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1. INTRODUCTION AND PRELIMINARIES

Functions and of course irresolute functions stand among the most important and most
researched points in the whole Mathematical Science. Its importance is significant in various
areas of Mathematics and related sciences. Maki [9] introduced the notion of A-sets in
topological spaces. A A-set is a set A which is equal to its kernel, that is, to the intersection of
all open super sets of A. Arenas et.al. [1] introduced and investigated the notion of A-closed sets
by involving A -sets and closed sets. In this paper, we have introduced and studied some type of
functions in topological spaces called completely A-irresolute functions and completely weakly
A -irresolute functions. Let A be a subset of a topological space (X,t). The closure and the
interior of a set A is denoted by CI(A) and Int(A) respectively. A subset A of a topological space
(X,1) is said to be regular open if A = int(cl(A)). A subset A of a topological space (X,t) is said

to be A-closed [1] if A = BNC, where B isa A-set and C is a closed set of X. The complement
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of A-closed set is called A-open [1]. A point xeX in a topological space (X,t) is said to be
A-cluster point of A [3] if for every A-open set U of X containing X, AnU = ¢. The set of all
A-cluster points of A is called the A-closure of A and is denoted by CI,(A) [3]. A point xeX is
said to be the A-interior point of A if there exists a A-open set U of X containing x such that
Uc A. The set of all A-interior points of A is said to be the A-interior of A and is denoted by
Int,(A). A set A is A-closed (resp. A-open) if and only if Cl,(A) = A (resp. Int;(A) = A) [3]. The
family of all A-open (resp. A-closed) sets of X is denoted by AO(X) (resp. AC(X)). The family of
all A-open (resp. A-closed) sets of a space (X,t) containing the point xe X is denoted by LO(X, X)
(resp. AC(X, X)).

2. COMPLETELY A-IRRESOLUTE FUNCTIONS

Definition 2.1: A function f : (X,1) — (Y, 0) is said to be:

(i)  strongly continuous [6] if f (V) is clopen in X for each subset V of Y.

(i)  a-irresolute [3] if f (V) is A-open in X for every A-open subset V of Y.
(iii) Completely A-irresolute if f (V) is regular open in X for every Ax-open subset V of Y.
Remark 2.2: Clearly, every strongly continuous function is completely A-irresolute and every

completely A-irresolute function is A-irresolute. But the converses of the implications are not true

in general as seen from the following examples.

Example 2.3: Let X = {a,b,c} andt={g, X}. Then the identity function f on X is completely

A-irresolute but not strongly continuous.

Example 2.4: Let X={ab,c} andz={g {a}, X}. Then the identity function f on X is

A-irresolute but not completely A-irresolute.

Theorem 2.5: The following statements are equivalent for a function f : (X,t) — (Y, 0):

() f iscompletely A-irresolute;
(i) f'(F)is regular closed in X for every A-closed set F of Y .

Proof: Clear.
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Lemma 2.6: [7] Let S be an open subset of a topological space (X,t). Then the following hold:

(i) 1fU isregular openin X, thenso is U NS in the subspace (S, t. ).
(i) If B<S is regular open in(S, 1, ), then there exists a regular open set U in (X,t) such that
B=UNS.
Theorem 2.7: If f:(X,1) = (Y,0)is a completely A-irresolute function and A is any open

subset of X, then f |a: A — Y is completely A-irresolute.

Proof: Let F be a A-open subset of Y. By hypothesis f *(F)is regular open in X. Since A is

open in X, it follows from the Lemma 2.6 that(f |, )™ (F) = A~ f *(F), which is regular open in

A. Therefore, f |a Is completely A-irresolute.

Lemma 2.8: [2] Let Y be a preopen subset of a topological space (X,t). Then Y nU is regular

open in'Y for each regular open subset U of X.

Theorem 2.9: If f :(X,1) > (Y, o) is completely A-irresolute function and A is preopen subset

of X, then f|a: A — Y is completely A-irresolute.
Proof: Similar to the Proof of Theorem 2.7.

Theorem 2.10: The following hold for functions f:(X,t)—> (Y,0) and
g:(Y,0) > (Zn):

(M If f is completely A-irresolute and g is A-irresolute, then go fis completely
A-irresolute;

(i) If f is completely continuous and g is completely A-irresolute, then go f is completely
A-irresolute.

