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ABSTRACT:
Andreotti and Hill (1972) have studied complex characteristic

coordinate and tangential Cauchy-Riemman equations. Bejancu (1987) has studied
complex finsler spaces and C.R. structures. Further, Farinola (1988) has studied a
characterization of the Kaehler condition on Finsler spaces also, Dragomir (1989)
has studied Cauchy-rieman submanifolds of Kaehlerian Finsler Spaces. In this
paper, we have studied Cauchy-Riemman submanifolds of complex Finsler
manifolds and several theorem have been derived .

KEY WORDS: complex finsler manifolds chern (c.l.c), n — Einstein spaces,
constant curvature.
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1. INTRODUCTION.

Let (M?",L,]) be a Kaehlerian Finsler space Dragomir and
lanus(1983), and (m~1TM?", g) its induced Riemannian bundle By a recent result
Farnola(1988), the torsion tensor N” vanishes. Therefore we may apply Bejancu
(1987) such as to conclude that V(M%) = T(M?™)\0 admits a (naturally

induced ) Cauchy-Riemann (CR) structure HY , i.e., a complex subbundle I1¥ of
the complexified tangent bundle

T¢<(V(M*)) = T(V(M*™))®C,
Such that i) HY is involutive, ii) HY N HY = (0),and iii) *R (H") = ker(dm),
where m: V(M?") - M?" is the natural projection. On the other hand, let / be the
lift of J (with respect to the nonlinear connection of the Cartan connection of
(M?", 1)) cf. our (3.4). Then J is naturally extended (by C-linearity) to
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T¢(V(M*™)); let TYO(V(M?™)) be the bundle of all eigenvalue i = v—1 of .
leaving definitions momentarily aside, we formulate the following definition given
by Dragomir (1989)

Definition (1.1): Let (M?",L,]) be a Kaehlerian Finsler space
whose Cartan connection has an integrable (Rjik = 0) associated nonlinear

connection N on  V(M?"). Then V(M?") admits a Cauchy-Riemann *R
(H") suchthat *R(H"™) =N and
(1.1) TO(v(M*™)) = H"® H".

Definition (1.2): Let M™ bean invariant, i.e.
ju (i TM™) = o iTM™, u € vV(Mm),

Submanifold of the complex v-space form (M?"(c),L,]),n>2.Then M™ is
a complex v-space form (with respect to the induced connection) of the same
holomorphic v-sectional curvature c if and only if Q=0, i.e. then vertical second
fundamental form vanishes.

Definition (1.3): Let M™ be an invariant totally-geodesic
submanifold of the Kaehlerian Finsler space (M?",L, J) . Then M™ is h-
minimal.

Definition (1.4): Let M" be a totally-real, i.e.

Ju (@' TM™) = E@),, , u € v(M™),

Submanifold of the Kaehlerian Finsler space (M?™",L, J). If M™ has a v-flat normal
connection (i.e. S* = 0 then M™ is a Berwald-Cartan space.

Definition (1.5): Let M" be a totally-real submanifold of the
Kachlerian Finsler space (M®", L, J), having an h-flat normal connection. Then the
induced connection of M" has a vanishing horizontal curvature tensor, i.e R=0.

3. COMPLEX FINSLER STRUCTURES.

Let (M, L), n > 1, be a real 2n-dimensional Finsler space with
the Lagrangian function L: T(M?") [0, +o]. Here T (M*) - M?® denotes the
tangent bundle over M?". Let j: M*" = T(M?") be the natural imbedding , i.e.

j(x) = 0 € T,(M?"), x € M?",
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We put V(M) = T(M?M)\ j(M?").

Letr: V(M?") - M?™ be the natural projection and m~'TM?" —
V(M?") the pullback bundle of T(M?*) by m. A bundle morphism
J:nITM?" - = iTM?", J2 = —] is said to ba a Finslerian almost complex
structure on M?™ .

Let ueV(M?); then w;TM?" ={u}xT,(M?*"), x=
m(u), denotes the fiber over u in 7~ !TM?". Any ordinary almost complex
structure J: T(M?") - T(M?"), J> = —1, admits a natural lift to a Finslerian
almost complex structure / given by

J.X =] 78X), x=n(), X€n TM*, ueV(M").
Here 7 denotes the projection onto the second factor of the product manifolds
V(M?™) x T(M?").

Let (U,x‘) be a system of local coordinates on M?" and let
(r~1(U), x,y") be the naturally induced local coordinates on V(M?")  The
vertical lift is the bundle isomorphism y: m~!TM?" — keri{dr) defined by

: : 9]
]/Xi = ai, ai = a_yl .
Clearly, the definition of y does not depend upon the choice of local coordinates.
Here X;(u) = (u,% #,T(u)), uen Y U), 1<i<2n.

