International journal of advanced scientific and technical research Issue 2 volume 4, August 2012
Available online on http://www.rspublication.com/ijst/index.html ISSN 2249-9954

Hankel type convolution operators on entire functions and distributions
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Abstract: In this paper we study the Hankel type convolution operators on the space of even and
entire functions and on Schwartz distribution spaces. We characterize the Hankel type
convolution operators as those ones that commute with Hankel type translations and with a
Bessel type operator. Also we prove that the Hankel type convolution operators are hypercyclic
and chaotic on the spaces under consideration.
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1. Introduction: The Hankel integral transformation appears taking different forms in the

literature (see [21,25,35]). Here we define the Hankel type transformation h,, 4 through [21]

hep (@) () = f ) Jo_y () )y dy , x € (0,00),
0

where J,_z is the Bessel type function of the first kind and order a — 8. Throughout this paper
we will always assume that the order (a — B) is greater that —% - If n € N then Hankel
transform hg,_»),, of order (n—2)/2 appears when it calculates the Euclidean Fourier
transform of functions defined on R™ having radial symmetry.

The convolution operation by the Hankel type transform h,; - transformation was
investigated by Hirschman [22], Haimo [20] and Cholewinski [11].

To simply we denote by L;,; the space L ((0, oo),x‘*“dx), where dx represents the

Labesgue measure on (0,), that is a measurable function f is in L,z if and only if

f|f|x4“dx<oo-
0
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If f,g € Lyi.qp,the Hankel type convolution f #, 5 g of f and g order a — B is defined by

4a

(f #ap 9) () = Off(y) (apmx9) @) Za_ﬁF}EBaJrﬁ) dy a.e. x € (0,00),

where the Hankel type translation operator , ;7, ,x € (0,0) is given by

[oe]

4a
(e 9) 0) = Oj § @) Dug (4312) iy 42 e v € (0,%) -

Also , ;Tog = g . Here a.e. is understood to be with respect to the Lebesgue measure and the

Kernel D, z is defined by
2
Dyp (x,y,2) = (2“‘5 r'Ga +[>’)) f (ct)~@F) [, _p (xt) ()@ F) J,_g (1)
0

X (zt)"@F) J,_g (2t) t** dt, x,y,z € (0,00) -
The Hankel type transformation satisfies the following interchange formula with respect to #, 4
convolution [22, Theorem 2.d]

hap (f #ap 9) = hap () hap (@), f,9 € Liag -
In the sequel, since any confusion is unlinked, we write #, 7, ,x € (0,2), and D instead of
#opr apTx » X € (0,00) and D, respectively. Zemanian [33-35] studied the Hankel
transformation on distribution spaces. We considered, for the Hankel transformation, the

following form

Hep () (1) = f )™ Juey ) ¢ ) dy , x € (0,0) -
0

Itis clear that h, s and H, z are closely connected.

In [1], it was defined that space H consists of all those complex and smooth functions ¢ on
(0, ) such that, for every m,n € N, the quantity

B @)= ey L+ 50"

(%D)n b(x) < oo‘

 is equipped with the topology generated by the family {pmn} N of seminorms.

m,n

Thus H is a Frechet space and h,g is an automorphism of H [1, Sat5]. The Hankel

transformation is defined on ', the dual space of J, by transposition
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Let a > 0 - According to [1], the space B consists of all the functions ¢ € H such that
¢ (x) =0, x =a. B%is a complete sub-space of H - Moreover B is continuously contained
in B?, provided that 0 < a < b < oo - The union space B = U,sqB? is equipped with the
inductive topology. The Hankel type transform h, ; B¢ of B* , a > 0 can be characterized by
using[34,Theorem1l].

According to [16, Corollary 4.8], the space H coincides with the space S.,., Of all the even
functions in the Schwartz Space S. Moreover, for every a > 0, the space B® agrees with the
space D, considered by Trimeche [29] and that is constituted by all the functions ¢ € S.,cn
suchthat ¢ (x) =0, |x| < a - Then the space D, = U,>0 D, [29] coincides with the space B.

As in [29], €, denotes the space of all those complex valued, smooth and even functions

defined on R. €, is endowed with the usual topology and it coincides with the space x_“_% €
where €, is the space introduced in [5] as it was defined as follows.
A complex and smooth function f defined on (0,00) is in €,if and only if for every k € N,
there exists the following limit
k

i G ) 100
The convolution for the Hankel type H,; transformation can be defined by making a
straightforward modification in the convolution # defined by Hirschman [22]. The study of the
distributional Hankel convolution was started by de Sousa-Pinto [26] who considered only the
order u = 0 - In a series of papers by Betancor and Marrero [5,6,30,23] have investigated the
Hankel convolution on the Zemanian’s distribution spaces. More recently Waphare [31] have
defined the Hankel type convolution of distributions with exponential growth.

