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1 Introduction, Definitions and Notations.

For any two transcendental entire functions f and g defined in the open complex plane C,
Clunie [4] proved that

im Tfog)

— . L(rnfog) _ .
A TG T Ty %

roow I'(g)

Singh [15] proved some comparative growth properties of log T(r, fog) and T(r, f) . He also
raised the problem of investigating the comparative growth of log T(r, fog) and T(r, g) which
he was unable to solve . However , some results on the comparative growth of log T'(r, fog) and
T(r, g) are proved in [11].

Let f be a non-constant mereomorphic function defined in the open complex plane C .

k
Also let ny;,nyj, ... ny; (k= 1) be non-negetive integers such that foreach j, Y n; =>1.

i=0
We call M;[f]=A4; (f)"o (f )n1,- e (fOO )nkj where T (r, 4;) = S(r, f) to be a differential
k k
monomial generated by f. The numbers Ym; = 2 n; and FM}. = ¥ (i+1ny are called

i=0 i=0
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respectively the degree and weight of M;[f] {[8],[14]} . The expression P[ f]= 2 M;[f] is

called a differential polynomial generated by f . The numbers vyp = . énz_a)]<< - \1/M,- and

[p = . Lnglx< FMj are called respectively the degree and weight of P[ f] {[8]_,][1_4]5} . Also we
<Jj<s

call the nimbers Yp = . <rn_in< 7 and k ( the order of the highest derivative of f ) the lower

degree and the order of P_[j{] ;esspectively Af yp =vp, P[f] is called a homogeneous differential

polynomial . In the paper we further investigate the question of Singh [15] mentioned earlier
and prove some new results relating to the comparative growths of composite entire or
meromorphic functions and differential monomials , differential polynomials generated by one
of the factors . We do not explain the standard notations and definitions of the theory of entire
and meromorphic functions because those are available in [18] and [9] . Throughout the paper
we consider only the non-constant differential polynomials and we denote by Py[f] a
differential polynomial not containing f ie., for which ny =0 for j=1,2,..s. We consider
only those P[ f], Py[ f] singularities of whose individual terms do not cancel each other . We
also denote by M[f] a differential monomial generated by a transcendental meromorphic
function f.
The following definitions are well known .

Definition 1 The order p; and lower order As of a meromorphic function f are defined as

—(rf) and As = llmmf—log T(r.f)

py = limsup log r r—oo logr

T — OO

If f is entire, one can easily verify that

2] 2]
pr = limsuplL(rf) and As = llmlnfloglﬂ,
" o0 ogr 7 —> 00 ogr

where log[k]x = log (log[k_l]x) for k=1,2,3,...and log[O]x =Xx.

If pf <o then f is of finite order . Also psf = 0 means that f is of order zero . In this
connection Datta and Biswas [6] gave the following definition .

Definition 2 [6] Let f be a meromorphic function of order zero. Then the quantities pf and
A" of f are defined by :

= liminf —== T(r f)

r—oo logr

w1 T(r,f)
pr = llmsupW and A

T — O

If f is an entire function then clearly

Py = limsuploglM(r'f) d A = llmmfloglMM.
r— oo og” r— oo ogr

Definition 3 The type of and lower type o of a meromorphic function f are defined as

or = limsup ( f) and oy =liminfT(1,;’f)
r — 0 r T — 00 T'f

, O<pf<00.
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When f is entire, it can be easily verified that
log M(r.f) Af)ff'f ) and 3, = liminf-28MTS)

or = limsu
f p roow rf

T — 00

, 0<p ;<.
Datta and Jha [5] gave the definition of weak type of a meromorphic function of finite
positive lower order in the following way :

Definition 4 [5] The weak type t¢ of a meromorphic function f of finite positive lower
order Ay is defined by

T = liminf@ .
T — O r
For entire f,
7 = liminf 28MCD 650 < oo

r—oo f

Similarly one can define the growth indicator Ty of a meromorphic function f of finite positive
lower order A as

rf) .

Tr = limsup—
r—>0 T

When f is entire , it can be easily verified that

7y = limsup log M(r.f) A?(r'f)

T — 00 T

,0</1f<00.

