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1 Introduction, De�nitions and Notations.

Somasundaram and Thamizharasi [7] introduced the notion of L-order and L-
type for entire functions where L � L(r) is a positive continuous function in-
creasing slowly i.e., L(ar) � L(r) as r !1 for every positive constant a:
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The L�-order and the L*-type of a meromorphic function are the more gen-
eralised concepts of L-order and L-type respectively. The following de�nitions
are well known.

De�nition 1 The L*-order �L
�

f and L*-lower order �L
�

f of a meromorphic func-
tion f are de�ned as

�L
�

f = lim sup
r!1

log T (r; f)

log
�
reL(r)

� and �L
�

f = lim inf
r!1

log T (r; f)

log
�
reL(r)

� :
If f is entire, one can easily verify that

�L
�

f = lim sup
r!1

log[2]M(r; f)

log
�
reL(r)

� and �L
�

f = lim inf
r!1

log[2]M(r; f)

log
�
reL(r)

�
where

log[k] x = log(log[k�1] x) for k = 1; 2; 3; ::: and log[0] x = x:

De�nition 2 The hyper L*-order �L
�

f and hyper L*-lower order �
L�

f of a
meromorphic function f are de�ned as

�L
�

f = lim sup
r!1

log[2] T (r; f)

log
�
reL(r)

� and �
L�

f = lim inf
r!1

log[2] T (r; f)

log
�
reL(r)

� :
If f is entire then

�L
�

f = lim sup
r!1

log[3]M(r; f)

log
�
reL(r)

� and �
L�

f = lim inf
r!1

log[3]M(r; f)

log
�
reL(r)

� :
De�nition 3 [6]Let f be a meromorphic function of L*-order zero. Then the
quantities ��f , �

�
f and �

�
f , �

�
f are de�ned in the following way

��f = lim sup
r!1

log T (r; f)

log[2] r
, ��f = lim inf

r!1

log T (r; f)

log[2] r

and ��f = lim sup
r!1

log[2] T (r; f)

log[2] r
, �

�
f = lim inf

r!1

log[2] T (r; f)

log[2] r
:

If f is entire then clearly

��f = lim sup
r!1

log[2]M(r; f)

log[2] r
, ��f = lim inf

r!1

log[2]M(r; f)

log[2] r
,

and ��f = lim sup
r!1

log[3]M(r; f)

log[2] r
, �

�
f = lim inf

r!1

log[3]M(r; f)

log[2] r
:
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De�nition 4 The L*-type �L
�

f of a meromorphic function f is de�ned as

�L
�

f = lim sup
r!1

T (r; f)�
reL(r)

��L�f , 0 < �L
�

f <1:

When f is entire then

�L
�

f = lim sup
r!1

logM(r; f)�
reL(r)

��L�f , 0 < �L
�

f <1:

De�nition 5 A meromorphic function a � a(z) is called small with respect to
f if

T (r; a) = S(r; f):

De�nition 6 Let a1; a2; ::::::ak be linearly independent meromorphic functions
and small with respect to f . We denote by W (f) = W (a1; a2; ::::::ak; f) the
Wronskian determinant of a1; a2; ::::::ak; f: i.e.,

W (f) =

������������

a1 a2 : : : ak f
a01 a02 : : : a0k f 0

: :
: :
: :

a
(k)
1 a

(k)
2 : : : a

(k)
k f (k)

������������
:

De�nition 7 If a 2 C [ f1g the quantity

� (a; f) = 1� lim sup
r!1

N(r; a; f)

T (r; f)
= lim inf

r!1

m(r; a; f)

T (r; f)

is called the Nevanlinna�s de�ciency of the value of `a�:
From the second fundamental theorem it follows that the set of values of

a 2 C [ f1g for which � (a; f) > 0 is countable and
X
a6=1

� (a; f) + � (1; f) � 2:

If in particular
X
a6=1

� (a; f) + � (1; f) = 2, we say that f has the maximum

de�ciency sum.

2 Lemmas.

In this section we present some lemmas which will be needed in the sequel.