In this paper we study Hankel type convolution operators on the Schwartz distribution
spaces and on the space H, (C) of even and entire functions. In section 2, we define the Hankel
type transformation on the dual space 7, (C)' of #, (C) . The Hankel type convolution
operators on H, (C), €, and their duals are studied in Section 3. We characterize the linear and
continuous mappings from H, (C) into itself that commute with the Hankel type translation z,,
for each z € C, as the Hankel convolution operators defined by the functional in 7, (C)’ . The

corresponding result on the space D, was obtained in Section 4.
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Suppose now that X is a topological linear space and T is a continuous linear operator
from X into itself An element x € X is called hypercyclic for T when the set {T"x : n € N} is
dense in X. The importance of hypercyclic vectors derives from the study of closed invariant
subsets. The paper of Grosse-Erdman [19] is an excellent survey of the state of art concerning
hypercyclic operators, that is operators having hypercyclic vectors. According to Bonet [9] (See
also Devaney [14] and Banks et al. [2]), we say that T is a chaotic operators if T satisfies the
following two conditions:

(i) T is topologically transitive, that is for every pair of open sets U and V of X there exists
n € NforwhichT® (U) nV # ¢.

(i) The set of periodic vectors of T is dense in X. As usual, we say that a vector x € X is periodic
for T when there exists n € N suchthat T"x = x -

Note that each hypercyclic operator is topologically transitive.

Godefroy and Shapiro [18] extended the celebrated classical results of Birkhoff [8] and Maclane

[24] proving that every partial differential operator that is not a scalar multiple of the identity

operator is hypercyclic and Chaotic on € (R™) - Bonet [9] established that the usual convolution

operators that are not scalar multiples of the Dirac § — functional are hyper cyclic and Chaotic

on the Beurling ultradifferentiable functions.

In sections 3 and 4, we establish that the Hankel type convolution operators defined by
functional in €, are hypercyclic and Chaotic on €, and D, ,when on D, the strong topology is
considered.

Throughout this paper we always denote by C a positive constant that can change from a
line to the other one. We need to use some properties of the Bessel functions that can be
encountered in the extensive monograph of Watson [32]

2. The Hankel type transformation on the space #, (C)' the dual of £, (C) :
By H, (C) we denote the space of the even and entire functions. We equip #, (C) as usual, with
the topology of the uniform convergence on the compact subsets of (C). If we define, for every

n € N, the norm

yn(f): Supllf(z)l: f eH, (©,

lz|<n+
the system {y,},, .y generates the topology of 7, (C). Thus H, (C) is a Frechet space [27,
p.231].
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It is simple exercise that 7, (C) is continuously contained in the space &,, that is H, (C) is a
subspace of £, and the topology of ., (C) is finer than the one induced in H, (C) by E, .
The dual space of H, (C) is represented by , (C)'. It is clear that for every z e (C), the
function
&) =2FT Ba+p) (2t) @ F J,_s(2t), t € (C) isin, (C).
We define the Hankel type transform h, ;(T) of T € H, (C)’ by
hop (T) (2) = 2°FTBa+p) <T(),(zt) @ P J, 5(2t) >, ze€C-

Note that since for every € C, the series

- (—1)%

2k
€
L 22T I T (a— B+ T +1) )™, t eC,

(zt)~ @B, _p (2t) =
k

converges in H, (C) , we can write that, forevery T € H, (C)',

(-1)F
a—B+k+1)

72k <T(), t?* >, ze C -

hap (T) (2) = TBa + B) Z 22k Je! T(
k=0

Thus, h, p (T) € H, (C) provided that T € H, (C) -
From [1], it is clear that the Hankel type transformation on the space €, is contained in H, (C)" -
According to [5, proposition 4.6], the definition given for the Hankel type transformation on
H, (€)' extends the definition of the Hankel type transformation on €, -

We now characterize the functions in #{, (C) that belong to the image h, ; (H, (©)) of
H, (C) by hqp - Our next result, that is a Hankel version of the one presented in [28, p. 474-
475] for the Fourier transformation, shows that h, 5 (3, (€)") is actually independent of & — S8 -
Proposition 2.1: Let f be a function in #, (C). Then the following assertions are equivalent.
(i) There exists T € (#, (C)') suchthat f = hy 5 (T) -
(i) The function f is of exponential type, that exist 4, B > 0 for which |f(z)| < Be4Vl, z €
C-
Proof: Suppose firstly that f = h,z (T), for some T € (%, (C)) - Since T € (%, (O)),
there exists C > 0 and r € N such that

Sup

o <c 37,

lg@l, g€ H, (O

Hence, by using the Hahn-Banach theorem, duality arguments and by arguing as in [27, p.231]

(See also [6]), we can find a complex measure A having bounded support such that

Page 431



International journal of advanced scientific and technical research Issue 2 volume 4, August 2012
Available online on http://www.rspublication.com/ijst/index.html ISSN 2249-9954

T9=[g0)dr), g € 1@
C

In particular, it has

hey (1) @) = 257 T(3a + B) f (26)~«H) ], (2t) dA(D), z€ C -
C

According to [17, (5.3.b)], we can write

|ha,ﬁ (T (Z)l < C et z€ C,
where a > 0 is such that the support of A is contained in the disc D (0, a) centered in the origin
and of radius a.

