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1 Introduction, Definitions and Notations.

Let f be an entire function defined in the open complex plane C. The max-

o0

imum term pu(r, f) of f = Zanz” on |z| = r is defined by u(r,f) =
n=0
max(|an| 7).

To start our paper we just recall the following definitions :

Definition 1 The order p; and lower order Ay of an entire function f are
defined as

log? Af loo? M
oy = limsup & M I g\, = lim i8S
00 log r r—00 log r

where log[k} T = log(log[k_” x) fork=1,2,3,... and log[m T =1

Definition 2 The p—th order pfc and lower p-th order )\? of an entire func-
tion f are defined as

1 [p+1] M 1 [p+1] M
p? = lim sup 08 (r. ) and )\Z} = liminf 8 (r.f)
oo log r r—00 log r

Definition 3 The p—th type afc of an entire function f is defined as
log"™! M (r, f)

afc:li?iilp 7 , O<p§<oo_
Since for 0 < r < R, p(r, f) < M(r, f) < RIETM(Ra f) {cf.[7]} it is easy
to see that
loglP+1] logPt1l
2 =limsup' 8 H0S) g s i 8T #0S)

00 log r r—00 log r

In 1997 Lahiri and Banerjee [3] showed that how iteration can be made
for any two entire functions f and g. According to them [3] the iteration of
f with respect to ¢ is defined as follows :

h(z) = f(z)
fa(z) = [(9(2)) = f(9:(2))
f3(z) = [l9(f(2)) = f(92(2)) = fg(f1(2)))
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and the iteration of g with respect to f is as follows :

g1(z) = g(2)
92(2) = g(f(2)) = g(fi(2))
g3(z) = g(f(9(2))) = g(f2(2)) = g(f(91(2)))

gn(2) = g(f(g....(g(2) or f(2)).ec..... )), according as n is odd or even.

Definition 4 Let aq,as, .....ar. be linearly independent entire functions and
small with respect to f. We denote by L(f) = W(ay, as, .....ax, f) the wron-
skian determinant of a1, as, .....ag, f i.e.,

a/l a/Q e leC f/

a,  ay .. .. ap f
L(f) =

agk) agk) o a,(f) f)

Definition 5 Let ‘a’ be a complex number, finite or infinite. The Nevanlinna
deficiency and Valiron deficiency of ‘a’ with respect to an entire function f
are defined as

5(6L§ f) =1- ligilp% _ liﬂgf%
and | |
o) =1~ D

From the second fundamental theorem it follows that the set of values
of a € CU{oo} for which §(a; f) > 01is countable and »_ d(a; f)+d(o0; f) < 2
a#oo

(cf. [[2],p-43]). If in particular, > d(a; f) + 0(o0; f) = 2, we say that f has
a#oo
the maximum deficiency sum.

In the paper we would like to establish some new results based on the
comparative growth properties related to the iteration of maximum terms of
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composite entire functions and wronskians generated by one of the factors.
We do not explain the standard notations and definitions in the theory of
entire functions as those are available in [8].

2 Lemmas.
In this section we present some lemmas which will be needed in the sequel.

Lemma 1 ([1]) Let f and g be two entire functions. Then for all sufficiently
large values of r,

1 T

M(gM(§7g)_ |g(0)|7f) SM(T,ng) SM(M(T,Q),f) :

Lemma 2 ([2]) Let f be an entire function and 0 <r < R < oo. Then

T (1, ) < log" M (7, f) < 7

T (R, f)-

Lemma 3 ([6])Let f and g be two entire functions. Then for all r > 0,

1 1

T(r,fog) 2 zlogM 4 M (5,9) +o(1),f ¢ .
3 8 4

Lemma 4 ([4]) Let f be a transcendental entire function having the maxi-

mum deficiency sum. Then

L T L)

lim T /) =14k —kd(oo; f).

Lemma 5 Let f be a transcendental entire function with the maximum de-
ficiency sum, then the p-th order and lower p-th order of L(f) are same.

