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Abstract : In the literature there exist many results on the location of
zeros of polynomials. In this paper we generalise some existing results
on thezeros of polynomials by restricting their coefficients to more
general conditions.
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1. Introduction and Statement of Results
Recently Y. Choo [1] found expressions for the bounds of the zeros
of polynomials involving only some of the coefficients under certain
conditions on the coefficients. In fact , he proved the following results:

Theorem A: Let P(z):zn:ajzf be a polynomial of degree n with

j=0

Re(a;)=a,and Im(a;)=f,,j=0,,....,n,such that for some k >1, &, >1,
k,>1, k,>1, >0 and some nonnegative integers k and s, and positive
integers | and q,

2%
5 2k+2 2k 2
kit az[ﬁ] <L <tTay,,, <tTa, 2...2t7a, 2a,,
2
k t2[§1 < < <2 > >0 >
) a2[£]_1 < Ztha,, < oy 2.2t 2,
2
2%
2 25+2 2s 2
kit ﬂz[ ] StV B, LSt B, 22t B, 2 By,

n
2
kz[%] <. <M < p2a7? > > 6. >
LB, SeS O, SO 22 0B 2 p
2

If n is even, then P(z) has all its zeros in the disk R, <|z[|<R,, where

Rlzﬂ and R, = }%2 ,
M, ta,
with
M, =t"|a, |+ a, |+ da,|+ " {k, = Da, |+ |k, ~1)B,]}
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}+ 2t a,, +t" a,,

+tn_l ﬂ(kz _l)an—l + ‘(k4 _l)ﬂn—l
+ tzxﬂZS + tzq_lﬂZq—l) - Zn (klan + k3ﬂn) - t”_l (kzan—l + k4ﬂn—1)
_t(a1 +;B1)_(a0 +ﬂ0)5

and
M, =1, |+ da,|+]ay|+ " {(k, D,

‘Hn_l ﬂ(kz _l)an—l +|(k4 _1)ﬂn—1
+ Zzsﬂzx + qu_lﬂZq—l) =t (klan + k318n ) - Zn_l (kZan—l + k4:8n—1)
—t(O(l +ﬂ1)_(ao +130)-

If n is odd, then P(z) has all its zeros in the disk R, <|z|<R,, where

t
R, =M and R, = M,

M, t"a

+|(k, ~1)B, |}

}+ 2t a,, +t" a,,

anfl

9

n

and M, and M, are respectively the same as M and M, except that
k,,k,,k, and k, are respectively replaced by k,,k,,k, and k,.

Theorem B: Let P(z)= ia}.zf be a polynomial of degree n such that
=0

arga, — 8 Sasz,jzo,l, ...... ,n, and for some k >0,k, >0,t>0 and some
J 2 1 2

nonnegative integer k and positive integer 1,

]

22
kit ?la

2[2] <..< t2k+2‘a2k+2| < tZk‘CIZkl >...2 tz‘azl >a,,

< <tay, | <0 ay | 2 2 0 as] 2 ay|.

n
2[3]—1

If n is even, then P(z) has all its zeros in the disk R; <|z|< R,, where

t M
R, :JMLO’ and R, :t’“; ,
5 n
with
M;=t"la,|+t""a,, +t’a1’+t"|(k1 ~Da,|+t""(k, - Da,_,
+cosa 2t ay |+ 207 ay, || <"k a, |- 7 s a, |~ t]ay | ~|ay|
n-2
+sina{k1t” a,|+kt"a,, +t]al|+]a0|+22t"|a_i },
j=2
and
M= ! a, +t’a1’ +|a0|+t" (k, =Da, 4+ (k, =Da,_,
+cosal2eHay |+ 20 ay, ||~ 1"k fa, |~ 1" Ky fa, |ty ~|a}

. -1
+sin a{klt” |an ’ +k,t" a,

+t’a1’+|a0’+2§tj’aj’}.
=2
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If n is odd, then P(z) has all its zeros in the disk R, <|z|<R,, where

M
and R,=—7—"

M, t"a

t|a0‘

R, =

2

n

and M, and M, are respectively the same as M,and M, except that k
and k,are respectively replaced by k,and &, .