Lemma 1 [4]If f and g be two entire functions then for all su¢ ciently large
values of r;

M(r; fog) �M
�
1

8
M
�r
2
; g
�
� jg(0)j ; f

�
:
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Lemma 2 [1]Let f be meromorphic and g be entire then for all su¢ ently large
values of r,

T (r; fog) � f1 + o(1)g T (r; g)

logM(r; g)
T (M(r; g); f) :

Lemma 3 [3]Let f be meromorphic and g be entire and suppose that 0 < � �
�g � 1. Then for a sequence of values of r tending to in�nity,

T (r; fog) � T (exp (r�) ; f) :

Lemma 4 [5]Let f be a transcendental meromorphic function having the max-
imum de�ciency sum. Then

lim
r!1

T (r;W (f))

T (r; f)
= 1 + k � k� (1; f) :

Lemma 5 Let f be a transcendental meromorphic function with the maximum
de�ciency sum then the L*-order and L*-lower order of W (f) are same as those
of f and the L*-type of W (f) is f1 + k � k� (1; f)g times that of f .

Proof. By Lemma 4

lim
r!1

T (r;W (f))

T (r; f)
exists and is equal to 1.

So �L
�

W (f) = lim sup
r!1

log T (r;W (f))

log
�
reL(r)

�
= lim sup

r!1

log T (r; f)

log
�
reL(r)

� : lim
r!1

log T (r;W (f))

log T (r; f)

= �L
�

f :1 = �
L�

f :

Also, �L
�

W (f) = lim inf
r!1

log T (r;W (f))

log
�
reL(r)

�
= lim inf

r!1

log T (r; f)

log
�
reL(r)

� : lim
r!1

log T (r;W (f))

log T (r; f)

= �L
�

f :1 = �
L�

f :

Further, �L
�

W (f) = lim sup
r!1

T (r;W (f))�
reL(r)

��L�
W (f)

= lim
r!1

T (r;W (f))

T (r; f)
:lim sup
r!1

T (r; f)�
reL(r)

��L�
W (f)

= f1 + k � k� (1; f)g :lim sup
r!1

T (r; f)�
reL(r)

��L�f
= f1 + k � k� (1; f)g :�L

�

f .
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This proves the lemma.

Lemma 6 Let f be a transcendental meromorphic function having the maxi-
mum de�ciency sum then the L*-hyper order (L*-hyper lower order) of W (f)
and f are equal.
The proof of Lemma 6 is omitted as it can be carried out in the line of Lemma

5.

Lemma 7 Let f be meromorphic and g be transcendental entire such that

�f = 0 and �
L�

g <1 then �L
�

fog � ��f :�L
�

g :

Proof. In view of Lemma 2 and the inequality

T (r; g) � log+M(r; g)

we get that

�L
�

fog = lim sup
r!1

log T (r; fog)

log
�
reL(r)

�
� lim sup

r!1

log T (M(r; g); f) + o(1)

log
�
reL(r)

�
� lim sup

r!1

log T (M(r; g); f)

log[2]M(r; g)
lim sup
r!1

log[2]M(r; g)

log
�
reL(r)

�
= ��f�

L�

g :

This proves the lemma.

3 Theorems.

In this section we present the main results of the paper.

Theorem 1 Let f be transcendental meromorphic and g be entire satisfying
the following conditions (i)�L

�

f and �L
�

g are both �nite, (ii)�L
�

f is positive and

(iii)
X
a6=1

� (a; f) + � (1; f) = 2:Then for each � 2 (�1;1) ;

lim inf
r!1

flog T (r; fog)g1+�
log T fexp(rp0);W (f)g = 0 if p

0 > (1 + �)�L
�

g :

Proof. If 1 + � � 0: Then the theorem is trivial. So we take 1 + � > 0:Since
T (r; g) � log+M(r; g) by Lemma 2 we get for all su¢ ciently large values of r;

T (r; fog) � f1 + o(1)gT fM(r; g); fg

i.e. log T (r; fog) � logf1 + o(1)g+ log T (M(r; g); f)
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i.e., log T (r; fog)

� o(1) + (�L
�

f + �) log
n
M(r; g)eL(M(r;g)

o
= o(1) + (�L

�

f + �)flogM(r; g) + L(M(r; g))g

� o(1) + (�L
�

f + �)
h
reL(r)

i(�L�g: +�)
+ (�L

�

f + �)L(M(r; g))

=
h
reL(r)

i(�L�g: +�) f(�L�f + �) + o(1)g+ (�L
�

f + �)L(M(r; g))

i.e., flog T (r; fog)g1+�

�
"n
reL(r)

o(�L�g: +�) f(�L�f + �) + o(1)g+ (�L
�

f + �)L(M(r; g))

#1+�
: (1)