Proof. By Lemma 4, lim log!” T(r,L(f))

oz T (r./) exists and 1s equal to 1.
T—00 y
So

log?! T log? T(r, L
r—00 10g r r—00 log[p] T(?”, f)
= pil=pf

PR p — \P
In a similar manner, X = X; ®
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Lemma 6 Let f and g be two entire functions both with non zero finite p-th
order. Then for all sufficiently large values of r,

log M O(1 h ]
log! " VPH i, ) < {(pf‘ +€)log M(r,g) + O(1) when n is even}

(o +€)log M(r, f) + O(1) when n is odd.
Proof. First let us consider n be even. Now in view of the second part of

Lemma 1 and the inequality u(r, f) < M(r, f) we obtain for all sufficiently
large values of r,

/L(?", fn) < M(Ta fn) < M(M(T,gnfl),f)
1.e log[p+” wu(r, fr) < log[pﬂ] M(M(r, gn-1), f)
< (pf +e)log M(r, gn1).

On calculation one can easily verify that for all sufficiently large values of r,
log " VP L(r, f) < (P + €)log M (r, g) + O(1).

Similarly it can be easily shown that for odd n
logl=DP+U () f) < (P54 €)log M(r, f) + O(1).

This proves the lemma. m

Lemma 7 Let f and g be two entire functions both with non zero finite p-th
order. Then for a sequence of values of r tending to infinity,

A log M O(1) wh '
log! "=V yu(r, £,) < {( 7+ e)log M(r,g) + O(1) when n is even}

(AP +¢€)log M(r, f) + O(1) when n is odd.

The proof of Lemma 7 is omited because it can be carried out in the line
of Lemma 6.

Lemma 8 Let f and g be two entire functions with non zero finite lower
p-th order )\? and N} respectively. Then for all sufficiently large values of r,

logl®=DP+1 i £y > {(A]} —¢€)log M(57,9) +O(1) whenn is even}

(A — €)log M (55, f) + O(1) when n is odd.

2n
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Proof. Putting R = 2r in the inequality

(e, ) < M. f) < 20 p(R, f){ef 7))

we get that
pulr f) < M(r, f) < 2u(2r, f). (1)

Now we consider the case when n is even. Then using the second part of
Lemma 1 and the second part of the inequality (1) we get for all sufficiently
large values of r,

ur f) > M f)
= M o)
> SM(M(5000).f)
e 108 p(r, fu) 2 (N = €)log M55, 9-1) + O(1)
ice., log”?u(r fa) = log®” M(Z5.900) +O(1)
> log? M5 M55, foa),g) + O,

Finaly on calculation we obtain that

log =7 p(r, f,) > () — ) log M (-, g) + O(1).

2"

Similarly for odd n it follows for all sufficiently large values of r,
. r
log "= pu(r, fu) = (X — €) log M (5, f) + O(1).
This proves the lemma. m

Lemma 9 Let f and g be two entire functions with non zero finite p-th order
p? and pl respectively. Then for a sequence of values of r tending to infinity,

logl®=DP+1 1y £ > {(P? —¢€)log M(57,9) +O(1) whenn is even}

(P — €)log M (5, f) + O(1) when n is odd.
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The proof of Lemma 9 is omitted because it can be carried out in the line
of Lemma 8.

Lemma 10 ([5]) Let f be an entire function of finite lower order. If there ex-
ists entire functions a; (i = 1,2,--- ,n; n < 00) satisfying T (r,a;) = o{T (r, f)}

N : T(r,
and ;5 (a;; f) =1, then rlirgolog&(fi?f) =1

3 Theorems.
In this section we present the main results of the paper.

Theorem 1 Let f and g be two entire functions with (i) 0 < Nj < pf < oo,
(77) 0 < NJ < pb < oo, (i) 0 < ph < AN} < oo, (iv) 0 < o < oo and
(v) 22 6(a; f) 4 d(00; f) = 2. Then

a#£oo

Jogl=Dp+1]
hm Sup Og ILL(T7 f?’b) — O

oo log? p(r, L(f))

when n is even and p > 1.

