, ,>a,,;>...>a, >1,0,, ifnis odd
or
A, 20, 5 2.2 0, 2T,0,

and «a,,>a, ,>...>2a, 21,0, ITNIS even.

n-1 =
Then for odd n all the zeros of P(z) lie in the disk
74801 Ky
a, | |a
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where

n-2
Ki=a,+a,, + 2(|0(1| +|a0|) 1A +|a1|) -7,(a, +|a0|) +|ﬂn|+|ﬂn71| + ZZ‘ﬁj‘,
=0

and for even n all the zeros of P(z) lie in the disk

K
Al R

a, | a|

where
Ky = 0+ cty s + 200 + o))~ 75ty +|an]) — 7.t +|al) + |8 +| Bl + z”jz\ﬂj\ .
If the coefficients a; are real i.e. g, =0 forall j, Theorem 1 gives tlhe following
result:
Corollory 2: Let Let P(z)zzn“ajzj be a polynomial of degree n such that for
i

some 0<r, <10<r, <1,either
a,2a, , 2.2 27,
and a,_,>a .>a, >r,a,, ifnis odd
or

n-3 D

a, >a _,>...>a, >71,a,
and a _, >a ,>...>a,>r,a, ifniseven.
Then for odd n all the zeros of P(z) lie in the disk

K

< 1
2|

Z+ 8y

where

K,=a,+a,,+ 2(|a1| +|a0|) _71(31 +|a1|) -7, (ao +|ao|),
and for even n all the zeros of P(z) lie in the disk
K

< _2
2|

Z_{_h

where
K,=a,+a,,+ 2(|a1| +|ao|)) —7,(a +|a1|) —-7,(a, +|ao|) .
Applying Theorem 1 to the polynomial —iP(z), we get the following result:

Corollory 3: Let Let P(z)zzn“ajzj be a polynomial of degree n with
j=0

a; =a; +if;,j=012,....,n, such that for some 0<r, <10<7, <1,either
Kify 2B 22 B3 27 By
and k,B,.,>p8 > ..Z,BZZTZﬁO,ifniSOdd

or
kB, zaf, , 2.2, 215
and k,8,,=28,5>....2 B, >1,5, ifniseven.
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Then for odd n all the zeros of P(z) lie in the disk
Kl
a

an—l
a

n

Z+ <

o
where
K, =k, (8, + |ﬂn|) +Ky (B + |ﬂn—1|) + 2(|181| + |:Bo|) -7, (B + |ﬂ1|)

n-2
—7,(B, + |ﬂo|) + |an| + |anfl| + 22‘“1‘
=0

and for even n all the zeros of P(z) lie in the disk
< K,
2|

Z+£
a,

where
K, =k, (B, + |:Bn |) +Ky (B, + |ﬂn—1|) + 2(|181| + |:Bo|) —7,(B + |:B1|)

n-2
—7,(B + |:Bo|) + |an | + |anfl| + 22‘“]‘
=0

Theorem 2: Let Let P(2) :Zn:ajzj be a polynomial of degree n with complex
j=0

coefficients such that for some real g,
‘argaj—ﬁ‘gagﬂ,jzo,],z ........ n,
and for some k, >1, k, >1,0< 7, <10<1r, <1 either

kia,|=|a, | = .. 2 a5 2 7,1
and k,la, | >la, o|>.....>[a,| = 7,[a,|, if nis odd
or
Kia,| = |a, | = 2 |2, 2 7,2y

and  k,la,,|>[a, 5| >.....2[a;| > 7,[a,|, if nis even.
Then for odd n all the zeros of P(z) lie in the disk
K1

<
a

Z_{_E
a

n n |

where
K, = (k [a,| + Kk, |a,;)(cosar +sina +1) — (|a, | +]a,_,|)

n-2
—(z,|ay| + 7,]ag)(cos ar —sinar +1) + 2(a, | +[a, ) + 2sin ) [a; .
=2

and for even n all the zeros of P(z) lie in the disk
KZ
a

an—l
a

n

Z+ <

o

where
K, = (k[a,|+ k;|a, 4))(cosa +sina +1) - (a,| +|a, )
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n-2
—(z,|a| + 7,[ay|)(cos & —sin o +1) + 2( | +[a, ) + 2sin ) [a; .
i—2