Again we have for a sequence of r tending to in�nity and for � (> 0) ;

log T
n
exp(rp

0
);W (f)

o
� (�L

�

W (f) � �) log
h
exp(rp

0
) exp

n
L
�
exp

�
rp

0
��oi

= (�L
�

f � �)
h
rp

0
+ L

�
exp

�
rp

0
��i

: (2)

So from (1) and (2) we get that

flog T (r; fog)g1+�
log T fexp(rp0);W (f)g

�

��
reL(r)

	(�L�g: +�) (�L�f + �+ o(1)) + (�L
�

f + �)L(M(r; g))

�1+�
(�L

�
f � �)[rp0 + L fexp(rp0)g]

:

Let n
eL(r)

o(�L�g: +�) n
�L

�

f + �+ o(1)
o
= k1; (�

L�

f + �)L(M(r; g)) = k2;

�L
�

f � � = k3 and (�L
�

f � �)L
�
exp

�
rp

0
��
= k4:

Then
flog T (r; fog)g1+�

log T fexp(rp0);W (f)g � fr(�
L�
g +�)k1 + k2g1+�
k3rp

0 + k4

=
r(�

L�
g: +�)(1+�)

n
k1 +

k2

r
(�L

�
g +�)

o1+�
k3rp

0 + k4

where k1; k2; k3 and k4 are �nite.

Since (�L
�

g + �) (1 + �) < p0
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therefore lim inf
r!1

flog T (r; fog)g1+�
log T fexp (rp0) ;W (f)g = 0

where we choose � (> 0) such that

0 < � < min

�
�L

�

f ;
p0

1 + �
� �L

�

g

�
:

which proves the theorem.

Theorem 2 If f be meromorphic and g be transcendental entire such that
�L

�

g: <1; �L
�

fog =1 and
X
a6=1

� (a; g) + � (1; g) = 2. Then for every A > 0

lim sup
r!1

log T (r; fog)

log T (rA;W (g))
=1:

Proof. If possible let there exists a constant � such that for all su¢ ciently large
values of r we have

log T (r; fog) � � log T (rA;W (g)): (3)

In view of Lemma 5 for all su¢ ciently large values of r we get that

log T (rA;W (g)) � (�L
�

W (g) + �) log
�
rA exp

�
L(rA)

	�
i.e. log T (rA;W (g)) � (�L

�

g + �)
�
A log r + L(rA)

	
: (4)

Now combining (3) and(4) we obtain for all su¢ ciently large values of r

log T (r; fog) � �(�L
�

g + �)
�
A log r + L(rA)

	
which implies that

log T (r; fog)

log
�
reL(r)

� �
�(�L

�

g + �)
�
A log r + L(rA)

	
log
�
reL(r)

�
= �(�L

�

g + �)

�
A log r + L(rA)

	
log
�
reL(r)

� :

Therefore
log T (r; fog)

log
�
reL(r)

� � �:A:(�L�g + �)

i.e, �L
�

fog � �:A:(�L
�

g + �);

which contradicts the condition �L
�

fog = 1: So for a sequence of values of r
tending to in�nity, it follows that log T (r; fog) > � log T (rA;W (g)) from which
the theorem follows.

Corollary 1 Under the assumption of Theorem 2

lim sup
r!1

T (r; fog)

T (rA;W (g))
=1:
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Proof. By Theorem 2 we obtain for all su¢ ciently large values of r and for
K > 1;

log T (r; fog) > K log T (rA;W (g))

i.e. T (r; fog) > fT (rA;W (g))gK

from which the corollary follows.

Remark 1 If we take �L
�

f <1 and
X
a6=1

� (a; f)+� (1; f) = 2 instead of �L�g <

1 and
X
a6=1

� (a; g) + � (1; g) = 2 respectively then Theorem 2 and Corollary 1

remains valid with W (g) replaced by W (f) in the denominator.