(iii) If f is completely A-irresolute and g is A-continuous, then g o f is completely continuous

function.

Proof: The proof of the theorem is easy and hence omitted.

Definition 2.11: A space X is said to be almost connected [4] (resp. A-connected [3]) if there

does not exist disjoint regular open (resp. A-open) sets A and B such that AUB = X.
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Theorem 2.12: If f :(X,t) —> (Y,0) is completely A-irresolute surjective function and X is

almost connected, then Y is A-connected.

Proof: Suppose that Y is not A-connected. Then there exist disjoint A-open sets A and B of Y
such that AuwB=X. Since f is completely A-irresolute surjective, f *(A)and f *(B)are
regular open sets in X. Moreover, f *(A)u f *(B)=X, f*(A)=¢ and f*(B)=¢. This
shows that X is not almost connected, which is a contradiction to the assumption that X is almost

connected. By contradiction, Y is A-connected.

Definition 2.13: A space X is said to be
(1)  nearly compact [10] if every regular open cover of X has a finite subcover;
(i)  nearly countably compact [5] if every cover by regular open sets has a countable
subcover;
(iii)  nearly Lindelof [4] if every cover of X by regular open sets has a countable subcover;
(iv)  a-compact if every A-open cover of X has a finite subcover;
(v)  countably A-compact if every A-open countable cover of X has a finite subcover;
(vi)  A-Lindelof if every cover of X by A-open sets has a countable subcover.

Theorem 2.14: Let f :(X,1) — (Y, o) be a completely A-irresolute surjective function. Then the

following statements hold:

() If Xis nearly compact, then Y is A-compact;
(i) If Xis nearly Lindelof, then Y is A-Lindelof;
(iii) If X is nearly countably compact, then Y is countably A-compact.

Proof: (i) Let f :(X,1) — (Y, o) be a completely A-irresolute function of nearly compact space
X onto a space Y. Let {U, :aeQ} be any A-open cover of Y. Then, {f *(U,): aeQ} is a

regular open cover of X. Since X is nearly compact, there exists a finite subfamily,
FHu, ):i=12..nf of {f*(U,):aeQ} which cover X. It follows then that
{(Uai)i [ =1,2,...n} is a finite subfamily of {U, :a e Q}which cover Y. Hence, space Y is A-

compact space.

The proofs of other cases are similar.
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Definition 2.15: A space (X,t) is said to be:
()  S-closed [12] (resp. A-closed compact) if every regular closed (resp. A-closed) cover of
X has a finite subcover;
(i)  countably S-closed-compact (resp. countably A-closed compact) if every countable cover
of X by regular closed (resp. A-closed) sets has a finite subcover;
(iii)  S-Lindelof [8] (resp. A-Lindelof) if every cover of X by regular closed (resp. A-closed)
sets has a countable subcover.

Theorem 2.16: Let f : (X,1) — (Y, o) be a completely A-irresolute surjective function. Then the

following statements hold:

(i) If Xis S-closed, then Y is A-closed compact;
(i) If X is S-Lindelof, then Y is A-closed Lindelof;
(iii) 1f X is countably S-closed, then Y is countably A-closed compact.

Proof: It can be obtained similarly as the previous Theorem 2.14.

Definition 2.17: A topological space X is said to be:
(1) almost normal [11] if for each closed set A and each regular closed set B such that
AN U = ¢ there exist disjoint open sets U and V such that A c U and c V.
(i) strongly A-normal if for every pair of disjoint A-closed subsets A and B of X, there exist
disjoint A-open sets U and V suchthat AcUandBc V.
Theorem 2.18: If f is completely A-irresolute A-open from an almost regular space X onto a

space Y, then Y is strongly A-regular.

Proof: Let F be a A-closed set in Y withy ¢ F. Takey = f(x). Since f is completely A-irresolute,
f 7 (F)is regular closed and so closed set in X and x ¢ f ~(F). By almost regularity of X, there
exists disjoint open sets U and V such that xeUand f *(F)cV . We obtain that
y=f(x)e f(U) and Fc f(V) such that f(U)and f (V) are disjoint A-open sets. Thus, Y is
strongly A-regular.

Definition 2.19: A topological space X is said to be strongly A-normal if for every pair of

disjoint A-closed subsets A and B of X, there exist disjoint A-open sets U and V such that
AcUand Bc V.