Hence h, ; (T) is an even and entire function of exponential type. Assume now f is a

function in #, (C) of exponential type, that is for certain 4,B > 0, |f(z)| <Be4l, ze C -
We put

[oe]

2k

Z
f@)= Za" KT a—prk+Dn €
k=0

Note that thus a; = (A’;,ﬁ f) (0), for every k € N, where A,; denotes the Bessel type
operator z*##=2 p z% p -

According to the Cauchy integral formula, it follows that

|ak|
<Ce’RR2%k ke NandR >0 -
2% T@—B+k+1) — ¢ an

Hence, Stirling’s formula implies that, for every k € Nand R > 0,

la,| < C 2% (a— B +k)*F+hk e=(@B7k [2m (a — B + k) k¥ e7* V2mk 4R R—2K

Then, by taking, forevery k € N— {0}, R = 27]‘ , it follows
k
laxl < ¢ (“EE) (@— g+ k)2 VE A% < C M 2.1)

for some M >0 -
Suppose now y is a closed simple path having the origin in its interior. For every m € N, we have
that

1
P f(zt)_(“_ﬁ)]a_ﬁ (zt) t=2m-1 d¢
Y

Page 432



International journal of advanced scientific and technical research Issue 2 volume 4, August 2012
Available online on http://www.rspublication.com/ijst/index.html ISSN 2249-9954

_ 1 z (=1 z2 f2k=2m—1 gy
- 2mi 4 022k+a—ﬁ K'T(a—B+k+1)
= Y

3 (_1)m Z2m
C2mtaF I T(a—B+m+1)

Hence, since by (2.1) the series

[oe]

3t (-t g

m=0
converges for every z € C with |z| > M, if y represents the circle with centre 0 and radius 2M
then

f@) = 5= [ @) P) J_p(zt) 297 T (D" @, 727 dt, z€ C - (2.2)
We now define the functional T on #, (C) by
-~

1 - o
T.00= 57 | 0@ D a9 €@
14 m=

ThusT € H, (C)' - Indeed, forevery g € H, (C), from (2.1), it follows that
KT,g) <C Sup lg2)|, g € H, (O) -
|z|<2M

Moreover (2.2) says that h, ; (T) =1 -
Thus proof is completed.
Remark 1: According to proposition 2.1, the Hankel type transformation of an element of
, (€)' is always actually the Hankel type transform of a complex measure on (C) having
compact support. The Hankel type transforms of measures on (0,o) has been studied, for
instance in [13].
Remark 2: Proposition 2.1 can be seen as an extension of [5, Theorem 4.9] where Paley-Wiener
type theorem for Hankel type transforms of the elements of €, were established.

We now establish a uniqueness theorem for Hankel type transforms on #, (C)". Our
next result will be also useful in the sequel.
Proposition 2.2: If V is a subset of {C} having adherence points, then the linear space

M, = span{(.2)" P J, 5 (2) : z € V}

generated by the functions (z.)~@#) J,_; (2), z €V, is dense in #, (C) -
In particular, if T € 3, (C)" and h, z (T) = 0 then T=0.
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Proof: Suppose that T € H, (€)' and T = 0 on M, - There exists a complex measure A having

compact support [27, p.23] such that

wn=[foaw . fen@©-:
C

The function F = he g (T) is even and entire. Moreover since T=0 on M, , F =0 on V.
Hence F = 0 on {C} -

Differentiating under the integral sign we obtain
Ak s F(2) = f(—tz)k (zt)"@F) J,_p (zt) dA(t), k € Nandz€ C,
C
where A, 5 represents the Bessel type operator z* =2 D z** D - Hence for every k € N,
A%, F(0) = 2976 T3 + B) j (—1)* £2% dAe)
C

= (-2 PTBa+p) <T(t), ¢t* >=0.
Then (T, f) = 0 forevery f € H, (C) -
Proof will be completed by using Hahn-Banach theorem.
3. Hankel type translation and Hankel type convolution on the spaces #, (C) and €, and
their duals :
We start this section by studying the Hankel type translation operator on the space #, (C) -
Following [12, p.7], it can be established that for everyn € N,

n

. B n F(n+3a+pB)TBa+p) o
o ) () = Z(k) In—k+3a+p)T(k+3a+p) x0Ty,

k=0

x,y € [0,00) -

Proof of (3.1) may be found in [4]. (3.1)
Let f € H, (C) and assume that

f(@)=3¥roa,z%*, ze C, wherea, € C, k € N -Foreveryx,y € [0, ), we can

write
xty x z4a
() ) = | f| b xy.z) (Zoa" Zzn) 2P T Bat B)
x—y n=
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0 x+y
4a
=Za f D (x,y,z) z*" z dz
n ' 2¢F T(3a + B)

n=0  |x—y|

v n n) F(n+3a+B) T Ba+p) 2(n—k) +,2k
= Yo=0an Lk=0 (k F(n—k+3a+p) T (k+3a+p) X ye

We now define the Hankel type translate 7, f of f € 7, (C) by

Yo n n F(n+3a+B) I'(Ba+p) 2(n—k) 52k
(@) () = Bioan Theo (i) s Ot 200 2%, 7, ¢ € C, (3.2)

Note that, forevery z, t € C,

o n

n F'n+3a+pL)TBa+p) "
Zlanl kzzo(k) Im—k+3a+pB)T(k+3a+p) 2| e

n=0

lz|+]t|
4a

d X
= | f |D (Izl, 1t], x) (Z}MWZ ) 20 T(Ba + ) dx -
lz1=I¢] "