Definition 5 Let “a” be a complex number, finite or infinite. The Nevanlinna’s deficiency and
the Valiron deficiency of “a” with respect to a meromorphic function f are defined as

PO Nraf) _ .. m@af)
HOD IR TE) T P T
and
A .. Nraf) — .. m(r.a;f)
e =1l T ST

T — 0O
Definition 6 The quantity O(a;f) of a meromorphic function f is defined as follows

o FWmap
Olasf)=1-lmsup=re 5

Definition 7 [17] Fora e C U {0}, we denote by n(r,a; f | = 1), the number of simple zeros of
f-ain|z| <r. N(r,a; f | = 1) isdefined in terms of n(r,a; f | = 1) in the usual way . We put
. N(r,a;f|=1)
61(a;f) =1-limsu ,
1(a;f) p T, f)

T — OO

the deficiency of ‘a’ corresponding to the simple a-points of f ie., simple zerosof f-a.
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Yang [16] proved that there exists at most a denumerable number of complex numbers
a e C U{o} for which &;(a;f)> 0 and D §1(a;f) <4.
aeC U{ow}

Definition 8 [12] For aeC U{o}, let n,(r,a;f) denotes the number of zeros of f—a in
|z| < r , where a zero of multiplicity < p is counted according to its multiplicity and a zero of
multiplicity = p is counted exactly p times ; and N, (r,a; f) is defined in terms of n, (r,a; ) in the
usual way. We define

Sp(a;f)=1- 1imsup%

T — CO
Definition 9 [3] P f] is said to be admissible if
(i) P[f]is homogeneous, or

(ii) P[f]is non homogeneous and m(r,f)=S5(r,f).

2 Lemmas.

In this section we present some lemmas which will be needed in the sequel .
Lemma 1 [1] If f is meromorphic and g is entire then for all sufficiently large values of r,

T(r,9)

gt gy M0

T(r,fog) < {1+ 0(1)}

Lemma 2 /2] Let f be meromorphic and g be entire and suppose that 0 < u < p, < . Then
for asequence of values of r tending to infinity,

T(r,fog) =T(exp(1*),f).

Lemma 3 [10] Let f be meromorphic and g be entire such that 0 < u < p; <o and As > 0.
Then for a sequence of values of r tending to infinity,

T(r,fog) > T(exp(r*),g).

Lemma 4 [7] Let f be a meromorphic function and g be an entire function such that A5 < p <
o and 0 < As < ps < oo. Then for asequence of values of r tending to infinity,

T(r,fog) < T(exp(r*),f).

Lemma 5 [7] Let f be a meromorphic function of finite order and g be an entire function
with 0 < Ay <u < oo. Then for asequence of values of r tending to infinity,

T(r,fog) <T(exp(r*),g).
Lemma 6 [3] Let Py[ f] be admissible. If f is of finite order or of non-zero lower order and

Y ©O(a;f) =2 then
a #+ oo

. T, PolfD _
r 1l>moo T(Tgc) - FPO[f] .

Lemma 7 [3] Let f be either of finite order or of non-zero lower order such that (o ; f) =
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Y &pla;f)=1or 6(o;f)= ¥ &(a;f)=1. Then for homogeneous Py[f],

a #+ o a # oo
. T, Polf]D _
rll>moo T(r.f) — Yhlsl:

Lemma 8 Let f be a meromorphic function of finite order or of non zero lower order . If
Y. 0O(a;f) =2, then the order ( lower order) of homogeneous Py[ f] is same as that of f.

a# o

Also ap,[£1,0p,1£1,Tr,[f] and Tpy[r7 are Ip,[ 51 times that of f if f is of positive finite order .

. logT(r,Polf]D . ,
lim Tog T(r,f) exists and is equal to 1.

Proof. By Lemma 6,

T — OO
logT(r,P
pris) = limsup : (logr‘)[f D
limsuplB ).y 98TCLPol/D
r = 0 r— 00 gT(r.f)
=pr.1=ps.
In a similar manner, Ap s} = Ay
Again by Lemma 6,
Op[f] = limsupw
roow r Polfl
= lim _T(rr'(i,of[)f D. lr‘“f‘ég TS)']{) =Tyl f1- -
Similarly ap sy = Tp, .05 .
Also
TQ,PolfD

r

o TELPSD T
B rll>moo T(r,f) 1lﬂ —>Hc1x§ rlf

:FPO.Tf.

Analogously p,r1=Tp,[f]-Tf -
This proves the lemma.