To make this construction precise, let us note that any tangent vector field X on
M?" admits a natural lift X to a cross-section of 7~ 1TM?" defined by

X = (ux(r@)), uevm™).
Note that X; are the natural lifts of the (locally defined) tangent vector fields
a/axi Clearly {X;}1<i<n, forma (local) frame of 7~ 1TM?"

Let
1.,
9ij =Eaiajl' -
We put
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g, X,Y) =g; WX'Y, X=X'X;, Y=Y'X;,, uen *(U),

for any cross-section X, Y in w~!TM?". The definition of g, does not depend
upon the choice of local coordinates around x = m(u),u € M?" . Since
(M?",L) is a Finsler space, for each u € 7~1(U) the quadratic form g;; (u)&'¢&/
is positive definite. Therefore 7~ 1TM?" turns into a Riemannian vector bundle
with the Riemann (bundle) metric g:u - g,. Then (z~1TM?", g) is called
induced bundle of the Finsler manifold (M?",L) . Cross-section in the induced
bundle is refered to as Finsler vector fields on M?" .

Let J be a Finslerian almost complex structure on M?" . Since the
induced bundle and the vertical bundle ker (dr) (over V(M?™) are isomorphic, ker
(dm)  turns into a Riemannian bundle in a natural way, with the metric
g Z, W) =gy 1Z,y w) for any vertical tangent vector fields Z, W on
(M?™) . Moreover ker(dm) is a complex vector bundle since each fiber ker(d,m)
carries the complex structure j/ defined by

Ji=Vao uova s, u€vM).
Let [/V,J"] be the torsion of the (1,1)-tensor fields jV . This is
ker(dm) -valued, since ker(dm) is involutive. Let J]X; =]{ (x,y)X;.  Then

Jil = =8
We define N¥(X;,X;) = NS X, where:

i _ m%_mal} mallrcn_iallm

Clearly the definition of N”  does not depend upon the choice of local

coordinates. i.e.

(2.2) YN X, Y) = [V J1(vX, vY)

Page 631



International journal of advanced scientific and technical research Issue 2 volume 4, August 2012
Available online on http://www.rspublication.com/ijst/index.html ISSN 2249-9954

for any Finsler vector fields X , Y on M?" . Bejancu (1987) given by if N” =0.

then J may be called a complex Finsler structure. Nevertheless, this concept is not
entirely satisfactory since, in this sense, the natural life of any (not necessarily

integrable) almost complex structure on M?" is a complex Finsler structure, by
(2.1).

A differentiable 2n-distribution N:u — N, on V(M?") is called
a nonlinear connection on V(M?") if each N, is a direct summand to the
vertical space ker(d,m) in T,(V(M?")), uwe€V(M?*) . In classical tensor
notation N might be represented by the Pfaffian system:
(2.3) dy' + Nidx/ = 0.
Here 1\6-1' € C*(mr~1(U)) are the coefficients of the nonlinear connection; that is,
if ue n~1(U),then N, isspanned by the tangent vectors

0
ai = axi .

Sxt =0; - Ni] 6]'

Let N be a nonlinear connection on V(M?") . We shall the bundle
epimorphism L : T(V(M?*")) » = 1TM*" , defined by

L,Z = (u,(d,mz), ZeT,(V(M*")), ueVM™).
Clearly, the restriction of L, to N, is a R-linear isomorphism N, =~ m 'TM?" .
Let B, denote its inverse. The resulting bundle isomorphism g:m 1TM?"* — N
is refered to as the horizontal lift (with respect to the nonlinear connection N). If J
is a Finslerian almost complex structure on M?" then we may put J® = BojJo L
such as to define a complex structure on the bundle N — V(M?").

We shall need the Dombrowski mapping, i.e. the bundle morphism
G:T(V(M*™)) > n-iTM?", GZ=vy'z,,
Where Z, denotes the vertical part of Z with repect to the direct to the sum
decomposition
T,(V(M?")) = N, ®ker(d,m), u€V(M™").
With any Finslerian almost complex structure J one may associate an almost
complex structure J on V(M?"™) defined by:
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(2.4) J=BoJoL+yeo]eq.
Note that the restriction of J, to N, , respectively to ker (d,m) , coincides with
J* | respectively with JZ, forany u € V(M?™).