Page 105



International journal of advanced scientific and technical research Issue 2 volume 4, August 2012
Available online on http://www.rspublication.com/ijst/index.html ISSN 2249-9954

Theorem 2.20: If f :(X,1) = (Y, 0) is completely A-irresolute A-open function from an almost

normal space X onto a space Y, then Y is strongly A-normal.

Proof: Let A and B be two disjoint A-closed subsets in Y. Since f is completely A-irresolute,
f *(A)and f *(B)are disjoint regular closed and so closed sets in X. By almost normality of X,
there exist disjoint open sets U and V such that f *(A)c Uand f *(B) — V. We obtain that
Ac f(U)andB < f(V)such that f(U)and f(V) are disjoint A-open sets. Thus, Y is strongly

A-normal.

Definition 2.21: A topological space (X,) is said to be:
(1)  A-T1[3] (resp. r-Ty [4]) if for each pair of distinct points x and y of X, there exist A-open
(resp. regular open) sets U; and U, suchthat x € Uy andy € Uy, x € U and y € U;.

(i)  A-T, [3] (resp. r-T, [4]) for each pair of distinct points x and y in X, there exist disjoint
A- open (resp. regular open) sets A and B in X such that x € Aand y € B.

Theorem 2.22: If f :(X,7) > (Y,0) is completely A-irresolute injective function and Y is

A-T,,then Xis r-T,.

Proof: Suppose that Y is A -T,. For any two distinct points x and y of X, there exist A-open sets
F, and F, in Y such that f(x)eF, f(y)eF,, f(x)eF, and f(y)¢F. Since f is injective

completely A-irresolute function, we have Xis r-T,.

Theorem 2.23: If f :(X,t) — (Y, o) is completely A-irresolute injective functionand Y isA-T,,

then Xisr-T,.
Proof: Similar to the proof of Theorem 2.22.
Theorem 2.24: Let Y be a A - T, space. Then we have the following

(i) Iff,g:X—>Y are completely A-irresolute  functions, then the  set

A={xeX:f(x)=g(x)} is r-closed in X;
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(i) If f:X—>Yis a completely A-irresolute  function, then the  set
B={(x,y)e XxX: f(x)= f(y)}is A-closed in X x X .

Proof: (i): Letx ¢ A, then f (x) = g(x). Since Y isA-T,, there exist disjoint A-open sets U, and

U, in Y such that f(x) e U,and g(x) € U, . Since f and g are completely A-irresolute, f *(U,)

and g~*(U,) are regular open sets. Put U= f *(U,)ng™(U,). Then U is a regular open set

containing x and U N A # ¢. Hence, we have x ¢ Cl, (A). This completes the proof.
(if) Follows from (i).
3. COMPLETELY WEAKLY A-IRRESOLUTE FUNCTIONS

Definition 3.1: A function f :(X,1) — (Y, o) is said to be completely weakly A-irresolute if for
each x € X and for any A-open set V containing f(x), there exists an open set U containing x

such that f(U)c V.

It is obvious that every completely A-irresolute function is completely weakly A-irresolute and
every completely weakly A-irresolute function is A-irresolute. However, the converse may not be

true in general as shown in the following example.

Example 3.2: LetX={ab,c},t={p {a}{b,c}X} ando=1{g, {a},{b} {a,b},X}. Clearly the
identity function f:(X,1) > (Y,0)is completely weakly A-irresolute but not completely

A-irresolute. Also the function f defined in example 2.4 is A-irresolute but not completely weakly

A-irresolute.

Theorem 3.3: For a function f : (X,t) — (Y, o), the following statements are equivalent:

() f is completely weakly A-irresolute;

(i) for each x € Xand each A-open set V of Y containing f (x), there exists an open set U of
X containing x such that f(U) cV;

(iii)  f(CI(A) < Cl, (f (A)) for every subset A of X;

(iv) CI(f*(B)) < f *(Cl, (B))for every subset B of Y;
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(v) foreach A-closed set VinY , f (V) isclosed in X;

(vi) f'(Int, (B)) < Int(f *(B))for every subset B of Y .

Proof: Clear.