Hence the series defining 7,f converges uniformly on each compact subset of C - We can
interchange the order of summation to obtain that

o TBa+p) N I'(n+3a+p)
(e:f) (8) = L T(k+3a+ ) tZkZ(k) 2 e vz By Pt

Thus we prove that 7, f is in 7, (C), forevery z € C.
Proposition 3.1: (i) For every e C , the Hankel type translation 7, defines continuous linear
mapping from 7, (C) into itself.
(i) Let f € 3, (C). Then the (nonlinear) mapping F; defined by
Fp: C - H, (O
z = 1,f,

is continuous from C into H, (C).
Proof: (i) Let e C. Forevery f € H, (C), t,f isalso in H, (C). Suppose now that {f, },.y is a
sequence in H, (C) suchthat f, - f,asv » w0 inH, (C)and 7, f, - g,asv — oo, in H, (C).

Since F, (C) is continuously contained in &,, f, — f,asv — o in &,. Then, by [29,

(2), 2] we can write

|72, &%) (©) = 7, ")) < 75, ) UUED + 750 ™) (It])

c

< fD (Iz, 1, It], y) y*"
0

4a

4 d
2¢BTGBa+ )
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c

+ fD Uz, 1¢],y) y27

0
<2c®,v € N— {0}and |t| < a, where

4a

Y d
2¢-FT(Ba + p) y

c=a+b.
Hence, if f (z) = Xy a, z?", ze€ C, then for every e < 0, there exists n, € N
such that

[oe]

Y (6,60 -7, PI®)| <2 Y la,l e <,

n=no
forveN— {0}and |[t| < a.

Moreover it is clear that

[oe]

Y, 2®
n=0
no—1 no—1
F(n+3a+pB)TBa+p) 2(n k) 2k .
Z Z Fn—k+3a+ BT (k+3a+p) " ;“ﬂz@(yz)(tl

as v - oo, uniformly in |t| < a.

Thus we can conclude that T, f — 7, f asv — oo, uniformly in the disc D (0, b) with
center in the origin and radius b, and the proof is finished.

Proposition 3.1 (i) allows us to define the Hankel type convolution T#f of f €
H, (€)' and f € 7, (C) as follows:

(T#f) (2) = (T,7.f), z€C

Note that Proposition 3.1, (ii) implies that T#f is a continuous function on C, for every T €
H, (C)' and f € H, (C). Moreover, as we will prove in the following, T#f is in 7, (C), for
eachT € H, (C) and f € H, (C).
Proposition 3.2: Let T € H, (C)'. Then the mapping Fy defined by Fp (f) =T#f, f €
I, (€), is a continuous linear mapping from £, (C) into itself.
Proof: Let f € K, (C) and z € C. Assume that

fl) = ia t2n, € C.
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According to (3.2) and by taking into account that the series converges uniformly in every

compact subset of C, we can write

(T#f) (2) = (T, 7.f)

[oe]

- Z a, (T, 7,(y™) ()

n

n=0
3 - n 'm+3a+B)TBa+p)
B Zan Z k) n—k+3a+p)T(k+3a+pB)

n=0 k=0
X 72—l (T (1), t2k) | z € C.

Thus T#f is an entire function.

To see that the mapping Fr is continuous we use the closed graph theorem. Assume that
{f,}ven is a sequence in H, (C) such that f, - f, as v » oo, in H, (C), and T# f, - g, as
v > o in H, (C). By Proposition 3.1, (i) forevery z € C, 7, f, » 1,f,as v - o in H, (C).
Hence, since T € #, (C), (T#f,) (z) » (T # f) (z) as v - oo, for every z € C. Then
g = T#f. The closed graph theorem allows now to conclude that F; is a continuous mapping.
Thus proof is completed.

We, define the Hankel type convolution S # T of Sand T € H, (C) as the functional
on H, (C) given through

ST, fHA=(ST=f), f e H, (C.

Note that, according to Proposition 3.2, S#¢€ #,(C), for each S,T € #, (C). By
proceeding as in [15, proposition 6] we can prove that the mapping defined by (S,T) — S#T is
bilinear and continuous from #, (€)' x #, (C)" into H, (C)’, when %, (C)" has the strong
topology.

We now establish the interchange formula involving distributional Hankel type
transformation and convolution.
Proposition 3.3: If S,T € H, (C)' then

Rap (SHT) = hop (S) hop (T).

Proof: By [22, (1), Section 2] we can write
hes (SHT) (2)

= 2P T(Ba + B) ((SHT)(©), (zt) @], _4(zt))

= 29T Ba + BT, 7 (@) “Pop () G
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= (SOATY),2°PTBa + B) (zt) @ FJo_5 (zt) 2°7F TBa + B)(zy) P Jo_5 (zy)))
= hap (8) (2 hop (T) (2), z € C.

The following algebraic properties for the Hankel convolution on #, (C)" can be proved

by using Propositions 2.2 and 2.3.

Proposition 3.4: LetT,R,S € H, (C)". Then

(i) T#R = R#T,

(i) T #(R#S) = (T#R) #S,

(iii) T#8 = T, where, as usual, § denotes the Dirac functional.

