International journal of advanced scientific and technical research Issue 2 volume 4, August 2012
Available online on http://www.rspublication.com/ijst/index.html ISSN 2249-9954

TOTAL VARIATION OF CONVEX FUZZY NUMBER
MAPPINGS

K.P .Deepa
Assistant Professor
Department of Mathematics,Maria College of Engineering&Technology
Affiliated to Anna University of Thirunelveli.TamilNadu,India

Dr.S.Chenthur Pandian
Principal
Dr.Mahalingam College of Engineering and Technology
Affiliated to Anna University of Coimbatore, TamilNadu,India

ABSTRACT

In this paper we discuss the concept of total variation for the convex fuzzy number
mapping . Also here we frame some results based on the convexity and continuity of total
variation of convex fuzzy number mappings and forward the concept of differentiability on
convex fuzzy number mappings.
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1.INTRODUCTION

Fuzzy sets were introduced simultaneously by Lotfi.A.Zadeh and Dieter Klaua in 1965 as an
extension of the classical notion of a set .Many contributions in fuzzy set theory are dispersed
over a broad range providing utility of knowledge.The concept of fuzzy number mappings
was first introduced by S.L.Chang and Lotfi.A.Zadeh in 1972.

A fuzzy number is an ordinary number whose precise value is somewhat
uncertain.Fuzzy numbers are used in Statistics,Computer Programming, Engineering and
Experimental Science.Fuzzy number represents a real number interval whose boundary is
fuzzy. Fuzzy numbers are fuzzy subsets of the set of real numbers satisfying some additional
conditions. Fuzzy numbers are used in Statistics, Computer Programming, Engineering and
Experimental Science. Fuzzy number represents a real number interval whose boundary is
fuzzy[4]. Arithmetic operations on fuzzy numbers have also been developed and are based
mainly on the extension principle [11] or on interval arithmetic.When operating with fuzzy
numbers, result of the calculations depend on the shape of the membership functions of these
numbers. Less regular membership functions lead to more complicated calculations.
Moreover, fuzzy numbers with simpler shape of membership functions often have more
intuitive and more natural interpretation. Trapezoidal or triangular fuzzy numbers are most
common fuzzy numbers.But usually the fuzzy numbers which are used in practical
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applications are trapezoidal Also in 1992,Nanda and Kar discussed the concept of convex
fuzzy mappings in a vector space over the field R [8].

The aim of the present paper is to give the concept of total variation of convex fuzzy number
mappings and its properties on convex fuzzy number space. For that we are going to frame
some results connecting total variation to bounded variation,convexity, continuity and
differentiability on Fuzzy number mappings.

2.BACKGROUND

A Fuzzyset A in R (real line) is defined to be a set of ordered pairs
A ={x, fu(x) /xeR}, where f, (x) is called membershipfunction for the Fuzzy set A.

A Fuzzy set is called Normal if there is atleast one point xeR with f; (x) =1

A Fuzzy set is Convex if for any , ye R and any A € [0,1] ,

fa(xy + (1 = ))xz) = minifify (x1) , fa(x2)}

A convex fuzzy set(Fig.1) is described by a membershipfunction whose
membership values are strictly monotonically increasing or whose membership values are
strictly monotonically decreasing(Or whose membership values are strictly monotonically

increasing then decreasing or whose membership values are strictly monotonically decreasing
then increasing).

A fuzzy set is strictly convex if the sets A, = {x/ f;(x) = a} for all o € (0,1]
are strictly convex

A convex fuzzyset with maximum membership value 1 is called convex normal
fuzzy set(Fig.2).Also a normal fuzzyset which is not convex is a non convex normal fuzzyset

(Fig.3)
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A fuzzy set A is bounded if and only if the set A, = {x/ f4(x) = a} are bounded
forall o> 0 ie, for every a > 0 ,there exists finite R(a ) such that [|x]|| < R(a) forallx e
Ay

If A is a convex single point normal fuzzy set defined on the real line then A is
often termed as a fuzzy number . A fuzzy number should be normalized and convex, condition
for normalised implies that maximum membership value is 1. Generally a fuzzy number
represents a real number interval whose boundary is fuzzy and the fuzzy interval is
represented by two end points.
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By the concept of ordered fuzzy numbers,a fuzzy number A can be identified with
an ordered pair of continuous real functions defined on the interval [0,1]

ie, A=(f,g) with f,g:[0,1]> R are continuous functions where fand g ,the up and
down parts of the fuzzy number A respectively .

The continuity of both parts implies that their images are bounded intervals.

3.PRELIMINARIES

A Fuzzy number p is defined as p: R — [0,1] which is normal ,fuzzy convex, upper
semi-continuous with bounded support .

