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ABSTRACT:

Saxena and Behari (1956) have studied Hypersurfaces of a Kaehlerian
manifold. Singh (1967, 72) have been defined and studied Hypernormal curves of
a Finsler subspace and on a Riemannian hypersurface respectively.

In this paper, we have defined and studied hypernormal curves of order
h(h=1,2...,n-2)on a Kaehlerian hyper-surface. The equations representing a
hypernormal curve of order | are obtained and some properties of these curves are
investigated.
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1. INRODUCTION:
In an (n+1) dimensional complex space C,.;, Bochner (1946, 47)
referred to an allowable Co-ordiniates system

', z2) =2 ... 2" 2L, ..., 22, .., ZD),
As we shall use the following variations of the indices:
{i,j,k, wee=1,2,.....n4+1
Lk ...= 1,2,....n+1

Let us introduce the metric defined by the positive definite Hermitian
form Yano and Bochner (1953)

ds’=2g;; (7', z") dz' d. (1.1)
If the tensor g;; also satisfies the condition Kaehler (1933)
ﬂgi]—/ Oz = 0g;i / 0z; (1.2)

Which is known as Kaehler’s condition, and then the complex manifold with the
metric satisfying the condition (1.2) is called a Kaehler manifold. We shall denote
such a manifold by K} ;. We shall assume the self-adjointness of the indices
Bochner (1946).
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In Yano (1965), it has been shown that an analytic hypersurface of a
Kaehler manifold is also a Kaehler manifold.Let us consider an analytic

hypersurface K& of K& ;. If (v*, e¥) = (u!, u?, ...u", vI, v2 ...,v") denote the co-
ordinates of a point in K§, then the equation of the hypersurface K{ may be written

inthe form ~
Z'=7'(u"; z' = 7" (z%) (1.3)
Suppose that g is the fundamental metric tensor of K, , then we have
gap = 8i By By, (1.4)
Where ) ~
Bl =0z!/0u®; B]E =97 /ouP
And variations of the indices,

{o,B, Yo =1,2, ccoun; @B, Vyeo.= 1,2, .....00}
Let (N',N) be the components of unit normal vector to the hypersurface,
then
2g;; N'N'=1 (1.5)
And
gir N B% =0, g; N Bi=0. (1.6)

Consider a curve C: z'=z' (s); Z' = Z' (s) (where s is real) of K%, and
suppose that C is a non-geodesic and non-asymptotic curve. The components
(dz!/ds ,dz'/ds) and (du®/ds ,du®/ds) of the unit tangent vectors of C with
respect to K. and K, are related by

dz!/ds = B}, (du®/ds) (1.7)
and it’s conjugate.

If (q', q') and (p%, p*) are the components of the first curvature vectors
with respect to Kf,; and Kj respectively, then we have from Sexena and Bihari
(1956) _ _

o= Bl p*+ K, N (1.8)
and it’s conjugate.

Where the normal curvature (K, K,) of the hypersurface is given by

Kn=Qgs (du®/ds) (duP/ds), K,=Qzp (du®/ds) (duf/ds),
and

Bi,p = QuN' ; BL,g=0gp N,

Where (Q 45 , (5 ) are second fundamental tensors of the hypersurface.
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Two vectors (u%,u®) and (v%,v®) of the hypersurfacae are said to be
conjugate if the relation

Qe u* vF =0 (1.9)
and its conjugate holds.

The tensor derivative of the unit normal vector is given by weatherburn
(1938),

Ni=—Qu ¢" B} (1.10)
and it’s conjugate.

2. HYPERNORMAL CURVES:
Assuming that & /6s is the usual covariant differentiation along C, we
have the first two Frenet’s formulae
SN0y / 88 = Ky Ny
and 81y / 85 ==Ky oy + Ky Ny (2.1)
and their conjugates, where

M) N(oy) = (dz'/ds, dz'/ds), (711(1)’ nh)) and (Tll(z) , Tll(z))-
are the components of unit tangent vector, unit principal normal vector and unit
binormal vector, K3y and K are the curvature of the first and second orders
respectively.

Consider a congruence of curves given by unit vector field A = (A, A)
such that through each point of K}, there passes exactly one curves of the
congruence. At the point of hypersurface, we get

Al =t*B!l +CN! (2.2)
and its conjugate, when t* and C are parameters. Since (Al,A) represents a unit
vector, we have

zgz AN N =1
and it follows by use of (1.5), (1.6) and (2.2) that

28,5 t*tP =1 —|CJ%

Assuming that 6 is the angle between the unit vectors A and N, we
deduce

C = cosb and 2g,g t*tP =sin?6 = 1 — |C|*. (2.3)

A curve of the hypersurface will be called a hypernormal curve of order
h (h=1, 2..., n-2) relative to the congruence 2, if the variety spanned by the first
curvature vector (1, 1), Nin1y ) OF order h contains 2.