The aim of this paper is to generalise Theorems A and B with less
restrictive conditions on the coefficients. More precisely, we prove the
following results:

Theorem 1: Let P(Z)ziajzj be a polynomial of degree n with

j=0
Re(a;)=a,and Im(a;)=f,,j=0,1,...,n,such that for some k >1, &, >1,
k,>1, k,>1, some nonnegative integers k and s, and positive integers |
and g, and for some 7,,0<7,<1,;=1234,

n =

klaz[ S.f0,,Say; 220, 21,0,,
2

kzaz[ﬁ]_1 S.fay, S0y, 220, 27,0,
2

k3ﬂ n S"'Sﬂ2s+2 SﬂZS Zzﬁz Zfsﬂm

2[2]

kB ) S PBogi < Bags 22 By 2T,

. S
AT

If n is even, then P(z) has all its zeros in the disk R, <|z|<R,,, where

R, =m and R, =ﬂ,
M, a,
with
M, =|a,|+|a,|+|a|+|(k =Da,|+|(k; 1) B,
+|(k2 -Da,_, +’(k4 DB+ 2(ay +a,
+ ﬂZs + ﬂZq—l ) - (klan + k}ﬁn) - (k2an—1 + k4ﬂn—l)
—(r,0, +7,5) — (t,0 + 73 5y)
+|(71 _1)050’ +|(Tz —1)0!1’+|(T3 _1)ﬂ0| + ’(74 _1)ﬂ1’
and
M, =|a,|+|a,|+|a| +|(k = Da,| +|(k; =1 B,
+ ’(kz -De, |+ ’(kz; DB+ 2ay, +a,,,

+ By + ﬂqul) -(ka, +kiB,)—(ka,  +k,pB,.)
—(r,a, +7,B) - (1,0 +7358)) +|(71 _l)ao| +(z, _1)0‘1’

+|(zy =D By | +|(z, =D S|

Page 251



International journal of advanced scientific and technical research Issue 2 volume 4, August 2012
Available online on http://www.rspublication.com/ijst/index.html ISSN 2249-9954

If n is odd, then P(z) has all its zeros in the disk R, <|z|<R,,, where

R“:J;O‘ and R12=h
a

11

2

n

and M, and M, are respectively the same as M,and M, except that
k,.k,,k, and k, are respectively replaced by k,,k,,k,and «,.
Applying Theorem 1 to the polynomial P(t z) , we get the following
result:
Corollory 1: Let P(z)=zn:a ;z/be a polynomial of degree n with
j=0

Re(a;)=a,and Im(a;)=f,,j=0,1,....,n,such that for some k >1, k, =1,
k,>1, k,>1, some nonnegative integers k and s, and positive integers |
and g, and for some 7,,0<7,<1,;=1234,

2%
2 2k+2 2k 2
kit az[ﬁ] S StTTa, L, StTay, 2L 2, 2Ta,,
2

2%]
5 21 20-2 2
kit *a , SStTay, StUTTo, 2.2t 21,0,

ATH

2|
kit 2B, <. <tPPB, L <tU B > 2B, 21,

2[2] 2 2q-2 2
kit 2B, S <P SOV 2 20h 2
2

If n is even, then P(z) has all its zeros in the disk R, <|z|<R,,, where

R, :M and R, = i/l[“‘ ,
13 n
with
My, ="la, |+ a, |+ da |+ " {(k, — D, |+ |0k, =D, |}

+tH{J(kz -Da,, +|(k4 -DB,, }+2(12ka2k 'HZHOQH
+ tzxﬂzs + tzq_lﬂzq—l) =t (klan + k3ﬂn ) _tn_l (kZan—l + k4ﬂn—l)
—t(t,a, +7,06,)—(r,a, +7,5,)
+’(T1 _1)0‘0’ +|(72 _1)a1’ +’(T3 _1):30| + ’(74 _1)ﬂ1’

and

My, =1, |+ tay |+ |ag |+ "k, - Ve, |+ |k, ~ 1, |}

+1" ﬂ(kz -Dea, +|(k4 -DB,, }+2(t2k0521< +t2171052171
+ Zzsﬂzx + qu_lﬂZq—l) -t (klan + k3ﬂn ) - tn_l (kZan—l + k4:3n—1)
—t(r,a, +7,8) — (1,0, + 7, B,)) +|(z, — Dt | +|(r, = Der)|

+ ‘(73 - 1):80‘ + |(T4 - l)ﬂll
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If n is odd, then P(z) has all its zeros in the disk R <|z/|< R, Where
M16

n—1

R :% and R, =

15
and M, and M, are respectively the same as M,;and M,, except that

b

k,.k,,k, and k, are respectively replaced by k,,k,,k,and «,.