Theorem 3 Let f and g be two entire functions with �L
�

f > 0 and �L
�

f < �L
�

g :

Also let f be transcendental with
X
a6=1

� (a; f) + � (1; f) = 2: Then

lim
r!1

log[2]M(r; fog)

logM(r;W (f))
=1:

Proof. In view of Lemma 1, we have for all su¢ ciently large values of r,

M(r; fog) �M
�
1

16
M
�r
2
; g
�
; f

�

i.e. log[2]M(r; fog) � log[2]M

�
1

16
M
�r
2
; g
�
; f

�
i.e. log[2]M(r; fog) �

�
�L

�

f � �
�
log

�
1

16
M
�r
2
; g
�
eL(

1
16M(

r
2 ;g))

�
i.e. log[2]M(r; fog) �

�
�L

�

f � �
�
log

1

16
+
�
�L

�

f � �
�
logM

�r
2
; g
�

+
�
�L

�

f � �
�
L

�
1

16
M
�r
2
; g
��

i.e. log[2]M(r; fog) � O(1) +
�
�L

�

f � �
��r
2
eL(

r
2 )
��L�g ��

+
�
�L

�

f � �
�
L

�
1

16
M
�r
2
; g
��
: (5)

Again for all su¢ ciently large values of r we get by Lemma 5 that

logM(r;W (f)) �
�
reL(r)

��L�W (f)+�

=
�
reL(r)

��L�f +�

: (6)
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Now combining (5) and (6) it follows from all su¢ ciently large values of r;

log[2]M(r; fog)

logM(r;W (f))

�
O(1) +

�
�L

�

f � �
� h

r
2e
L( r2 )

i�L�g ��
+
�
�L

�

f � �
�
L
�
1
16M

�
r
2 ; g
��

�
reL(r)

��L�f +�
: (7)

Since �L
�

f < �L
�

g we can choose � (> 0) in such a way that

�L
�

f + � < �L
�

g � �: (8)

Thus from (7) and (8) we obtain that

lim inf
r!1

log[2]M(r; fog)

logM(r;W (f))
=1;

from which the theorem follows.

Theorem 4 If f be a transcendental meromorphic function and g be entire with
0 < �L

�

f � �L�f <1; �L�g <1 and
X
a6=1

� (a; f) + � (1; f) = 2: Then

lim
r!1

T (r; fog)T (r;W (f))

T [exp (rp0) ;W (f)]
= 0 if p

0
> �L

�

g :

Proof. Since T (r; g) � log+M(r; g); for all su¢ ciently large values of r we get
from Lemma 2

T (r; fog) � f1 + o(1)gT (M(r; g); f)

i.e., T (r; fog)

� f1 + o(1)g exp
 �
�L

�

f + �
� �

reL(r)
��L�g +�

+ L(M(r; g))

!!

= f1 + o(1)g exp
 �
�L

�

f + �
��
reL(r)

��L�g +�
!

: exp
��
�L

�

f + �
�
L(M(r; g))

�
: (9)

Again by Lemma 5 for all su¢ ciently large values of r;

T (r;W (f)) �
�
reL(r)

��L�W (f)+�

=
�
reL(r)

��L�f +�

: (10)
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Now combining (9) and (10) it follows for all su¢ ciently large values of r,

T (r; fog)T (r;W (f))

� f1 + o(1)g exp
 �
�L

�

f + �
��
reL(r)

��L�g +�
!

: exp
��
�L

�

f + �
�
M(r; g)

��
reL(r)

��L�f +�

: (11)

Also in view of Lemma 5, we have for all su¢ ciently large values of r that

log T
h
exp

�
rp

0
�
;W (f)

i
�
�
�L

�

W (f) � �
�
log
h
exp

�
rp

0
�
exp

n
L(exp

�
rp

0
�
)
oi

i.e., T
n
exp

�
rp

0
�
;W (f)

o
�

h
exp

�
rp

0
�
exp

n
L
�
exp

�
rp

0
��oi�L�W (f)��

= exp
h�
�L

�

W (f) � �
�
rp

0
i h
exp

n
L
�
exp

�
rp

0
��oi�L�W (f)��

= exp
h�
�L

�

f � �
�
rp

0
i h
exp

n
L
�
exp

�
rp

0
��oi�L�W (f)��

: (12)

From (11) and (12) it follows for all su¢ ciently large values of r;

T (r; fog)T (r;W (f))

T fexp (rp0) ;W (f)g

�
exp

��
�L

�

f + �
� �
reL(r)

��L�g +�
�
exp

h�
�L

�

f + �
�
M(r; g)

i
exp

��
�L

�

f � �
�
rp0
�
[exp fL (exp (rp0))g]�

L�
W (f)

��

: f1 + o(1)g
�
reL(r)

��L�f +�

: (13)

As p0 > �L
�

g ; so we can choose � (> 0) such that

p0 > �L
�

g + �: (14)

Thus the theorem follows from (13) and (14).