Lemma 9 Let f be a meromorphic function of finite order or of non zero lower order such

that ©(co;f) = Y 8,(a;f) =1. Then the order ( lower order ) of homogeneous Py f]
a + o

and f are same. Also op,[1,0p,[f], Tp,[f]1aNd Tp,[f] are Yp,[ 5] times that of f when f is of

finite positive order.
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We omit the proof of the lemma because it can be carried out in the line of Lemma 8 and
with the help of Lemma 7.

In a similar manner we can state the following lemma without proof.

Lemma 10 Let f be a meromorphic function of finite order or of non- zero lower order such
that §(o;f) = Y &(a;f) = 1. Then for every homogeneous Py[ f] the order (lower order)

a # o
of Py[f]is same as that of f . Also the op (1, 0p,[ 1, Tr,f1aNd Tpy[f] are Yp,(f] times that of

f when f is of finite positive order.

Lemma 11 [13] Let f be a transcendental meromorphic function of finite order or of non-zero
lower order and Y 61(a;f) <4, then
aeC U {oo}
. T(r,.M
lim % =Ty — Ty —yu) 0(0; f),

T — OO

where

O(w;f)=1- limsupN(T’f) .

Lemma 12 If f be a transcendental meromorphic function of finite order or of non-zero
lower order and » 81(a; f) < 4, then the order and lower order of M| f ] are same as
aeC U{oo}

those of f . Also oy(f1.0mir),Tuir] and Typpy are {Ty — (Ty — yu) ©(o0; ) } times that of
f when f is of finite positive order.

We omit the proof of the lemma because it can be carried out in the line of Lemma 8 and
with the help of Lemma 11.

3 Theorems.

In this section we present the main results of the paper.

Theorem 1 Let f be a meromorphic function and g be an entire function such that (i)

0<Ar <pf<oo, (i) A=A, (iil) >0, (v) Tg <o and (v) A <pyz <o . Also let
Y ©(a;f)=2. Then

a #+ oo

max {1f, A4} _ log T(r,fo T4
F—_Sllmsup%(#f[fg]))Spfr—-
Polf1Yf r-oow 00 Polf1%f

Proof. Let us suppose that 0 <& <min {A¢,Tp ] 77 }.

Since A; < pg ,in view of Lemma 2 we obtain for a sequence of values of r tending to infinity
that

log T(r, fog) = log T(exp ('), f)
i.e.,logT(r,fog) = (A — ¢) logexp (r*)

i.e.,logT(r,fog) = (Ar — &) r'r. (1)
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Again by Lemma 8, we have for all sufficiently large values of r,
T(r,P[f])< (?po[f] +€) rAPolf]

ie., T(r,Pyl f 1) < (Tp,[r]TF t€) s,
(2)

Therefore from (1) and (2) it follows for a sequence of values of r tending to infinity that

log T(r,fog) . (Af—¢) rf
T(T,Po[f ]) B (Fpo[f]?f +€) T‘Af

- log T(r,fog) Ar
L1 > -
o T PoT D) = Tp T

(3)

Similarly in view of Lemma 3 we get that

: log T(r,fog) Ag
1 > — . 4
r o T PolfD) = Toy 1% “

Again we have from Lemma 1 for all sufficiently large values of r,

T(r,fog) <{1+o(}TM(r,9),f)
i.e.,logT(r,fog) < (ps + &) logM(r,g) + 0(1)
log T(r.fog) log M(r,g)
e it Pty iy = (r ) Imint et Rty
(5)

Also for all sufficiently large values of r

log M(r,g) < (T, +&) 9 . (6)

Again in view of Lemma 8 we obtain for a sequence of values of r tending to infinity that
T(rIPO[f] = (Tpo[f] —8) T';{PO[f]

ie, T(r,Po[ f1= (Tppy7r —€) 7.
(7)

Since A = 4, we get from (6) and (7) for a sequence of values of r tending to infinity that
T
liminf 7lwog IVIIJ(r,g) <—9 . (8)
r — oo ( O[f D~ FPO Tf

Since (> 0) is arbitrary, from (6) and (8) we obtain that

log T(r.fog) g .
TG Pl D =P Cpoif] TF )
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Thus the theorem follows from (3), (4) and (9) .

Remark 1 If wetake “0O(co;f)= Y 6,(a;f)=1 or §(0;f)= Y da;f)=1"
a #+ oo a #+ oo

instead of “ Y, ©(a;f) = 2"in Theorem 1 and the other conditions remain the same then
a # oo
one can easily prove that
max {Ar, 14} T
—f_g < limsup log T(r.f0g) < g

YPolF17Tf 1 —oo [T:PolfD _prPO[f] T

In the line of Theorem 1 and with the help of Lemma 12 we may state the following
theorem without proof.