Remark 1: Taking r,=1,j=1,2,3,4 in Corollory 1,we get Theorem A.

Theorem 2: Let P(z) = ia}.zf be a polynomial of degree n such that
=0

’arga.j—ﬂISas%,J‘:O,l, ...... ,n, and for some k >0,k,>0, some

nonnegative integer k and positive integer 1, and some 7,,0<7, <1, =12,

k,

a S...S‘az,HZ‘S|a2k‘2....2‘a2‘2q‘a0

n

2[3]

b

,la S...S’azmlS|a2,71’2....2’a3|2rz|a1|.

2121
[2]

If nis even, then P(z) has all its zeros in the disk R, <|z|< R, where

a M
R, :% and R :%,
with
M, =|a,|+|a,.|+|a)|+|(k = Da,|+ |k, = Da, |+ |z, = Da,y|+|(z, - Da,|
+cosa{2‘a2k‘+2|a2,fl‘—kl a, —k2|a,171 —|12a1|—|rla0‘}
)
+sinoc{kl]an|+k2 a, +|12a1|+]11a0]+2’2’aj },
j=2
and
M =|a,|+|a,|+|a|+|(k, =Da,| +|(k, =Da,_,| +|(z; =Da,| +|(z, = Da|
+cosa{2|a2k|+2‘a2171|—k1|an —kya,, —‘Tzal‘—‘rla()”

+sin (Jt{k1 |an’ +k,a,

n=2
+"l'2611’ +|Tla0|+22’aj’}.

=2
If n is odd, then P(z) has all its zeros in the disk R, <|z|<R,,, where
My

9

Ry :Z’;—O’ and R, =

19 n

and M,, and M, are respectively the same as M and M, except that k,
and k,are respectively replaced by k,and &, .

Applying Theorem 2 to the polynomial P(t z) , we get the following
result:
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Corollory 2: Let P(z)= ia ;z’ be a polynomial of degree n such that
j=0

’argaj—ﬂISaS%,jzo,l, ...... ,n, and for some k >0,k,>0,/>0, some

nonnegative integer k and positive integer 1, and some 7,,0<7, <1, =12,

]

n
ki < S ay | My 2 200y 2 7 fay,

a
o

[5]

k2t2 2lg <...< l21|6121+1| < tzz—2‘a2l_1| 22 tz‘%l = 72|a1|.

n
AT H

If nis even, then P(z) has all its zeros in the disk R, <|z[<R,,, where

ta M
R,, :]\|/1—;’ and R, =ﬁ,
with
M, =t"la, |+t aH|+t|a1|+t” (k, =Da, th”’1|(k2 —l)aH|+t|(1'2 —l)a1|
+|(z, —1)a0|+cosa{212k|a2k‘ +26"ay, |- 1"k |a, |- 1"k, a,, —t|12a1‘—|rla0|}
-2
+sina{klt” a,|+k,t"a,_,| +t’rza1|+lrla0|+2itj’aj },
j=2
and
My, =t"a,, |+ f|a)|+|ay|+ 1" |(k; = Da,|+ "k, =Da,_,| +1|(z, = Da|

|7, = Day|+ cosa2r|ay, |+ 20 ay, |~ 1"k fa, |- 1" K a, |~ raa |~ iy}

n-2
+ t|72al ’ + |Tla0’ + ZZt""a‘i|}.
=
If n is odd, then P(z) has all its zeros in the disk R,, <|z|<R,,, where
ta M
R, = ]\|4_0’ and R, =—2

23

an

n-1
+k,t" a,_,

+sin a{klt” |an

2

n

and M,, and M,, are respectively the same as M, and M,, except that £,
and k,are respectively replaced by k,and &, .
Remark 2: Taking 7, =7, =11in Corollory 2, it reduces to Theorem B.