Theorem 5 Let f be a transcendental meromorphic function and g be a tran-
scendental entire function such that 0 < �L

�

f � �L
�

f < 1 and
X
a6=1

� (a; f) +

� (1; f) = 2: Then for every A > 0

lim
r!1

log T (r; fog)

log T (rA;W (f))
=1:
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If further �L
�

g <1 and
X
a6=1

� (a; g) + � (1; g) = 2 then

lim
r!1

log T (r; fog)

log T (rA;W (g))
=1:

Proof. Since �L
�

f > 0, �L
�

fog =1fcf:[2]g : So it follows that for arbitrary large
N and for all su¢ ciently large values of r;

log T (r; fog) > AN log
h
reL(r)

i
: (15)

Again since �L
�

f <1; for all su¢ ciently large values of r we get by Lemma 5,

log T (rA;W (f)) <
�
�L

�

f + 1
�
log
h
rAeL(r

A)
i
: (16)

Again now from (15) and (16) it follows for all su¢ ciently large values of r that

log T (r; fog)

log T (rA;W (f))
>

AN log
�
reL(r)

��
�L

�
f + 1

�
log
�
rAeL(rA)

� :
Hence

log T (r; fog)

log T (rA;W (f))
>

AN [log r + L(r)]�
�L

�
f + 1

�
[A log r + L(rA)]

and so lim
r!1

log T (r; fog)

log T (rA;W (f))
=1:

Again since �L
�

g <1; for all su¢ ciently large values of r we get by Lemma 5,

log T (rA;W (g)) <
�
�L

�

g + 1
�
log
h
rAeL(r

A)
i

=
�
�L

�

g + 1
� �
A log r + L(rA)

�
: (17)

Now from (15) and (17) it follows for all su¢ ciently large values of r that

log T (r; fog)

log T (rA;W (g))
>

AN log
�
reL(r)

��
�L�g + 1

�
[A log r + L(rA)]

=
AN [log r + L(r)]�

�L�g + 1
�
[A log r + L(rA)]

: (18)

Thus the theorem follows from (18).

Theorem 6 Let f be a transcendental meromorphic function with 0 < �L
�

f �
�L

�

f <1 and
X
a6=1

� (a; f) + � (1; f) = 2 and g be entire. Then

lim sup
r!1

log[2] T
n
exp

�
r�

L�
g

�
; fog

o
log T (exp (r�) ;W (f))

=1 where 0 < � < �L
�

g :
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Proof. Let 0 < �0 < �L
�

g : Then in view of Lemma 3 we get for a sequence of
values of r tending to in�nity,

log T (r; fog) � log T
�
exp

�
r�

0
�
; f
�

i.e., log T (r; fog) � (�L
�

f � �) log
h
exp

�
r�

0
�
exp

�
L(er

�0

)
�i

i.e., log[2] T (r; fog) � log
h
(�L

�

f � �) log
n
exp

�
r�

0
�
exp

�
L(er

�0

)
�oi

i.e., log[2] T (r; fog) � log(�L
�

f � �) + log[2]
h
exp

�
r�

0
�
exp

�
L(er

�0

)
�i

i.e., log[2] T (r; fog) � O(1) + log
h
r�

0
+ L

�
exp

�
r�

0
��i

:

So for a sequence of values of r tending to in�nity,

log[2] T
n
exp

�
r�

L�
g

�
; fog

o
� O(1) + log

h
exp

�
r�

L�
g :�0

�
+ L

n
exp[2]

�
r�

L�
g :�0

�oi
: (19)

Again in view of Lemma 5, we obtain for all su¢ ciently large values of r that

log T (exp (r�) ;W (f)) � (�L
�

W (f) + �) log fexp (r�) exp (L(exp (r�)))g

i:e:, log T (exp (r�) ;W (f)) � (�L
�

f + �)(r� + L(exp (r�)): (20)

Combining (19) and (20) it follows for a sequence of values of r tending to
in�nity that

log[2] T
n
exp

�
r�

L�
g

�
; fog

o
log T (exp (r�) ;W (f))

�
O(1) + log

h
exp

�
r�

L�
g :�0

�
+ L

n
exp[2]

�
r�

L�
g :�0

�oi
(�L

�
f + �) [r� + L(exp (r�))]

=

O(1) + log

24exp�r�L�g :�0�
8<:1 + logL

�
exp[2]