Theorem 2 Let f be a transcendental meromorphic function and g be an entire function such

that (i) 0 <Af < pp <o, (il) A =4y, (i) Tr >0, (iv) Ty < and (v) A <py . Also let
> 81(a;f) <4. Then

aeC U{oo}

max {47, Ag} . log T(r,fog)
Ty o) O )T, — mSUP TG M7 )

T
< 9 :
=PI Ty=Cy—va) 003 15

In the line of Theorem 1 we may also state the following theorem without proof.

Theorem 3 Let f be a meromorphic function and g be an entire function with (i) 0 < Af <
pr <o, (ii) 0 <Ay <py <o, (iil) 0 <oy <0, <o, and (iv)] 0< 75 < 75 <o0. Also let

O(o;9)= ¥ 6,(a;9)=10r 6(0;9)= ¥ 6(a;9)=1.Then

a + oo a # oo
max {Ar,1,} p og T
—f_g Slimsupl;% T(;,fog)) < f min {_—g,—g} :
YPolglTg 1o [T POlID T ¥pg) Ty 7y

Remark 2 In addition to the conditions of Theorem 3 if f be a meromorphic function with
0 < A" < p;" < oo then by Definition 2 and similar process of Theorem 1 one can verify that

Af (1+o(1)}p%* (o, T
L - SlimsupTT(r’I];Og) < f min __«9,_«9 :
YpPolgltyg r - o (, Polg D) YPylgl g Ty
Remark 3 Under the same condition of Theorem 3, if we take “ Y 0O(a;f)= 2" instead
a# oo
of “O(0;9)= ¥ 6G(a;9)=10r 8(0;9)= ¥ b(a;9)=1", then the following
a # o a+ o
result holds :
1 p og T
————— max{4;, 4,} <limsup 17‘35(:’ T(;'f Og)) < f min { %9 g }
Prolg1Tyg r oo [ Polg] Polg] oy’ 14
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Remark 4 In Remark 2 if wetake 0 < A" < p;* < o instead of 0 < s < p; < o and the

other conditions remain the same then it can be shown that

i T@f0g) _UHoMIpy  fog Ty
F—__ 1msupT(r’P ) =T min )=, .
PolglT9 r—> o 0 Pylgl Og Ty
Theorem 4 Let f be a meromorphic function and g be a transcendental entire function such
that (i) 0 < Af < pr < 0,(il) 0 <Ay < pg <o, (iii) 0<0, <05 <,(iv) 0< T, <15 < 0.
Also let > 81(a;f) <4. Then

aeC U{oo}
max {47, Ag} log T(r,fog)
— < limsup—=—r—7%— <
T~y —vm) 00039} Ty — 15 on TTMGD
pf min {a ) G}

Ty —Ty—ym) 0(0;9)}

The proof is omitted because it can be carried out in the line of Theorem 3 and with the
help of Lemma 12.
Remark 5 Under the same conditions of Theorem 4 if f be a meromorphic function with
order zero and 0 < A" < pg* < oo then with the help of Definition 2 and similar process of
Theprem 4 one can easily verify that

A**
! < limsup log T(r.f09)

{Tu—Cy-rm) O(0;9)} Ty = 5o TMgD —

%k . O'g ?g
{1+0(1)} pf min {a , G}

{Tm—Tm—ym) 0(0;9)}
Theorem 5 Let f be a meromorphic function and g be an entire function such that (i)

0 <A <ps<oo,(il) pf=pg, (iii) oy <oo,(iv) af >0 and O(0;f)= Y &,(a;f)=1
a #* o

or §(o;f)= Y 6(a;f)=1. Then
a # o

.. logT(r,fog) -1 . 99 ag %99 (.
PTG R D = Vo L oy

Proof. As T(r,g) <log* M(r,g), we have from Lemma 1 for a sequence of values of r
tending to infinity that

T(r,fog) <{1+o0(}TM(r,9),f)

i.e.,logT(r,fog) < ()lf +¢&)logM(r,g) + 0(1)

. .. logT(rfog) .. . log M(r,g)
i.e., liminf =2—-"—2 < (A¢ + ¢) liminf =2—F—%~— - 10
Mmint e oty b = (r + &) Imint 76t 7D 10
Now from the definition of type it follows for all sufficiently large values of r
logM (r,g) < (g4 +&)7P9. (112)
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Also from the definition of lower type we obtain for a sequence of values of r tending to
infinity that

logM (r,g) < (04 +e&)rPs.