2.Lemma
For the proof of the above results we shall make use of the following
lemma:
Lemma 1: Let P(z)=a,z"+a, ,z"" +....+az+a, be a polynomial of

degree n with complex coefficients such that for some real g,
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’argaj —,B’Sa S%,jzo,l, ...... N7}

and

>
a,[2a,

Then for any t>0,

,j=12,..,n

’taj —aj_1’ < (t’aj’ —’aj_ll)cosa +(t’aj’+’aj_1’)sina .
The proof of Lemma 1 follows from a lemma due to Govil and Rahman
[2].
3. Proofs of Theorems

Proof of Theorem 1. We first consider the case when n is even. We are
given that

ka , <.fa,,<0, >2...2a 21,0,

kzocz[ﬁ]i1 S0, 50,,2...20, 27,2, ,
2

k3ﬂ2[£] S"'Sﬂ2s+2 SﬂZS Zzﬁz Zfsﬂm
2

kB S PBayi < Bagy 22 By 2T,

2[%]71 -
For the outer bound, consider the polynomial
F(z)=(1-2)P(z)=(1-z*)a,z" +a, z"" +....+az+a,)

2 1 -1
= _anzn+ - an—lzn+ + (an - an—Z )Zn + (an—l - an—3 )Zn to
+(a; — al)z3 +(a, —a, Vz* + a,z+a,

=-a,z" —a, 2" - (k,-Va,z" +(ka, -a, ,)z" —(k,-Da, z""
n—4
-1 —j 3
+(ka,  —a,)z" + Z(an—j Qo )z +(ay —1,0))z
=

+(r, — )2 +(a, —1,0,)2” + (1,0 —ty)Z°

+if(y —1)B,z2" 4k B, = B, )2" —(ky =V, 12" + (KB, — B, 3)z""
£ By By )2 (B )7+ @ = )7
+(:B2 —T3ﬂ0)22 +(73ﬂ0 _ﬂo)z2 }+alz+a0.

For |z/>1,

Sl
n
T

n+l
z

|a, | . \(k, - De,

n+l

+ |(k2 - 1)G{n—l

2
4 g

IF(2) >

n+2 ‘

an

n—1
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ok

\(k4 “DB|,

2
ER—T

|ty — 7,0, | +|(z, = Der| .\ lot, — 7,00 | +|(7, =Dy |
n-2

n-1

+ (an—Z _klan) + n—i—Z (an*_f*Z _an*,f

’Z| Jj=2,jeven |Z|j+1
& (@ -a,) (¢5-ka,) [R5 (@ ,-a,;)
+ . + + :
J+l 2 J+l
j=n-2k, jeven ’Z’ |Z’ j=3,jodd |Z|
+ g (anj nj 2) (ﬂnZ + niz nj—Z_ﬂn—j)
Jj=n=21+1, jodd | |/+1 ’ ’ j=2,jeven |Z’]Jrl
B =B) Bs—kB ) R B =B
+ z - + + T E—
J+l J+l
j=n-2s,jeven |Z| |Z| j=3,jodd | ‘

N "Z_‘i (ﬁn—j_ﬂn—j—Z) | T4ﬂ1|+‘(74 1)ﬂ1‘ ‘2_T3ﬂ0‘+|(73_1)ﬂ0|

j=n-hqal, jodd |Z|j+1 2" 2"
> |z ”H(an z|—M10),
where
M, =la |+’a0’+|(k1—1)an
+|(kz -Da,_, +|(k4 DB, +2(ay +ay,,

+ By + ﬂZq—l) -(ka, +kp,)-(ka,  +kpB,)
— (0, +7,B) - (1,0 + 73 B,) + ‘(11 - l)ao‘ +|(z, - l)all