�
r
�L

�
g :�0

��
exp

�
r
�L

�
g :�0

�
9=;
35

(�L
�

f + �)(r�) + (�L
�

f + �)L(exp (r�))

=

O(1) + log
n
exp

�
r�

L�
g :�0

�o
+ log

241 + logL

�
exp[2]

�
r
�L

�
g :�0

��
exp

�
r
�L

�
g :�0

�
35

(�L
�

f + �)r� + (�L
�

f + �)L(exp (r�))

=

O(1) + r�
L�
g :�0 + log

241 + logL

�
exp[2]

�
r
�L

�
g :�0

��
exp

�
r
�L

�
g :�0

�
35

(�L
�

f + �)r� + (�L
�

f + �) logL(exp (r�))
: (21)

                          INTERNATIONAL JOURNAL OF ADVANCED SCIENTIFIC AND TECHNICAL RESEARCH                                             

                   (ISSUE 2, VOLUME 4- August 2012)                                                                                       ISSN 2249-9954

Page 566 



Since � < �L
�

g we get from (21) that

lim sup
r!1

log[2] T (exp
�
r�

L�
g

�
; fog)

log T (exp (r�) ;W (f))
=1:

This proves the theorem.

Theorem 7 Let f be rational and g be transcendenal meromorphic satisfying
0 < �

L�

fog � �L
�

fog <1; 0 < �
L�

g < �L
�

g <1 and
P
a6=1

�(a; g) + �(1; g) = 2: Then

for any positive number A

�
L�

fog

A�L
�

g

� lim inf
r!1

log[2] T (r; fog)

log[2] T (rA;W (g))

�
�
L�

fog

A�
L�

g

� lim sup
r!1

log[2] T (r; fog)

log[2] T (rA;W (g))
�
�L

�

fog

A�
L�

g

:

Proof. From the de�nition of hyper L*-order and hyper L*-lower order and by
Lemma 6 we get for arbitrary positive � and for all su¢ ciently large values of r;

log[2] T (r; fog) �
�
�
L�

fog � �
�
log
h
reL(r)

i
(22)

and log[2] T (rA;W (g)) �
�
�L

�

W (g) + �
�
log
h
rAeL(r

A)
i

i:e:; log[2] T (rA;W (g)) �
�
�L

�

g + �
� �
A log r + L(rA)

�
: (23)

Combining (22) and(23), we obtain for all su¢ ciently large values of r that

log[2] T (r; fog)

log[2] T (rA;W (g))
�

�
�
L�

fog � �
�
log(reL(r))�

�L
�

g + �
�
(A log r + L(rA))

=

�
�
L�

fog � �
�
(log r + L(r))

A
�
�L

�
g + �

�
log r +

�
�L

�
g + �

�
L(rA)

=

�
�
L�

fog � �
�
log r +

�
�
L�

fog � �
�
L(r)

A
�
�L

�
g + �

�
log r +

�
�L

�
g + �

�
L(rA)

:

Since � (> 0) is arbitrary, it follows from above that

lim inf
r!1

log[2] T (r; fog)

log[2] T (rA;W (g))
�
�
L�

fog

A�L
�

g

: (24)

Again for a sequence of values of r tending to in�nity,

log[2] T (r; fog) �
�
�
L�

fog + �
�
log
h
reL(r)

i
: (25)
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Also in view of Lemma 6, we have for all su¢ ciently large values of r that

log[2] T (rA;W (g)) �
�
�
L�

W (g) � �
�
log
h
rAeL(r

A)
i

i:e:; log[2] T (rA;W (g)) �
�
�
L�

g � �
� �
A log r + L(rA

�
): (26)

Combining (25) and (26) we get for a sequence of values of r tending to in�nity,

log[2] T (r; fog)

log[2] T (rA;W (g))
�

�
�
L�

fog + �
�
log
�
reL(r)

��
�
L�

g � �
�
(A log r + L(rA))

=

�
�
L�

fog + �
�
(log r + L(r))�

�
L�

g � �
�
(A log r + L(rA))

=

�
�
L�

fog + �
�
log r +

�
�
L�

fog + �
�
L(r)

A
�
�
L�

g � �
�
log r +

�
�
L�

g � �
�
L(rA)

:

As � (> 0) is arbitrary it follows from above that

lim inf
r!1

log[2] T (r; fog)

log[2] T (rA;W (g))
�
�
L�

fog

A�
L�

g

: (27)