(12)
Again by Lemma 9 and Lemma 10 , we have for all sufficiently large values of r that
T(r,Pol f 1) = (Opy( ) —€) TPV
ie., T(r,Polf 1) = (ypyrp10r —€) T/ (13)

Similarly with the help of Lemma 9 and Lemma 10 we obtain for a sequence of values of r
tending to infinity that

T, Polf]) < (opy 51 —¢) rPPols]

ie., T(r,Po[ f 1) < (yp1r10r =€) 7P1. (14)

Since pr = py we get from (11) and (14) for a sequence of values of r tending to infinity that

.. o logM(r,g) ag _
}lrglr&f T(r,PolfD = YPol£1°f 1)

Similarly from (12) and (13) it follows for a sequence of values of r tending to infinity that

.. . logM(r,g) gg
ilrglrég T, Polf D™ Ypy[r)9F el

Also we obtain from (11) and (13) for all sufficiently large values of r,

.. . logM(r,g9) Og _
PR TC Pl D =Y pyr s 157 )

Since & (> 0) is arbitrary, from (5) and (15) we obtain that

.. logT(r,fog) og
PRI P D = P Va0 e

Similarly from (5) and (16) it follows that

.. logT(r,fog) ag _
T TG Pl F D S 1 Ypo[£]%F 1)

Also we get from (10) and (17) that

.. logT(r,fog) o
1 f A — - 20
r 8o TG Polf D =/ Ypo (105 (20)

Thus the theorem follows from (18), (19) and (20) .

Remark 6 Theorem 5 remains true with Tp | ¢ instead of vyp,[ | if we replace the condition
O(o;f)= ¥ 6,(a;f)=1 or 8(0;f)= Y d(a;f)=1by Y 0(a;f)=2 and
a# o

a # o a # o
the other conditions remain the same.
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Theorem 6 Let f be a transcendental meromorphic function and g be an entire function such
that (i) 0 <A < pf <o, (il) pf=py, (iii) 05 <, (iv) o5 >0 and D 61(a;f) <

aeC U {oo}
4. Then
.. logT(rfog) 1 : % E_g 99 {,
11’1212{) T(r M f] = {Ty—Ty—vm) 6(c0;f)} mm{ Py of ' Py af A af

The proof of the theorem can be established in the line of Theorem 6 and with the help of
Lemma 12 and therefore is omitted .

In the line of Theorem 5 we may state the following theorem without proof.
Theorem 7 Let f be a meromorphic function and g be an entire function such that (i)

0 <A <o, (i) o5 <oo, (iii) of >0, and (iv) Y ©(a;g)=2. Then
a + oo

A o
liminfl;g T(;,fog) < [ Zs
1 — o0 (T' 0[9]) FPO[!J] O'g

Remark 7 In addition to the conditions of Theorem 7 if f be a meromorphic function with
0 < A" < oo then one can easily verify that

140} Ay o
liminfTT(r’ng) g{ T D} A . L.
r—ol,Polg] Pyl ] a4

Remark 8 Theorem 7 and Remark 7 remain true with yp [ 41 instead of Tp[ 47 if we replace

the condition Y 0(a;g)=2 by 0(w0;9)= Y 6b(a;g)=1 or &(o;g)=
a + oo a # o
Y. &(a;g) =1 and the other conditions are same.
a *+ oo

In the line of Theorem 7 and in view of Lemma 12 we may state the following theorem
without proof.

Theorem 8 Let f be a meromorphic function and g be a transcendental entire function such
that (i) 0 < Af < oo (i) g, < oo, (iii) of >0 and Y 81(a;f) <4. Then
aeC U{oo}

.. log T(r,fog) Af ey
}AHEH&E TG Mg) =~ {Tm—Tm—vm) 0(0;9)} oy

Remark 9 In addition the conditions of Theorem 8 if f be a meromorphic function with
0 < A" < oo then one can easily verify that

refeg (1+o(1)} A7 oy
PTG Mg S Tu—=Tm—vm) 0(x;9)} oy
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Theorem 9 Let f be a meromorphic function and g be an entire function such that 0 < 4, <
pr, 0<Ap <pf<o,0/>0and Y O(a;f)=2.Then

a# o
. . clogT(rfog) _ 1 Pf Pg
liminf —2—2/ 09 ——L,=L 8,
r S TG Pl f D =T 1y L5s 5y