+ |(T3 - 1)ﬂol + ‘(74 -Dp, ‘

Thus |F(z)|>0 if |z] =R,,. This shows that all the zeros of F(z) and

n

hence P(z) whose modulus is greater than 1 lie in |z|<R,,. It can be shown
that M, >|a,|. Hence it follows that all the zeros of P(z) with modulus
less than or equal to 1 already lie in |z|<R,,.
For the inner bound , we consider the function
F(z)=(1-2")P(2)
= a,+0(2),
where
0(z) =-a,z""—a, z"" +(a,—a, ,)z" +(a

n-1

n—1 _a;173)z +....
+(ay _al)z3 +(a, —a0)22 +a,z

=-a,z" -a, 2" +az-(k -Da,z" +(ka,-a, ,)z"—(k,-Da, z""
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n—4

-1 . 3

+ (kzan—l _an73 )Zn +z(an71 _an,j,z )Zn / + (a3 _Tzal )Z
j=2

+(1,2, _051)23 +(a, _7-1050)22 +(1,, _O‘O)Z2

Fil =082 0B, 5,02~ (b =D, 2 + (i~ )=
" nz_:(ﬂ”’ B ’Bﬂ*.ifZ )Zn_j + (ﬂ3 - 74131 )23 + (T4ﬂ1 - ﬁl )23

+(By — 132 + (T~ By)z’ +az.
If || <1, then

0(2)| <la, | +|a,|+]a|+|(k =De,|+|(k, =Dex, | +|(k; =DB, | +|(k, =D,
n—2k-2 n—4
+ (awz - klan) + Z (an—jfz - anfj) + Z (anii - 0(,17.]472)
Jj=2,jeven Jj=n-2k, jeven
n-21-1 n—4
+ (an—S - kZan—l) + Z(an—j—Z - an—j) + Z (an—j - an—j—Z)
Jj=3,jodd J=n=2I+1,jodd
n—s—2 n—4
+(ﬂn—2 _k3ﬂn)+ Z(ﬂn—_/?Z _ﬂn—j)-‘r Z(ﬂn—j _ﬂn—j—Z)
Jj=2,jeven Jj=n-2s, jeven
n—2q-1 n—4
+(ﬁn—3_k4ﬂn—l)+ Z(ﬂn—j—Z_ﬂn—j)—i_ Z(ﬂn—j—Z_ﬂn—j)
J=3,jodd J=n—-2q+1,jodd

+ (0 —Ty0) +|(7, =Dy |+ (@, = 1,0 +|(7, = D |

+(By — T, B) +|(r, = DB+ (B, =7 8)) +|(z; D]
= M9 )
where
M, =

a |+

n

a,,|+|a|+|(k, = Da, | +|(k; 1),
+|(kz -Da, +|(k4 DB, |+ 2ay +a,,,
+ 1825 + ﬂqul) - (klan + k3ﬂn) - (kzan—l + k4ﬂn—l)
—(r,o +7,B) - (11, + 7, 8,) + ’(71 - 1)“0’ +|(z, - 1)051|
+|(zs =D B[ +](z, DA

Since Q(0)=0, it follows by Schwarz lemma that

|Q(z)| < M9|z| for ’z| <1.

Thus for |z|<1

|F(2)|2]ay| - |O(2)

> |ag| - M, ||
>0,
if |7> ’a—ol = R,. Hence F(z) and therefore P(z) does not vanish in |z| < R,.
M9

It is easy to see that M, <|a,|. Hence P(z) has all its zeros in the region
R, <|z| < R,,and the proof'is complete in case n is even.
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The proof of the theorem for the case when n is odd can be proceeded
similarly.

Proof of Theorem 2. Suppose that n is even and that the coefficient
conditions hold 1.e.,

kllan| <. ’a2k+2’ < ’a2k| 2.2 ’a2’ > 11’a0 ,

k, <. Slay|<lay, |2 2 a2 15 a|
For the outer bound, consider the polynomial
F(z2)=(1-2)P(z)=(1-2")a,z" +a, z"" +....+a,z+a,)

n+2 n+l

a,z"" +(a,—a,,))z"+(a, , —a,;)z" +....