Proof. Let us consider n to be even, then from Lemma 6 and the inequality
(1) we obtain for all sufficiently large values of r

log!" =D+ yu(r, f,) (P + €)log M(r,g) + O(1)
)

(0} + €)log p(2r, g) + O(1
< (ph+e)(oh+e)(2r) ) + 0(1). (2)

IA N

Now it is well known that for an entire function f, T'(r, f) < log™ M(r, f).
So in view of inequality (1) and by Lemma 5 we get for all sufficiently large
values of r

log? T(5, L(£)) < log* u(r, L()) + O(1)

ire 108 u(r L(F)) = (V) — ) log(5) + O(1)

ie., log” u(r,L(f)) > 79 + 0(1). (3)
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Now from (2) and (3) we obtain for all sufficiently large values of r

log ™ P u(r, fu) _ (P +€)(0f + ) (2r) ¥+ + O(1)
log” pu(r, L(f))  ~ r% 79 4+ 0(1) '

Since pb < A%, we can choose €(> 0) in such a way that (pf 4 €) < (A} —¢)
and it follows from above that

logl(m=1)p+1]
hm Sup Og /‘L(T7 fn) — O

r—oo log? p(r, L(f))

This proves the theorem. m

Remark 1 The condition pg < )\fc in Theorem 1 is essential as we see in
the following example.

Example 1 Let f = expl z and g = expl!(2?).
Then X = pf =1 and ph = A} = 2 and ;5(a;f)+5(oo;f):2.

Also f, = expl?"=23P 22 when n is even.

Taking a; = }D(p > 1), ag = ... = a, = 0 in Definition 7 we get that
1 [p]
a exp?! z
L(f) = a,li ff/ - ‘ 6 pexp[p} 5 == eXp[p] z = f

In view of the inequality p(r, f) < M(r, f) < 2u(2r, f) we obtain that
< lim sup

msupl8L A Ja) log "V M(r, f,)
oo log® pu(r, L(f)) r—oo log™ M{3(3, L (f))}

When n s even then

log[(nfl)zﬂrl] M(r, f,) = log[("fl)pﬂ] M(r, expp”*Q]p 22) — eXp[npfpfll r2.

Also
W gprie” W (" el r
log M (2 (L, L (£))} = 1oz M (. exp 2) + O(1) = £ +0(1).
So
log[(n—l)p+1} w(r, f) explrp—p=11 ;2
lim sup 7 ——~ = limsup————— = o0,
r—oo log® pu(r, L(f)) r—oo 5+ 0(1)

which is contrary to Theorem 1.
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In the line of Theorem 1 we may state the following theorem without
proof.

Theorem 2 Let f and g be two entire functions with (i) 0 < Ny < pf < oo,
(1) 0 < N < pb < oo, (iii) 0 < pf < Aj < oo, (iv) 0 < o < 00 and
(v) > 0(a; f) + d(o0; f) = 2. Then

a#oo

logl(n=1p+1] -
llm Sup Og IU/(T7 f ) — 0

oo logl pu(r, L(g))

when n is odd and p > 1.

Theorem 3 Let f and g be two entire functions with (i) 0 < N; < pf < oo,
(73) 0 < A\) < pb < o0, (iii) 0 < of < oo and (iv) Y d(a;g) + d(o0;g) = 2.
Then e
lim inf <
r=eelog? u(r, L(g))
when n is even and p > 1.