Remark 2: Taking 7, =1,7, =1, Theorem 2 reduces to Theorem D.
Taking k, =1,k, =1, Theorem 2 gives the following result:

Corollory 4: Let Let P(z) = Zn“ajzj be a polynomial of degree n with complex

coefficients such that for somjeoreal B,
‘argaj —/3‘ <a<pB j=012,....n,
and for some k, >1, k, >1,0< 7, <10<1r, <1 either
la,|=|a, 5| = 2|8y 2 7oy
and |a,,|>|a, 5> ....2|a,| 2 7,|a |, if nis odd

|>a, ,|> ... 2|, > 7|3y
and |a, ,|>[a, 4| >.....>Ja;| > 7,[a,|, if nis even.
Then for odd n all the zeros of P(z) lie in the disk

74201 Ky
a, | |a
where
K, = (a,| +|a,1)(cosa +sina) — (z,]a,| + 7, |a,|)(cosa —sina +1) + 2(ja, | +|a, )
n-2
+2sinay [aj|
j=2
and for even n all the zeros of P(z) lie in the disk
74801 Ke
a, | |a
where
K, = (a,| +|a,1(cosa +sina) — (z;[a,| + 7,]a, ) (cos & —sina +1) + 2(a,| +|a, |)
n-2
+2sinay [aj|
j=2
2.Lemmas
For the proofs of the above theorems, we need the following result:
Lemma 1: . Let P(Z)=iajzj be a polynomial of degree n with complex
j=0
coefficients such that |arga; - f|<« s%, j=04,...n, for some real gand
‘aj‘ > ‘aH‘, j=12,.....,n,

then for some t>0,
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ta; —a, | < [t‘aj - ‘aj_lucowe + [t‘aj |+ ‘aH Hsin a.

The proof of lemma 1 follows from a lemma due to Govil and Rahman [2].

3. Proofs of Theorems
Proof of Theorem 1: Let n be odd. Consider the polynomial

F(z2)=(-2")P(2)

= _a‘nzn+2 - an—lzn+l + (an - an—z)zn + (an—l - an—"ﬂ)zm1 + (an—z - ar1—4)zr]72
+onnt+(a, —a,)2" +(a, —a,)2° +(a, —a,)2° +a,2 + 4,
=-a,2" -a, 2" +(1-k)a,z" +(1-ky)a, 2" +az+a,

+(kia, —a,,)2" +(Kpa,, —a,5)2" " +(a,, —a,,)2""
Fot (@, —0,)2" + (2, —1,8,)2° + (7,8, — ) 2° + (8, — 7,3,)2°
+ (7,8, —8,)2°.
=-a,2" -a, ;2" +(1-k)a, 2" +Q1-k))a, ;2" + a2 +
+ (K, =, 5)2" + (Kot s =, 5)2" (a2, —a, )2
Fot (@, — )2 + (g —1,00)2° + (0, — ) 2° + (a0, — 7,0,) 27

+(7,2 —0(0)22 +i{(B, — B.2)2" + (Bos _/Bn—s)zn_l to +(5, _ﬂo)zz

+ B2+ B}
For |z|>1,
n+ a a 1
@2,z +a, |~ 1)|a|| 4D _1|W ||Z|ln|+||z|;1|l+|klan— Ay
1 1 1
Koy — oy sl o, — a5 e — s
K E K
1 1 1 1
|a4 a2| |053 rla1| -+ (1- rl)|a1| |a2 r2a0| —
2" 2™ 2™ K
1 1
+(1—r2>|ao||z|ﬁ+|ﬁn—ﬁn_zlm+ ...... +|8, = B AL AL ;]

2 | ‘1 2 | "™
>17" [,z +a, |~ {( —Dlety| + (ky —Dler, | +|er| +|eto| + ki, — 1,
+K,a,  —a, st , e +a,—a,+0o, 1,04
+(1—1)en| + o, 1,00 + A=1, )|+ |Ba| +|Boca| + -+ | B+ BoH]
= 17" lanz + 2, 4|~ {k —Dlers| + (ko =Dl 4| + kst + ko,