Theorem 3.4: Let f:(X,t) > (Y,0)and g:(Y, o) — (Z,n) be any two functions. Then

(i) If fis completely weakly A-irresolute and g is A-irresolute, then go f : (X,7) > (Z,n)is
completely weakly A-irresolute;
(i) If fis completely continuous and g is completely weakly A- irresolute, then go f is

completely A-irresolute;

(iii) If f is strongly continuous and g is completely A-irresolute, then go f is completely
A-irresolute;

(iv) If fand g are completely A-irresolute, then g o f is completely A-irresolute;
(v) If fis completely A-irresolute and g is completely weakly A- irresolute, then go f is

completely A-irresolute;

(vi) Iffis completely weakly A-irresolute and g is A-continuous, then g o f is continuous;
(vii) Iffis A-continuous and g is completely weakly A-irresolute, then g o f is A-irresolute.
(viii) If f is continuous and g is completely weakly A-irresolute, then go f is completely

weakly A-irresolute.

Proof: Follows from their respective definitions.

Recall that a function f : (X,t) — (Y, o) is said to be almost open if f (V) is regular open in

X for every open set V of Y.
Theorem 3.5: If f:(X,t) > (Y,0)is almost open and g:(Y,oc) — (Z,n) is any function such

that go f : (X,1) = (Z,n) is completely A-irresolute, then g is completely weakly A-irresolute.

Proof: Let V be a Ai-open set in(Z,n)- Since go fis completely A-irresolute,
(gof)‘l(\/):f’l(g’l(\/)) is regular open in(X,r). Since f is almost open surjection,
f(f (g7 (V) =g (V) isopenin Y. Therefore, g is completely weakly A-irresolute.
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Theorem 3.6: If f:(X,t) — (Y, 0)is open surjection and g : (Y, o) — (Z,n) is any function such
that go f :(X,t) > (Zmn) is completely weakly A-irresolute, then g is completely weakly

A-irresolute.
Proof: Similar to proof of Theorem 3.5.

Theorem 3.7: If a function f :(X,1) — (Y, o) is completely weakly A-irresolute, then for each
point x € Xand each filterbase F in X converging to X, the filterbase f (‘F) is A-convergent to

f(x).

Proof: Let x € Xand be any fillterbase 7 in X converging to x. Since f is completely weakly
A-irresolute, then for any A-open set V of (Y,o) containing f (x), there exists an open set U of X
containing x such that f(U) <V . Since ‘F is converging to X, there exists B e ‘Fsuch that

B < U. This means that f(B) — V and hence the filterbase f (‘F)is A-convergentto f(x).

Definition 3.8: A graph G(f) of a function f :(X,7) — (Y, o) is said to be contra A-closed if

for each(x,y) e (XxY)—G(f), there exist open set U of X containing x and V e AC(Y, y) such
that (UxV)G(f) =g .

Lemma 3.9: A graph G(f)of a function f :(X,t) — (Y, o) is contra A-closed in X xY if and

only if for each(x,y)e(XxY)-G(f), there exist open set U of X containing x and
V e AC(Y, y)such that f(U)nV=¢

Proof: It is an immediate consequence of definition 3.8.

Theorem 3.10: If f :(X,t) = (Y, 0)is a completely weakly A- irresolute function and (Y,o) is a

A - T,space, then G(f) is contra A-closed.

Proof: Let (x, y)e (XxY)—G(f) . Then y = f(x). Since Y isA-T,, there exists a A-open set V
in Y such that f(x) e Vandy ¢ V. Since f is completely weakly A-irresolute, there exists open
set U of X containing x such that f (U) = V. Therefore, f(U)Nn(Y-V)=¢ and Y-Vis a

A-closed subset of Y containing y. This shows that G(f) is contra A-closed.
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Theorem 3.11: Let f :(X,1t) > (Y, o) be a completely weakly A-irresolute surjective function.

Then the following statements hold:

(1) If Xis Lindelof, then Y is A-Lindelof;
(i) If X is countably compact, then Y is countably A-compact.

Proof: (i): Let {Va = I} be a A-open cover of Y. Since f is completely weakly A-irresolute,
then {f (V,):ae I} is an open cover of X. Since X is Lindelof, there exists a countable subset

1,0f I such that X = J{f *(V,):ael,}. Thus, ¥ = J{(V.): e l,} and hence Y is A-Lindelof.
(ii): Similar to (i).
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