Proof. Since 1, < ps,inview of Lemma 4 we obtain for a sequence of values of r tending to
infinity that

log T(r, fog) < log T{exp(7*/), f}
i.e.,logT(r,fog) < (ps+¢)logexp (r°r)
i.e.,logT(r,fog) < (pf+e) r°r. (21)
Again by Lemma 8, we have for all sufficiently large values of r,
T(r,Polf 1) = (Opy 51 —¢) rPPol/]
ie., T(r,Pol f 1) = (Tp,(r10F —€) T°7. (22)

Therefore from (21) and (22) it follows for a sequence of values of r tending to infinity

lOgT(?’,fog)< (pf+e) rPf
T(r,Polf ] _(Fpo[f]Ef—g)rpf

. . log T(r,fog) Pr
e, 1 < —. 23
Lo IS POl T D) = Ty 19, 23

Similarly in view of Lemma 5 we get that

. log T(r,fog) Py
limsu < —,
r—)OgT(T’PO[fD FPo[f]af

(24)

Thus the theorem follows from (23) and (24) .

Remark 10 Theorem 9 remains true with yp,[ s instead of Tp || if we replace the condition

Y 0(a;f)=20by 0(o;f)= ¥ bya;f)=1o0r 8(o;f)= ¥ 6&(a;f)=1 and
a + © a +* o a # o
the other conditions remain the same.

Theorem 10 Let f be a meromorphic function and g be an entire function such that
0<Ay<pr, 0<A <pf<o, g;>0 and O(0;g)= Y b,(a;g9)=1 or §(o;g)=

a # ©
Y &(a;g)=1.Then
a + ©
p
iming 98T C00) <y o121 P,
r— oo (T, Polgl Ypo f] Log oy
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Theorem 10 can be carried out in the line of Theorem 9 and therefore its proof is omitted .
Remark 11 if we take Y 0(a;g)=2 instead of O(x;g)= Y 6&,(a;g)=1 or
a #* o a #+ oo
6(0;9)= Y 6(a;g) =1 in Theorem 10 and the other conditions remain the same then
a # oo

Theorem 10 remains valid with Tp |, instead of yp,[4]-

The following two theorems can be carried out in view of Lemma 14 and in the similar
way of Theorem 9 and Theorem 10 respectively . Hence the proof is omitted .

Theorem 11 Let f be a meromorphic function and g be an entire function such that 0 < A, <
pr,0 <A < ps <o, g >0 and Y, 81(a;f) =4. Then
aeC U {oo}

. clog T(rfog) _ 1 Pf Pg
11’12122 Ta MFD =™ {Tm—Tm—ym) 0(0;9)} {Ef "oy }

Theorem 12 Let f be a meromorphic function and g be a transcendental entire function such
that 0 <Ay <pf, 0<Af < ps <o, a, >0 and 3 81(a;g) <4. Then

aeC U {oo}
.. logT(rfog) , 1 Pf Pg
PTG M D =™ Ty — (=) 0(0 90} {Eg'ﬁg '

Using the notion of weak type, we may state the following theorem without proof:

Theorem 13 Let f be a meromorphic function and g be an entire function such that (i)
0 <A <pp<oo,(ii) A =2, (iii) Ty <o0,(iv) Tp >0 and O(c0;f) = ¥ S,(a;f)=1or
a+# o
§(0;f)= Y 6(a;f)=1. Then
a + o«

.. logT(r,fog) 1 . lg Tg Tg
1 f < = p =2 1<
rlrglrcln T(r,Polf] YPolf] i pf Tf pf Tf f‘[f

Remark 12 if wetake Y 0(a;f) =2 instead of O(co;f)= Y &,(a;f)=1or
a *+ a # o
§(0;f)= Y 6(a;f)=1 in Theorem 13 and the other conditions remain the same then
a # o
Theorem 13 remain valid with Tp [ ¢ instead of yp,(f]-

Theorem 14 Let f be a transcendental meromorphic function and g be an entire

function such that (i) 0<Af <ps<oo, (i) A =1,
x 61(a;f) <4. Then

aeC U{xo}

(iil) Ty <o, (iv) 77 >0 and

.. logT(r,fog) 1 . Tg ?_9 ?_9 .
1{1211&5 T M D S{FM—(FM—YM) 00 1)) mm{ Py 7 ey 7 ) As Tf
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The proof is omitted as it can be carried out in the line of Theorem 13 and in view of
Lemma 12.