We now characterize the Hankel type convolution operators in 7, (C) as those linear
and continuous mappings from £, (C) into itself which commute with Hankel type translations
and Bessel type operators. Our result is inspired in [18, Proposition 5.2] to the usual convolution
operators on entire functions. Similar properties for Hankel type convolution operators on
Zemanian spaces can be found in [30, 7].

Proposition 3.5: Assume that L is a continuous linear mapping from £, (C) into itself. The
following assertions are equivalent:

(i) L commutes with 7, thatis L 7, = t, L, on I, (C), for every z € C.

(ii) L commutes with the Bessel type operator A, z= z*#~2 D z** D, thatis L A, = A, p L ON
H, (C).

(iii) There exists a complex measure A on C having compact support for which

L) (2) = f (t,f) () dAD), fe H, (©).
C

(Note that the property says that there exists T € H, (C) such that Lf = T#f, f € H, (C))
(iv) There exists an entire function @ of exponential type such that L = d)(Aa,B) on H, (C), that

isif®(z) =Y pa,z", z € C, then

Lf= D anbiyf, f €%, (©,
n=0

where the series converges in 7, (C) .
Proof : (i) = (ii) . Let f € #, (C). Suppose that f(t) = Xi_ga, t**, t € C. If Ayp
represents the Bessel type operator t*#=2 D t** D,

we can write
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[o¢]

Agp f(t) = Zan 4n+a—-L)nt*™ D, z € C.

n=0

we are going to prove that
. zf_f
hmz—)O ;a,ﬁ 22 = Aa,ﬂ f’ (33)

where C, 5 = and the convergence is understood in 7, (C) .

_r
4Ba+p)
A straightforward manipulation, by splitting the interior sum, allows us to write

(r.)) @) — f®)

Cop 2*

Y e
=4QBa+p) nZ 11:811 : za_+ﬁ§)r£5(za++3g o

D Sy e

_ 2 yo n—2 (M) _T(+3a+p)TBa+p)  2(n—k —2) 2K
Bap FO)+ 4 (a=F)z° Xnp an Xky (k) T(n—k+3a+B) T(k+3a+B) z t

foreach t e C andz € C— {0}.
Hence to see (3.3), we have to show that

. 2 oo n—2 (M I'(n+3a+p) ' Ba+p) 2(n—k-2) +2k _
lim, 0 2% Yn=z @ 25 (k) I(n—k+3a+p) T (k+3a+p) z t==0 . (3.4)

uniformly in every compact subset of C.

Let a > 0. As it was mentioned above, the series

= S ['(n+3a+p)TGBa+p) -
Zlanl Z Tm—k+3a+pB)T(k+3a+p) 2|2 e

n=0

converges uniformly in |[t| < a, for every z € C. Moreover, it has

n FT'm+3a+ L) TBa+p) o
Z'“'Z F(n—k+3a+,8)[‘(k+3a+,8)||2( el

n

n Fn+3a+pB)TBa+p) ok

< < <1

- Zlanl kzo(k) Im—k+3a+p)T(k+3a+p) @™ <o tl <aandlz] <1
n= =
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Hence (3.4) holds uniformly in |t| < a. Thus (3.3) is proved when the convergence is understood

in £, (C).
Then we can infer that, if (i) holds
TZLf - Lf .
——— = lim

Aa,ﬁ Lf - £1_1)13 Ca,ﬁ Z2 - z—0

z) — ZL -
(LY (=S
Ca‘[gZ z—0 Ca'[;Z

Hence (i) implies (ii).
(i) = (i) : Assume that f € H, (C) and it is given by

f) = Zantzn,t € C.
n=0

Let z € C. We can write
v TBa+p) > o T +3a+p)
0= kZoF(a—ﬁ+k+1) “ ,Z,;(k) an £ I'(n—k+3)
22t (Bkg )@, z tecC. (3.5)

= IBa+p) Xz 22K (a—f +k +1)k!
The last series is uniformly convergent in every compact subset of C.

Then from (ii), it follows that

Z2k

—ﬁ+k+1)!L(A§ﬁf)

L@wf)=TGa+h) ) e
k=0

> 72k )
= I3a + ) kzo T p TR T O Y (D = wlh.

Hence, L commutes with Hankel type translations.
(i) = (iii) : Assume that (i) holds. We define the functional T on 7, (C) as follows

(T./)=L()0), f e H (O.

It is clear that T is in , (C)". Hence there exists a complex number 1 on € having compact

support [27, p. 231] such that
(T.f)= J, f(©)dA®), f €, (O). (3.6)

Then by using (3.6), it follows that
(L) (2) = 7, (L) (0) =L (z,f) (0)
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= f(rz) (t)dA(t), z € Cand f € H, (C).
C

(iii) = (iv) : Assume that

L) (2) = j(rzf) ©di() z€ C, andf €, (C),
C
for some complex measure A on C having bounded support
Let f € H, (C).According to (3.5), since (7,f) (t) = (1,f) (2), z, t € C, ithas

3 C FGa+p)
(L) @) = (J kZO 22kT(a — B + k + k! t?* (864 f) (2) dA (®)

© r3a+p)
= Yo W_[Hi o (B f) @ f, t*dA(t), z € Candf € H, (C). (3.7)

Here we have taken into account that the series is, for every z € C, uniformly convergent in the
support of A.