—1y(a +la) — ) + 2| + ) + 2055|418 + ] 1]
= |Z|n+l Uan Z+ an—l| - {kl (an + |an|) + k2 (an—l + |an—l|) - (|an| + |an71|)

—-7y(ay +|a1|) —7,(a, +|0(0|) + 2(|0£0| +|a1|) + 2(|ﬁo| +|ﬁ1|) +i‘ﬁ]‘ } ]
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>0
if
TRLEIIN Ko :
a, | |a
where
K, =k (o, + |an |) +ky (o, + |an—1|) - (|an| + |an—1| —7,(y + |a1|) —7,(a + |ao|) + 2(|ao| + |a1|)
n
+ 2] +[BD+ 2|
j=2

This shows that those zeros of F(z) whose modulus is greater than 1 lie in the
disk

74801 Ky :

a, | |a

But the zeros of F(z) whose modulus is less than or equal to 1 already satisfy the
above inequality. Hence it follows that all the zeros of F(z) and therefore P(z)

lie in

< Ky )
2|
A similar argument applies to the case when n is even and Theorem 1 follows.
Proof of Theorem 2.Let n be odd. Consider the polynomial
F(2) = (1-2")P(2)
=-a,2"%-a, 2" +(a,-a,,)2"+(@,,-a,,)2"" +(@,,—-a,,)z"’

Z_{_h
a,

+ut+(@,—a,)z* +(a,—a)2*+(a, —a,)z°* +a,z+4a
4 2 3a‘1 2 0 a1 0

n+2

=-a z"*-a 2" +(@0-k)a,z"+(1-k,)a, 2" +a,z+a,

+(ka,-a,,)z"+(k,a,,-a, )2 +(@,,-a,,)z""

Fot (@, —0,)2" + (2, —7,8,)2° + (7,8, — ) 2° + (8, — 7,3,)2°

+ (7,8, —8,)2°.
For |z|>1, we have , by using the lemma,
IF(2)=7" Uanz +a,,|- {k, —Da, |+ (k, —D|a,y| +[ay| +|ag| +|k.a, —a,_,|

+lkya, 4 —a, 5|+ [an, —a, |+ —a |+

+la, —a,|+[a, —ma| +|1-7)a | +[a, — 7,8, +|1-7,)a,| | ]

>|z" Uanz +a,,|- {(k, —Da, |+ (k, —D|a, | +[ay|+]ao] + (ki|a,| —[a,_.) cos

+(k,|a,| + [, sine + (k,|a, |- [a, s cosa + (k,|a, ;| +[a, 5] sina

+ (5| —[a,.) cosa + (a, | +[a, . sine +.....+ (ja,| -|a,[) cos &

+ (|, +|az])sina + (|a;| — 7yfay [ cos & + (|ay| + 7, [ay ) sin e

+(ja,| — 7,]ag) cos & + (|a, |+ 7,|ag ) sina + (L —7,)[ay |+ (1— 7, )[ay |
=z|" Uan Z+a,|- {(k1|an| +k,la, 4 )(cosa +sina +1) - (|a,|+|a,|)
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n-2
—(z,|a| +7,]ag(cosa —sina +1) + 2((ay| +[a,]) + 2sin ) Ja;| | ]
i—2

Ky
3|’

anfl
an

Z+

>

where
K, = (k [a,| + Kk, |a,;)(cosar +sina +1) — (|a, | +[a,_,|)

n-2
— (ry|a| + 7,[a ) (cos e —sin & +1) + 2(|a, | +[a,[) + 2sin aZ‘aj‘ .
=2

This shows that those zeros of F(z) whose modulus is greater than 1 lie in the
disk

74801 Ky :

a, | |a

But the zeros of F(z) having modulus less than or equal to 1 already satisfy the
above inequality. Hence it follows that all the zeros of F(z) and therefore P(z)

lie in

z+hs Kl.
a, | |a

The case when n is even can be proved similarly.
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