Proof. Let us consider n to be even, then from Lemma 6 and the inequality
(1) we obtain for all sufficiently large values of r

g™ u(r, ) < (¢ + ) log Mir,g) + O(1

)
(' 4 €)log u(2r, g) + O(1)
< (Pt )0t +e)(2r) )+ 0(1). (4)

IN

Now it is well known that for an entire function f, T'(r, f) < log™ M(r, f).
So in view of inequality (1) and by Lemma 5 we get for a sequence of values
of r tending to infinity

log? (2, L{9)) < log"*! u(r, L(g)) + O(1)

r

iie.. 1og" ) u(r, L(9)) = (), — ©)log(5) + O(1)

e 1og? u(r. L(g)) = r% 1+ O(1). (5)
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Now from (4) and (5) we obtain for a sequence of values of r

log™ D0t pu(r, f,) _ (o + (o +€)(2r) ¥ + O(1)
log" pu(r, L(g))  ~ r(es=9 4 O(1)

Since €(> 0) is arbitrary it follows from above that

logl(m=1p+1] -
lim inf o8 o plr fn)
r—oo log® u(r, L(g))

This proves the theorem. m
In the line of Theorem 3 we may state the following theorem without
proof.

Py p
<2 g.p]]i.ag.

Theorem 4 Let f and g be two entire functions with (i) 0 < X; < pf < oo,
(1) 0 < NJ < pb < o0, (i) 0 < o' < 0o and (iv) ; d(a; g) + 0(o0; 9) = 2.
Then

logl(r=Dp+1]
e log® pu(r, L(f))
when n s odd and p > 1.

oh p
<2 f.pg.af

Theorem 5 Let f and g be two entire functions with (i) 0 < N; < pf < oo,
(49) 0 < A) < ph < 00, (iii) 0 < oF < o0 and (w)agoé(a; f)+d(o0; f) =2.
Also let there exist entire functions b;(i = 1,2,..n;n < oo) with T(r,b;) =

o{T(r,g)} asr — oo fori=1,2,....n and >.6 (b;; g) = 1. Then
i=1

logl(r=1p+1] :
lim sup— 128 wrfa)

r—so log” yu(r, L(f))T(r, L(g))

when n is even and p > 1.

Proof. Let us consider n to be even, then from Lemma 6 and the inequality
(1) we obtain for all sufficiently large values of r

log™ P (i, f,) < (o + €) log M (r, g) + O(1). (6)
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Now it is well known that for an entire function f, T'(r, f) < log™ M(r, f).
So in view of inequality (1) and by Lemma 5 we get for all sufficiently large
values of r

log? T(5, L(f)) < log”" u(r, L(f)) + O(1)

iie, 1ogPV u(r, L(f) > (N ) —€) log(g) +0(1)

ie., log u(r, L(f)) = r®9 +0(1). (7)

Now from (6) and (7) we obtain for all sufficiently large values of r

log ™ P p(r.f) (P +)log M(rg) + O
log pu(r, LUANT(r, L(g)) — [P+ O(1)|T(r, L(g))
(P +e) log M(r,g) T(r,g)
N9 o) Trg) T Lig)

Since (> 0) is arbitrary and by using Lemma 4 and Lemma 10 we get that

. log" ™7 yu(r, f) . P _logM(r,g) .. T(rg)
lim sup 5 < limsup i lim .
roo log? u(r, L(f)T(r, L(g)) rooo [P 4+ O(1)] r=oe T(r,g)  r—T(r, L(g))
< 0. ! —

"Trk- ko (oo; f)

This proves the theorem. m
In the line of Theorem 5 we may state the following theorem without
proof.

Theorem 6 Let f and g be two entire functions with (i) 0 < Ny < pf < oo,
(71) 0 < X < pb < o0, (iii) 0 < b < o0 and (iv) ; d(a; f) + 0(o0; f) = 2.
Also let there exist entire functions b;(i = 1,2,..n;n < o) with T(r,b;) =
o{T(r,g)} asr — o0 fori=1,2,...n and > 6 (b;;g) = 1.Then
i=1
logl®= 0P+ £

r—oo logl” pu(r, L(g))T(r, L(f))

when n is odd and p > 1.
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