an—l

=-a,z
+ (a, —al)z3 +(a, —a0)22 +a,z+a,

n+2 n+l -1

=-a,z a,z"" +az+a,—(k,-1)a,z" +(ka,-a, ,)z" —(k,-Da, z"
n-4

+(kya,,—a,, )z + Z (a,;,-a,;, )z" +(a; — 1,4, )z’
=2

+(r,a,—a)z’ +(a, —1,a,)z" + (1,0, —a,)z’

For |z[>1,
2 (el | ao] |k, =Da,| |k, —Da,.,
’F(z)’ >la, |zl — |+ + +
n n+1 ’ ’ 2
z g
— n—-2k-2 —
an—Z klan a”—j—z a”—j
Jj+l
z j=2, jeven ’Z’
n—4 —
Z a,; an—j—2’ a,,—kya,,
+ -
J+l 2
Jj=n—2k,jeven |Z’ ’Z|
n=21-1 an_j_z — an_j n—4 an_j — an_j_2’
o
J+l J+l
Jj=3,jodd |Z| Jj=n=21+1,jodd |Z|

|a3 _72a1’+|(72 _1)a1’ ’az _71a0|+’(71 _1)‘10’
n-2 + ]

n—1

Using Lemma 1, it can be shown that

n+l

|F(z)| 2lz| (a,llz|— M),
where
M =|a, | +|a,|+|a|+|(k, = Da,|+|(k, =Da,_ | +|(z; = Dao|+|(z, = Da,|
+cosoz{2|az,(‘+2|aZH‘—kl a,|—k)la,, —‘72a1|—‘rlao‘}
-2
Jrsinoc{k1 a,|+k)la,, +]72a1]+]71a0]+2n21’aj’}.
j=2

My _
a

n

Thus |F(2)|>0 if |z|> R, and all the zeros of F(z) and hence P(z)

with modulus greater than 1 lie in |z|< R;. It can be shown that A7, >

a,|.
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Consequently all the zeros of P(z) with modulus less than or equal to 1
already lie in |z|<R;.
For the inner bound , we consider the function
F(z)=(-2z*)P(z)

= a,+0(2),

where
0(z) =-a,z"-a, ,z"" +(a,—a,,)z" +(a, —a, )z"" +...
+(a,—a)z’ +(a,—ay)z’ +a,z
=-a,z" -a, z"" +az-(k,~V)a,z" +(ka,-a,,)z" —(k,-Da, z""

n—4
- —j 3
t(ka, , —a,;)z" + Z(anﬁ' —a,_i, )z2" +(a; —1,a))z
=

+(7,a, —a, )z3 +(a, —1'lao)z2 +(7,a, —ao)zz.
If || <1, then

|Q(Z)’ < an + anfl + |a1| + ’(kl - l)an + |(k2 - l)anfl
n—2k-2 n—4
+la,, —ka,+ Z a, , ,—a, |+ Z a, —an_j_2’
Jj=2,jeven Jj=n—=2k,jeven
n=21-1 n—4
+ a,; _kZan—l + Z an—j—Z _an—j + Z’an—j _an—j—2’
j=3, jodd J=n=2I+1, jodd
+|a3 —12a1’ +|(T2 —1)a1|+’a2 —Tla()’ +|(7, —1)a0|.

Using Lemma 1, it is easy to see that
0(z)| <M, for |7<1,
where
M, =

a

n

+

an—l

+la|+|(k, ~Da, | +|(k, ~Da,_,
+(:050:{2’%,{’+2|az,_1’—k1 —k,

+ |(Tl - 1)a0’ + ’(72 - 1)a1’

- ‘|72"1|‘|71a0’}

+|rzal|+’71a0’+2jZ]aj|}.
Since Q(0)=0 , it follows by Schwarz Lemma that
|0(z)| <M, |z| for |7<1.
Therefore , for |z]<1,
[F(2)]2 |ao| - |0(=)
> lay|— M ;||

>0

a

n

anl

an| + k2 |an—l

+sin a{kl

|‘10‘
M17

P(z) does not vanish in |z| < R,;.Consequently P(z) has all its zeros in the
disk R, <|z|<R. That proves the result in case n is even. The case when

if |7< =R,,. It can be shown that A, >|a,| Hence F(z) and therefore

n is odd can be proved similarly, and is omitted.
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