Let (M?",L) be a Finsler manifold and (z~1TM?",g) its
induced bundle. Let N be a fixed nonlinear connection on V(M?") . The Sasaki
metric § is given by:

(2.5) GZ,w) =g(LZ, LW) + g(GZ, GW).
Thus  V(M?")  turns naturally into a (noncompact) Riemannian manifolds.
Moreover, (V(M?™), §,J) is well known to be almost Hermitian.

We shall need the torsion N/* (X;, X; ) = Af; X, where:

s

51 5t .M
(2.6) Al =) s = I st s = I s

Sxm Sx/
Clearly the definition of N/‘ does not depend upon the choice of local coordinates.
Therefore we have
(2.7) N/ (X, Y) = L[J* J"1(BX, BY)
For any Finsler vector fields X, Y on M?",
3. KAEHLERIAN FINSLER MANIFOLDS.

Let (M?",L) be a Finsler manifold endowed with the Finslerian
almost complex structure J. Then (M?",L, J) is said to be an almost Hermitian
Finsler manifold if g(/,X,],Y) = g(X,Y), for any Finsler vector fields X, Y on
V(M?™) . LetV be a connection in the induced bundle (x~1TM?", g) . It is said to
be metrical if V,= 0, respectively almost complex if V] = 0. A tangent vector
field Z on V(M?")is horizontal (with respect to V) if V,v = 0. Here v denotes
the Liouville vector field, i.e. the cross section in the induced bundle defined by

v(w) = (wu),u e V(M) .
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Let N be the distribution of all horizontal tangent vectors on
(M?™) ; it is refered to as the horizontal distribution of V. Then V is regular if its
horizontal distribution N is a nonlinear connection on V(M?™"). A pair
(V,N) consisting of a connection in 7~!TM?" and a nonlinear connection on
V(M?™) s called a Finsler connection on M?2" . Here we have any regular
connection in =~ 1TM?" gives raise to a Finsler connection on M?™" .
Let (V,N) be a Finsler connection; then two concept of torsion
tensor fields are usually associated with (V,N) , namely
T(Z,W)=V,LW-V,LZ~-L[Z,W],
T.(Z,W)=V,GW-V,GZ— G[Z,W],
For any tangent vector fields Z, W on V(M?"). Let also R denote the curvature 2-
form of V. Several fragments of T, T; and R are usually derived by means of

the bundle morphisms i.e.

T(X,Y) = T(BX,BY), Cx,Y) =T@yX,BY),
R'(X,Y) = T, (BX, BY), P'(X,Y) = T, (yX, BY),
SYX,Y) =Ty (yX,yY), R(X,Y)Z =R(BX,BY)Z,

PX,Y)Z=R(yX,BY)Z, S(X,Y)Z=RWyX,yY)Z.

We may define no ‘vertical’ component of T since
clearly T(yX,yY) = 0. For any Finsler vector fields X, Y on M?" .

Therefore we have,
3.1) YR'(X,Y) = [BX,BY],
i.e. R! is the obstruction towards the integrability on N. In spite of being defined
in terms of V the torsion R! depends essentially on N only, as easily seen in local
coordinates, i.e.

i i

Page 634



International journal of advanced scientific and technical research Issue 2 volume 4, August 2012
Available online on http://www.rspublication.com/ijst/index.html ISSN 2249-9954

Where RY(X., X)) = Rf X;.

The fundamental theorem of Finsler geometry asserts that there
exists a unique regular connection V in the induced bundle (x~1TM?", g) of the
given Finsler manifolds (M?",L).

Such that (i) V is metrical, (ii) T=0,S' = 0. It is refered to as
the Cartan connection of (M?",L). Then (M?",L, ]) is called a Kaehlerian Finsler
manifolds if its Cartan connection is almost complex given by Dragomir and
lanus (1982).

4. CAUCHY-RIEMANN STRUCTURE ON THE TANGENT BUNDLE

If N is an arbitrary  C®-manifolds and T¢(N) =T(N)® C
denotes the complexification of its tangent bundle, then a Cauchy-Riemann (CR)
structure on N is a complex subbundle H of T¢(N).

Such that (i) HNnH = 0 (ii) H isinvolutive . Here a bar
denotes complex conjugation.

Let J be a Finslerian almost complex structure on M?". Let N be a
nonlinear connection on V(M?"). If I\Gh = 0, we consider the C-vector
subbundle H* of T¢(V(M?™)) defined by ~ H* , where H! consists of all
complex tangent vectorsX ® 1 — J/*X®i, i =v—1, X € N, u € V(M*") .

Suppose R' =0. By (2.7) and (3.1), it follows that [J",J*] =0.
Consequently H* is involutive. Also, by the definition of H" |, one has *R
(H,) = N, u € V(M?") . That is V(M?") turns into a CR manifold.
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