In the line of Theorem 7 we may state the following theorem without proof.

Theorem 15 Let f be a meromorphic function and g be an entire function such that (i)
0<A <oo, (i) Ty<o, (iii)tp>0and O(o;g)= Y d,(a;g9)=1 or §(o;g)=
a# o
Y, 6(a;g)=1. Then
a# o

.. logT(rfog) /1f Tg
1 f < r—=
Tlril)llgo T(r,PolgD YPoig1 T

Remark 13 if we take ¥ 0(a;g) =2 instead of O(x0;g)= Y 6,(a;g)=1 or
a ¥+ a #+ o
§(0;9)= Y 6(a;g) =1 in Theorem 15 and the other conditions remain the same then
a ¥+ o
Theorem 15 is still valid with Tp [ 41 instead of Ypy[4]-

Remark 14 In addition to the conditions of Theorem 15 if f be a meromorphic function with
0 < A" < oo then one can easily verify that

{1+o(}AF 7T
liminfT(’I;(r’IJ:Og) )g f .29,
r - o ,Polg] YPylg] Tg

The following theorem can be carried out in the line of Theorem 15 and in view of Lemma
12:

Theorem 16 Let f be a meromorphic function and g be a transcendental entire function with
()0 <A <o (il) T, <oo, (iii) T >0 and (iv) 3 81(a;g) <4 .Then
aeC U {oo}

log T(r,fog) < Af Tg

FBe TEMIID = = —rw) 0@ 9)) 7

Remark 15 [n addition to the conditions of Theorem 16 if f be a meromorphic function
with 0 < A" < oo then one can easily verify that

o T(rfog) QrotBly %,
FOSTE M) = Ty~ —ra) 0 9)) 1

Theorem 17 Let f be a meromorphic function and g be an entire function such that
0<Ay <A, 0<A<pr<oo, y>0and O(xo;f)= Y 6&,(a;f)=1 or 6(o;f)=
a# o
Y 6(a;f)=1. Then
a #+ oo
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.. logT(r,fog) 1 . {pf Pg }
liminf < o7 et
rlrglréo T(r,PolfD Vpo[f] i T T

The proof of the Theorem is omitted because it can be carried out in the line of Theorem
9 and using the notion of weak type.

Remark 16 if we take Y 0O(a;f) =2 instead of O(co;f)= Y &,(a;f)=1or
a #+ oo a #+ oo
6(o;f)= Y 6(a;f)=1 in Theorem 17 and the other conditions remain the same then
a # o
Theorem 17 is also valid with Tp[ s instead of yp,(f]-

Theorem 18 Let f be a meromorphic function and g be an entire function such that
O<Ag</1f,0</1fSpf<00,Tf>Oand Z 61(a;f)=4. Then
aeC U {oo}

. VPf Py
.. logT(rfog) mln{?, ?}
P TEMITD = M) 0G0 )}

We omit the proof of Theorem 18 because it can be carried out in the line of Theorem 17 .

Theorem 19 Let f be a meromorphic function and g be an entire function such that
0<Ay <A, 0<A <pf<o, 1,>0and O(w;g)= 3 b(a;g)=1 or 8(0;g)=
a +
Y &(a;9)=1. Then
a + ©

liminf <
r— oo I'(r,Polg]) YPyig]

p p
logT(rfog) __1 . {_f Py }
g " 1g
The proof of Theorem 19 is omitted because it can be carried out in the line of Theorem
17.

Remark 17 if we take Y 0(a;g)=2 instead of O(0;g)= Y d,(a;g)=1or
a * a # o
§(0;9)= Y 6(a;g) =1 in Theorem 19 and the other conditions remain the same then
a # o
Theorem 19 remain valid with Tp,[ 41 instead of Yp(4]-

Theorem 20 Let f be a meromorphic function and g be an entire function with 0 <, < s,
0<A <pf<o,1y>0 and 3 51(a;g) < 4. Then
aeC U {oo}

min {p—f, Py }
liminflog T(r,fog) g g )
r—-o TTMGD ~ {Ty—Cy-vm) 0(x;9)}

The proof is omitted .
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