For a hypernormal curve of order 1, we have
N=rqg+ vnl(z) (2.4)
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and its conjugate.
Equation (1.8), (1.10) and (2.1) yield _ _
8q' / 8s = =k dz'/ds+{d(log K(y) /ds} q'+ KK N2
= (8p*/ 8s — K ,Q,y du?/ds) B,
+ (Qp p*duP /ds +d K, /ds) N' (2.5)
Similarly, we may obtain the conjugate of the above.
Eliminating ni(z) from (2.4) and (2.5) and using (1.8), (2.2) and (2.3),

we get
t*=rp*+w[6p®/8s—K, Qy g" du/ds + K%l) du® / ds
— {d (log Kw) / ds}p“], (2.6a)
cos® =rK, + w [Qu p* duP /ds + d K, /ds
—K,, d (log K (3y) / ds ], (2.6b)
Where
w =v/ K(l) K(g) (260)

and their conjugates.
Using the first two Frenet’s formulae (with respect to K¢, )
pa =8u®/ 8s = K(l) E%l)

and
0 E((xl) [ 8s = _K(l) du®/ds + K(2) E((xz)

and their conjugate,

We deduce
§p®/ 8s = K¢y du®/ds + {d(logK(1))/ds}p® + K(yKz) &y (2.7)
and its conjugate,

Where (§(3), E?Z)) is the first binormal vector of the curve with respect to the
hypersurface K.
Substituting this value of 6p®/ 8s in (2.6a), we obtain
t% =rp® +  [KZ (du®/ds) + {d (log (K1y/K{y))/ds}p
+ K(l) K(Z) E%Z) — Kn 'QYlIJ gytx du‘l’/dS] (28)
and its conjugate may be obtained in the same way.
In the above relation, we have used
Kih = K§) + K3 (2.9)
for simplification.
Since A is a unit vector field, we get
1 =1’ Ky +Kfy) Koyw? (2.10)
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in view of (2.1), (2.8) and (2.6¢).

The elimination of r and w from (2.6b), (2.8) and (2.10) will yield the
equation for a hypernormal curve of the order one.

From equation (2.8), we find

8qp t° dug/ds =0, gap t® duE/ds =0,
Which proves the following theorem:

THEOREM (2.1): A necessary condition that a curve be hypernormal (of order 1)
relative to the congruence A is that the tangential component (to the hypersurface)
of the vector field A is orthonormal to the curve.

After define
cosoc = {5 t% &)+ g t° 6 2 (s t47) T 8y}
and
05 = {8t &y +8a 1" 8y} 2 [ (8 t1P) (g £, B}
and multiplying (2.8) respectively by (2 g, E?l))l’z and (2 g,g E?Z))”2 we deduce.
sind cosa = r Kyytw{K(y) d log (Kq1)/K{y) /ds

K, Qg &y du®/ds) (2.11)
and
sin® cos (I) - w (K(l)K(Z) — KnQ(xB du“/ds) (212)

Where we have used (2.3).

Defining u= K;y/K, and eliminating r and w from (2.6b), (2.11) and
(2.12), we get
(sinB cos a — ucos 0) (u K(z) — Qqp E?Z) du®/ds)
=sind. cosp{du/ds — (1 + u?)Qyg &, du/ds}  (2.13)
Where the relation K{fy / K4 = 1+ K, /K2 has been used in the simplification.

3. PARTICULARS CASES:

In this section, we shall consider the solution of (2.13) in the following
two particulars cases:
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_ Case (i): Let (t%,t%) be orthonormal to the first binormal vector
(&2 &2 ) in particular, let (t%,t%) be along the principal normal vector
(&4, &4y )- This implies cos ¢ = 0. Hence, we have either
Ky / Ky =tan 8 cos a (3.1)
Or

du®\ /duf du’\
Kay Ky = % O () (5) () 8 (3.2)
a B
and their conjugates, where we have used K, = Qg (d“ ) X (dl) in the latter

K ds
equation. B
Case (ii): Let the congruence A be along the normal vector N of the
hypersurface. We have then cos® =—1,sin6 =0.

Since the curve is non-geodesic, i.e. u # 0, equation (2.12) reduces to
(3.2). A special feature of (3.2) is in fact the product of the curvatures (with respect
to the hypersurface) of orders one and two has been expressed in terms of the
second fundamental tensor of the hypersurface.

Since the curve is non-geodesic and non-asymptotic, we have the
following theorem from (3.2):

THEOREM (3.1): A necessary and sufficient condition that the curvature of order
two (with respect to the hypersurface) of a non-geodesic and non-asymptotic
hypernormal curve of order 1 (with respect to normal congruence) be zero is that
the first binormal vector is conjugate with respect to its tangent vector.,
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