Also for a sequence of values of r tending to in�nity and by Lemma 6,

log[2] T (rA;W (g)) �
�
�
L�

W (g) + �
�
log
h
rAeL(r

A)
i

i.e:; log[2] T (rA;W (g)) �
�
�
L�

g + �
�
log
h
rAeL(r

A)
i
: (28)

Combining (22) and (28) we have for a sequence of values of r tending to in�nity

log[2] T (r; fog)

log[2] T (rA;W (g))
�

�
�
L�

fog � �
�
log
�
reL(r)

��
�
L�

g + �
� �
log rAeL(rA)

�
=

�
�
L�

fog � �
�
(log r + L(r))�

�
L�

g + �
�
(A log r + L(rA)

=

�
�
L�

fog � �
�
log r +

�
�
L�

fog � �
�
L(r)

A
�
�
L�

g + �
�
log r +

�
�
L�

g + �
�
L(rA)

:

Since � (> 0) is arbitrary, it follows from above that

lim sup
r!1

log[2] T (r; fog)

log[2] T (rA;W (g))
�
�
L�

fog

A�
L�

g

: (29)
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Also for all su¢ ciently large values of r,

log[2] T (r; fog) �
�
�L

�

fog + �
�
log
h
reL(r)

i
: (30)

From (26) and (30) we obtain for all su¢ ciently large values of r;

log[2] T (r; fog)

log[2] T (rA;W (g))
�

�
�L

�

fog + �
�
log(reL(r))�

�
L�

g � �
�
log(rAeL(rA))

i.e.,
log[2] T (r; fog)

log[2] T (rA;W (g))
�

�
�L

�

fog + �
�
(log r + L(r))�

�
L�

g � �
�
(log rA + L(rA))

i.e.,
log[2] T (r; fog)

log[2] T (rA;W (g))
�

�
�L

�

fog + �
�
log r +

�
�L

�

fog + �
�
L(r)

A
�
�
L�

g � �
�
log r +

�
�
L�

g � �
�
L(rA)

:

Since � (> 0) is arbitrary it follows from above that

lim sup
r!1

log[2] T (r; fog)

log[2] T (rA;W (g))
�
�L

�

fog

A�
L�

g

: (31)

Thus the theorem follows from (24),(27),(29) and (31).

Theorem 8 Let f be meromorphic and g be transcendental entire such that
(i)0 < �L

�

g < 1,(ii) �L�g > 0; (iii)0 < �L
�

fog < 1; (iv)�L
�

fog < 1; (v)��f < 1 and
(vi)

P
a6=1

�(a; g) + �(1; g) = 2. Then

lim inf
r!1

log T (r; fog)

log T (r;W (g))
= 0:

Proof. From the de�nition of L*-type we have for arbitrary positive � and for
all su¢ ciently large values of r,

log T (r; fog) �
�
�L

�

fog + �
��
reL(r)

��L�fog
: (32)

Again in view of Lemma 5, we get for a sequence of values of r tending to in�nity
that

T (r;W (g)) �
�
�L

�

W (g) � �
��
reL(r)

��L�W (g)

i.e., T (r;W (g)) �
h
f1 + k � k�(1; g)g�L

�

g � �
i �
reL(r)

��L�g
: (33)

Since �L
�

fog < 1; it follows that �L
�

f = 0 fcf:[2]g : So in view of Lemma 7, from
(32) and (33) we obtain for a sequence of values of r tending to in�nity,

T (r; fog)

T (r;W (g))
�

�
�L

�

fog + �
� �
reL(r)

��L�fog�
f1 + k � k�(1; g)g�L�g � �

� �
reL(r)

��L�g
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i.e.,
T (r; fog)

T (r;W (g))
�

�
�L

�

fog + �
� �
reL(r)

���f :�L�g�
f1 + k � k�(1; g)g�L�g � �

� �
reL(r)

��L�g
=

�
�L

�

fog + �
� �
reL(r)

�(��f�1):�L�g�
f1 + k � k�(1; g)g�L�g � �

�

i.e:;
T (r; fog)

T (r;W (g))
�

�
�L

�

fog + �
�
r(�

�
f�1):�

L�
g
�
eL(r)

�(��f�1):�L�g�
f1 + k � k�(1; g)g�L�g � �

� :

Since � (> 0) is arbitrary in view of condition (v) it follows that

lim inf
r!1

log T (r; fog)

log T (r;W (g))
= 0:

This proves the theorem.
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