We denote, for every k € N,

A = ftZk dA(t).
C

We choose m > 0 such that |[t| < M, for every t in the support of A. Then, it follows

|2l < [, [t dIAlt) < M** 1Al (©), k € N, (3.8)
where || represents the total variation measure of A.
The function @ is defined by

C TGa +B) A, )
®(2) = kZ_OZZkF(a—B+k+1)k!Z » 2 &L

From (3.8), it follows that

|| ; N |zM2|*
> EE)
22kT(a — B + k + 1)k! k_OZZkF(a—[>’+k+ k!

k=0
(o]
ZMZk
SCZ' | = C eMlzl z € C.
k=0

k!

Hence @ is an entire function of expontial type

Moreover, (3.7) can be rewritten as
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(LA (@) = (®(8p)f)(z), 2z € Candf € H, (0.
Note also that the series in (3.7) converges uniformly in every compact subset of C -

(iv) = (i) : Suppose now that, for every f € H, (C),

[oe]

UH@D =) a @)@, zec,

k=0
foracertaina;, € C, k € N, where the series converges in #, (C).
Hence, if f € 3, (C), since 7, 4,5 f = Ayp 7,.f, z € C, according to Proposition
3.1, (i), it is concluded that

[oe] [ee]

LN ©O= ) ar, (850 © = ) adls @H©

k=0 k=0
=L(t,f) (@), t, z € C -
Thus proof is completed.
Remarks 3: Note that (3.5) can be rewritten as follows
T,f = dDZ(Aa,ﬁf), f € H,(C)andz € C,
where @, represents, for each z € C, the function defined by

ad 72k
= k .
®,(t) = TBa + B) ;ZZkr(a_ﬁ+k+1)k! th tec

Remark 4: The condition (iv) in Proposition 3.5 can be replaced by the following finer property:

(iv) There exists an entire function & such that L = d)(Aaﬁ) on H, (C) and that there exist
A,B > 0 for which
|®(2)| <Aiyp (BlzI**F), z€C-

Here iy_g (2) = z7@F) 1, 4(2), z € C, where I,_5 denotes the modified Bessel function
of the first kind and order (a — B) (See [32, p.77].)

In the following we obtain a Hankel version of [18, Theorem 5]. We obtain a new class
of hypercyclic operators in H, (C) .
Propositions 3.6: Assume that L is a continuous linear mapping from H, (C) into itself which
commutes with the Hankel type translation 7,, for every z € C. Then L has a invariant and
hypercyclic manifold that is dense in H, (C) and L is a chaotic operator on #, (C), provided

that L is not a multiple of the identity operator.
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Proof: According to Proposition 3.5 there exists an entire function @ of exponential type such

thatL = @ (A, p), that s, if

D (z) = Zan z", z € C, where a,, € C, n € N, then
n=0

Lf= D abiyf, [ €% (©;
n=0

where the series converges in H, (C) -
For every a € C, we define the function j, by
jo(2) = (za) @B ], 4 (za), =z €C-
We have that
Appjo (2) = —a*j,(2), a  z€C
Hence, for every a € C,
Ljo= Xn-oan (=a®)" jo = ®(=a%)j, - (3.9)
To simplify we define ¥ (z) = @ (-22), z€ C.
From Proposition 2.2, it now follows that the range of L is dense in #, (C), provided that
L +# 0. Indeed, suppose that @ is not zero identically. Then the set
V={z¢€eC: Y(z) #0}
is an open and non-empty subset of C. Hence according to Proposition 2.2, the linear space
M,, generated by {j, }, <, is dense in H, (C).
Since M, is contained in the range of L, it follows that the range of L is a dense subset of
H, (C).
Assume that L is not a multiple of the identity. Then & is not a constant function. The
well known Liouville theorem implies that the sets W, and W, defined by
W,=1{z€e C: |y (2)|<1}and
w,={ze C: [y (2)| >1} ,
are non-empty open sets in C. According to (3.9), it is clear that for everyn € N.
"j,=%@"j, , a€cC. (3.10)
In particular, if a e W; then, from (3.10) we infer that lim,_, L" j, = 0, uniformly in every
compact subset of C.Hence
lim L"f =0, in H, (C),

n—oo
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forevery f € My, .
We now define the mapping S on {j, }, c w, by

Sj. = ﬁ ja, a€W,, and S is extended to the linear space My, generates by {j,}, cw,asa

linear mapping.

Thus S maps My, into itself and

(LS)ja=L< )=ja,aEW2-

1
q_,(a) ]a
Hence, (LS)f = f, f € My,,. Moreover by proceeding as above, we obtain that

lim S*f =0, in H, (C),

n—-oo

foreach f € My,.

According to [18, Corollary 1.5], it follows that L has hypercyclic vectors. We denote by
g a hypercyclic vector of L.

We are going to see that there exist an invariant and hypercyclic manifold with respect to
L that is dense in H, (C) .