Now € ={p|un:R —[0,1]} is called a fuzzy number space

Each re R can be considered as a Fuzzy number and is defined as
5 _(Lif k=1

P (k) = {O,if k +r

Obviously, a Fuzzy set pu: R — [0,1] is a fuzzy number if and only if [u]” is a closed and
bounded interval for each re[0,1] and [u]* # @,null set

Also, [u] " = [u~ (r),ut ()], r € [0,1] ,where pu~ (r) denotes the left-hand side end point
and pt (r) denotes the right-hand side end point of [u] "

Addition and scalar multiplication of fuzzy numbers as follows
Letur€€andk eR,r € [0,1]

foranyk € R

[W+4]" = [ + A
[kp]” = k[u]"
WA = W A

A mapping F:€ — € s said to be a Fuzzy Number Mapping
Also  [F(W]" = [F()(@),FUH()] HMeE€ and re[0,1]

4.CONCEPTS OF FUZZY NUMBER MAPPINGS (continuity-bounded variation)
Let F: € — € be a Fuzzy Number Mapping

If F is bounded on all bounded subsets of € then ¥ is bounded
If p—p, = F(uw)— F(p, )then F is continuous

ie, [F(W) —F(u,)| <e for |pu—p|<8 ; & ,8 >0

If p—p, = F(W) LF(uc) F is the w cut-continuous

ie, [F() (1) —F(p ()| <e for |u—p <8 ; & ,8 >0

If uLpC = F(u)LF(uc) then F is the cut-continuous

ie, [F() (1) —F(u ) ()| <e for |u@m) —p ()| <8 ; € .8 >0
Also  Continuity = the w-cut continuity

The cut- continuity = the w-cut continuity

Let F: € — € be a Fuzzy Number Mapping ,a Convex ( or Concave) Fuzzy Number Mapping
is defined as follows:
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Fip+(1-H)1) < tF(u)+ (1 —-t)FQ)
(orF(tu+(1-t)a) = t¥F@E)+ (1 —t)F(A) ), wherep, A € €,t€[0,1].

Let F:€— € be aconvex Fuzzy number mapping and 1 € € be a Fuzzy number.

Then foreachr € [0,1] , [E]" is a closed and bounded interval so that it can be partitioned.
Let¥ = {B,(r), B, (r), ........., B, (r)} be a partition of [E]" such that and &, (r) = B*(r),
where By(r) < B (r) <B,(r) ,i=1,2,.... ,n—18,(r) = &~ (r)

Define a metric don [F(E)]" as
d([F@]) = Sup{| F@ () —F@@)|:r € [01] } forany i,j =012,.ni<j

If there exists areal number 0 <n <1 suchthat d([F(E)]") <n then F is of bounded
variation on [F(B)]"

Let F:€— € be aconvex Fuzzy number mapping and [ € € be a fuzzy number.

If F is of bounded variation on [F(E)]" then F isof bounded on [F(®)]", r € [0,1] .

If F is the cut-continuous on [B]" thenF is of bounded variation on [F(@)]",r € [0,1]
If F is the w- cut continuous on [E]" then F is of bounded variation on [F(@)]",r € [0,1]

F(u) ()
r'y

5.MAIN RESULTS

Definition5.1 : Let F: € - € be a convex Fuzzy number mapping and | € € be a fuzzy
number. Let ¥ = {B,(r), B (), ......... ,B,(r)} be a partition of [E]"such that B,(r) =
B~ (r) and B,(r) = B8Y(r) ,where B,(r) < B;(r) < B,(r) ,i=1,2,...... n—1

Define

V(E@])=Sup{Z| F(@,(r) —F@@)|:r € [0,1] } for i,j =0,1,2,..nand i< j
Then V is the Total variation of £ on [F(B)]",r € [0,1] ,foreverypu € €
Obviously 0 <V <1.

Definition5.2 : Let F:€— € be a convex Fuzzy number mapping and p € € be a fuzzy
number. Let ¥ = {&,(r), 2, (r), ... ... ..., B, (r)} be a partition of [E]" such that B,(r) =
B~ (r) and B,(r) = BY(r) ,where By(r) < B (r) < B,(r) ,i= 1,2, ...... ,n— 1.

Fory, A €€ ,te[0,1]

V([EF@ + (1 -0 JFMW]") <t VIE@]) + (1 - ) VIFMIT)

Then V is said to be Convex on €.

Definition5.3 : Let F: € —» € be a convex Fuzzy number mapping and [ € € be a fuzzy

number. Let ¥ = {B,(r), B (r),........., B, (r)} be a partition of [E]"such that B,(r) =
B~ (r) and B,(r) = B (r) where By(r) < B;(r) < B,(r) ,i= 1,2, ...... ,n— 1.
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For t € [0,1] ,we can find 0 <€, § <1 such that

VIE@I) ={Z| @ @) —F@@)|:r € [01] for i,j =0,1,2,..nandi< j }
<e  forevery | B,(r) —B(r)| <6

Then V is said to be Continuous on any closed interval [E(B)]", 2 € € ,r € [0,1]

Definition5.4 : Let F:€— € be a convex Fuzzy number mapping and 1 € € be a fuzzy
number. Let ¥ = {B,(r), B, (1), ........., A, (r)} be a partition of [E]" such that ,(r) =
B~ (r) and B,(r) = BY(r) ,where B,(r) < B;(r) <B,(r) ,i=1,2,.... ,n—1.