Let p be an holomorphic polynomial not identically zero. Then P(L) is a continuous
linear mapping from £, (C) into itself, and as it is not hard to show, p(L) = p (®) (Aaﬁ).
Hence, p (L) commutes with Hankel type translation t,, for every z € C . Morever, since @ is
not constant in C, the range of p(L) is sense in H, (C). We now define the manifold M through

M = {p(L)g : p is a holomorphic polynomial}
It is clear that M is invariant for L.
On the other hand, for every n € N and every holomorphic polynomial p, it has
'pLyg=p)L"g.
Hence, if p is a holomorphic polynomial, since the set {L" g : n e N} and the range of p (L) are
dense in H, (C).

Thus we prove that M is a dense manifold of 7, (C) that is constituted by hypercyclic
vectors.

We now prove that L is chaotic in H (C).

Since W is entire and non constant, there exists n € N such that W(G,,) n d D (0,1) contains a

non-empty and open subset of the boundary @ D (0,1) of the unit disc D (0,1) . Here, for every
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m € N, G,, represents the closure of the disc D (0,m) with center in the origin and radius m,
The set E defined by
E={z€G,: ¥Y(2)!=1, forsomel €N}
is infinity. Hence E has an adherence point in G,,. Then by Proposition 2.2, we can prove that the
linear space
My = span{j, : a € E} generates by {j,}, <z is dense in #, (C) . Here, as above,
Jo (@) = (az)™ @) J,_p (a2), z € Canda €E
Assume that a € E. There exists | € N such that ¥ (a)! = 1.
Hence
I'(o) =Y (@) js = Jo

Thus we see that j, is a periodic point of L. Then M is contained by periodic points of L and L
is choatic on 7£, (C) .
This completes the proof.
Remark 5: A continuous linear operator L on a topological linear space X is called cyclic if
there exists a vector x € X for which the span of the orbit {L"x},, . y is dense in X. In this case
x is called a cyclic vector of L. It is obvious that if L is a hypercyclic operator on x then L is also
a cyclic operator on X. Hence according to Proposition 3.6 if L is a continuous linear mapping
from H, (C) into itself that commutes with Hankel type translations 7,, z € C, then L is a
cyclic operator on £, (C) provided that L is not a multiple of the identity operator. Moreover, by
proceeding as in [10, p.86], where the Bessel functions j, a € C, replace the exponential
functions, we can see that there exists a dense linear manifold M of #, (C) such that each non-
zero element of M is cyclic for every continuous linear mapping from H, (C) into itself
commuting with Hankel type translations t,, z € C , that is not a multiple of the identity
operator.

We now study hypercyclicity and the chaoticity of the Hankel type convolution operators
oné..
Proposition 3.7: Suppose that T € &, , then the Hankel convolution operator F; defined on &,
by Fr (®) =T# ¢, ¢ € E, is hypercyclic and chaotic, provided that T is not a multiple of the

Dirac 6 —functional.
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Proof: Since the space #, (C) is continuously contained in €(w) the restriction of T to H, (C)
is in #, (C)'. Also the restriction of the mapping Fr to H, (C) defines a continuous linear
mapping from H, (C) into itself.

Suppose that Fr(f) = Af , f € H, (C), forsome A € C.
Then for every f € #, (C)

Fr(f) (0) = (T#/) (0) = (T, 7of) = (T, f) = 11 (0).
Hence T = 16.

Moreover, from (3.5), it follows that, for every f € H, (C),

- 1
Fr ()@ = T0f) = TGatB) Y e (865/) @
k=0

x (T (t), t2k), z € C.

Thus Proposition 3.5 implies that F; commutes with the Hankel type translation z,, for every
z € C.
Hence, if T is not a multiple of the Dirac § — functional, from Proposition 3.6 it deduces that the
mapping Fy is hypercyclic in H, (C).

We will prove that H, (C) is a dense subspace of &,. Then, according to [9, Lemma 1]
and Proposition 3.6, we obtain that F is hypercyclic and chaotic in &,.

The density property of H, (C) in &, follows from Hahn-Banach theorem. Indeed, let
T € &, suchthat(T,f) =0, f € H, (C).
In particular, for every z € C,

(T@®),  (2t) @B J, 5 (zt)) = 0.
In other words, h, s (T) (z) = 0, z € C. Then, according to
[5, Proposition 4.6], we obtain that
(T, @) = (hep (T),  hep ($))=0, ¢ €D,

Hence, since D, is a dense subspace of &, , it follows that T = 0 on &,. Then the Hanh-Banach
theorem implies that H, (C) is dense in £,. Thus proof is completed.

As a consequence of Propositions 3.6 and 3.7, we obtain Hankel version of celebrated
results of Birkhoff [8], concerning the usual translation operators, and of MacLane [24], about

the differentiation operators.
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Corollary 3.8 : (i) For every z€ C — {0},the Hankel type translation operator 7, is
hypercyclic and choatic on 7, (C) and on €,.

(i) The operator A, 4 is hypercyclic and chaotic on #, (C) and on &,.

4. Hankel type convolution operators on the spaces D, and its dual:

In this section we study the Hankel convolution operators on the spaces D, and D, , the

dual space of D,.
If T € &,, byusing [5, Proposition 4.7 (3.1) and (3.2)], we can see that
T, (T# ) =T # (1,0), Doy (THP) = TH(Dop ¢).
Y # (THP) = TH# (Y#p), forevery Y, ¢ € D,andx € (0,0) .