, . F (8)(r)— F(B)(r)
Now ¥ (B)(r) = lim geyop. () (rr)ﬁ Be(r) ;

,wherer € [0,1], B.(r) € ¥
Then £ (2)(r) is the derivative of F and if such an F existing on every closed interval of €
then F is Differentiable on €
Theorem5.1 : The total variation of a convex Fuzzy number mapping is convex.
Proof
Let F:€ — € be aconvex Fuzzy number mapping and p € € be a fuzzy number.
Let W = {B(r), B (1), ... ... ... ,@,(r)} be an arbitrary partition of [E]" such that
By(r) = B (r), B, (r) = 8t (r),wheredl,(r) < B;(r) < B,(r),i= 1,2, ... ... ,n—1.r € [0,1]
Since F isconvex,fory, A €€ t€[0,1] , Ftp+1-H)r) < tF(@ + (1 —-t)F(A)
Let V be the total variation of Fon €
Then V([E(®)]") = {Z| F(B, () - F@@)|:r € [0,1] } for i,j=012,..nand i< j
<e , forevery | B (r) —B(r)| <6 ,ue€,0<¢ §<1

Let ® = (A (r), M (1), ... ... ... ,A,(r)} beanarbitrary partition of [A]" such that
Ao(r) = A= (r) and Ay (r) = At (r),wherer, (r) < A;(r) <A, (r),i=1,2,..,n—1,7r € [0,1]
Now for B, A € € ,t€[0,1],r € [0,1]
V([tF(®@ + (1 - )F])

=sup{X| F(B)() — (1 — OF(} ) (r) — (F(@) () — A - DEQ) ()| }

for i,j =0,1,2,..nandi < j
= sup{X| tF (@) (r) — tF (@) () — (1 — OF () () — (1 = DFQI ()] }
= sup{Z| t(F(@) () — @) (1) — (1 = OEQR) () — FAI )] }

<sup (D 1H[F@)) ~ @) J+sup (D 1= tl[FO)@) - FR 0] }

< tsup(Z [F(@) () — E@)@)| }+ (1 - Osup{Z [FQ) @) —FR)@)] }
< tV([F@]") +(1 - o) V(FA])
Thus implies V is Convex on € .

Theorem5.2 :Let F be a convex fuzzy number mapping which is of bounded variation on the
closed interval [F(®)]"),r € [0,1], € € and V is the total variation of F.If F is continuous
on any closed interval of € then V is also continuous on that interval.

Proof
Let ¥ = {p, (), u, (7, oeo . . ,u_(r)} be an arbitrary partition of [u]" such that p,(r) =
U™ () and p (r) = p*(r) where u,(r) < p,(r) <p () ,i=12, ... .. ,n—1,r € [0,1]
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Assume that £ is continuous on [F(E)]")
Then for p € €,we can find 0 < ¢, § <1 such that |[E(B)(r) — F(&,) ()| < f—l
for all |&(r) — B, (r)| < &§,where n is the natural number.
Now for |B(r) — B.(r)| < &, forall p € € and i,j=0,1,2,.....n,i< j
YIE@)@) — F@)(@)]
= [F(@) () — F(@) (M| + [F(@)(r) — F@) )|+t [F (@) () — F (B 1) ()]
€ € €
S—+—4-+—=c¢
n n n
= Sup{Y| F(E(r) — F@,()|:r € [01] } <e forij =012 ..nandi< j
and forevery | B (r) — B,(r)| <6
>V(([FW]) <e ,forallpe€
Hence V is continuous on on [#()]"and the proof is completed.

Theorem5.3: Let F be a convex fuzzy number defined on € .If Fis differentiable on €,then F
is continuous and is of bounded variation on €. Moreover the total variation VV of F is also
continuous on €.

Proof

Let ¥ = {p, (), 1 (1), ... oo . i (M} bea partition of [u]™ such that p,(r) = p~ () and
n(r) = ut(r) ,where (M) <) <p () ,i=12, ... ,n—1,7r € [01],B€€

Suppose F is continuous on €.

F )= F) ()
M)~ 1y ()

=>|F(W)(r) —F(uj)(r)| <e€ for |u(r) -1 (r)| <d, 0<e¢ 6<1

= Fis continuous on €.

Thenforpe€,r € [0,1] F(W() = lim y, ) e

Clearly continuity of F = the cut continuity

Hence # is of bounded variation on any closed interval[F(u)]" so that £ is of bounded
variation on € [12]

Now V([E®]") = {X| ¥(@ () — F(@ ) |:r € [0,1] } for i,j=0,12,..nandi < j
<e ,forevery | B (r) — B;(r)| <& , 1 € € be the total variation of F
Then Theorem5.2 shows that V is continuous on €.

CONCLUSION

The lack of strict monotonicity of the branches p~ and pt ,the existency of constancy sub
intervals imply that the inverse functions of p~ and u* do not exist in the classical sense.
Thus to solve the above theorems we may assume that for both functions p= and p* ,there
exists a finite (or atmost countable) number of such constancy sub intervals and then the
inverse functions exist in the generalized sense. From the above discussion we framed a
definition of total variation of a fuzzy number mapping over fuzzy number space and
explained some important results based on the convexity ,continuity and differentiability for
the total variation of convex fuzzy number mappings.
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