In the following, we characterize the Hankel type convolution operators on D, as those
linear and continuous mappings on D, into itself that commutes with Hankel type translations,
with Bessel type operators or with Hankel type convolutions.

In Propositions 3.5, we established the corresponding result on the space H, (C).
Analogous properties on Zemanian spaces were shown in [3,7,30].

Proposition 4.1: Let L be a continuous linear mapping from D, into itself. The following
assertions are equivalent.

(i) L commutes with Hankel type translations, that is for every x € (0,»), L1, = 7, Lon D,.
(i) There exists a (unique) T € &, such that Ly =T#¢p, ¢ € D,.

(iii) L commutes with Hankel type convolution in the following sense, for each ¢, ¥ € D,,
L (¢ #vy) = p#L ().

(iv) L commutes with Hankel type convolution in the following sense, for every ¢ € D, and
T €&, L(T#ep)=TH#HL(p).

Moreover (i) or equivalently, (ii), (iii) and (iv) implies that the following holds

(V). L commutes with the Bessel type operator A, g ,thatis LA, g = A,z L, On D,.

Proof: (i) = (ii) . We can proceed as in the proof of [30, Theorem.....]

(ii) = (ii). It is sufficient to take into account [5, Proposition 4.1].

(iii) = (iv). Let T € &, .We choose a functiony € D, such that

f Y (x) x** dx = 2P TBa + p).
0

Foreverym € N, we define
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Y, (x) = mb*+28 yp(mx), x € (0,), and
T, =T # Y, ,
by invoking [5, Proposition 3.5 and 4.1] and by taking into account that T defines a continuous
convolution operator from D, into itself we conclude that, for every ¢ € D, ,
T, #¢ — T# ¢, as m — oo,
in the sense of convergence in D,.
By (iii), since T,, € D,, m € N [5, Propositions 4.8], we can write
T#(Lp) = lim,,_ o Ty # L (¢) = limyoo L (T, # ) = L (T # ).
Thus (iv) is proved.
(iv) = (i). Let x € (0,). As usual, we define the Hankel type translation operator 7, on D,
by transposition, that is if T € D, the functional 7, T is defined by
(o T,¢)=(T,7c$), € D..
Since T, is continuous linear mapping from D, into itself [5, Corollary 3.3], t, T € D, for each
€ D..
By denoting by & the Dirac functional, we have that
. p= (1,0)#¢ € D..
Indeed, if ¢ € D, , it follows
COH#P ) = (.8, T1,¢0)=(8 1.7, P)= (61, (1,4))
= (@ P) ), y € (0,0).
Moreover it is not hard to see, according to [5, Proposition 4.4], that 7, § € &, . Hence, from
(iv) it follows that, for every ¢ € D,
T (Lp) = 7, 6 # Lp =L (1,6 # ¢p) = L (7,).
Hence L commutes with the Hankel type translation operator t,, .
Thus, we have proved that the properties (i) — (iv) are equivalent. To complete the proof of this
proposition we are going to prove that (ii) = (v). Assume that there exists T € &, such that
Lp=T#¢p, ¢ € D,.

According to [1, Lemma 8, (b), (6)], we can write, for every € D, ,
Rag (Bap L)) (1) = =x% hyp (T) () hyp () ()
= hag (L(Aa,ﬁ $)) @) , x € (0,).

Hence, from the uniqueness property of Hankel type transformation on D, , it follows that
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Aplp=LAsgp , ¢ €D,.

Thus we establish that L commutes with the Bessel type operator A, ; . This completes the
proof.

Remark 6: We do not know if condition (v) implies property (i) (and then (ii), (iii) and (iv) in
Proposition 4.1. The procedure developed in [3] does not work now because there is not any
function ¢ # 0 in D, having compactly supported h,  transform.

Since &, is the space of convolution operators in D, , the elements of £, define Hankel
type convolution operatorson D, . If S € D.and € &, , the Hankel type convolution S # T of
Sand T is the functional in D, defined by

(SHT, ¢)= (S, T#¢) ,p € D,.
Moreover, we can establish that the Hankel type convolution operator associated to T € &, is
continuous on D, .
Proposition 4.2: Let € &, . The mapping Fy defined by

Fp:D, —> D., S — S#T,

is continuous from D, into itself, when on D, we consider the weak * or the strong topology.
Proof: It is sufficient to take into account that the mapping ¢ — T # ¢ is continuous from D,
into itself. Thus proof is completed.

Finally it is shown that the Hankel type convolution operator associated to every element
of £, is hypercyclic and chaotic.

Proposition 4.3: Let € &, . Assume that T is not a multiple of the Dirac § — functional. Then
the Hankel type convolution operator F; defined as in Proposition 4.2 is hypercyclic and chaotic
on D, is equipped with the strong topology.

Proof: According to Proposition 3.7, the functional T € &, defines a Hankel type convolution
operator on &, that is hypercyclic and chaotic. Since &, is a dense subspace of D, when D, is
endowed with the strong topology, by involving [9, Lemma 1], we conclude that F; is
hypercyclic and chaotic on D, , when on D, we consider the strong topology. Thus proof is

completed.
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