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Abstract

The definition of operations “U, + and Cartesian product” have been modified for
Intuitionistic Fuzzy Graphs with one or more common vertices and their complement graphs are
studied.
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1. Introduction

Euler (1736) introduced the concept of graph theory. Atanassov (1983) introduced the
concept of intuitionistic fuzzy set. In his work, he defined a new concept, the degree of non
membership in addition to the degree of membership as intuitionistic fuzzy sets, such that their
sum is less than or equal to one. Rosenfeld (1975) introduced the concept of fuzzy graph. He
developed the structure of fuzzy graphs and obtained several graph theoretical concepts. Later
Bhattacharya gave some remarks on fuzzy graphs. Some operations on fuzzy graphs were
introduced by Mordeson and Peng (1994). The complement of a fuzzy graph was defined by
Mordeson and further studied by M.S. Sunitha and A. Vijaya Kumar (2002). Parvathi et. al
(2009) gave a new definition for operations on intuitionistic fuzzy graphs.

In this article, we redefine the operations union, sum and cartesian product of
intuitionistic fuzzy graph. Throughout this paper we consider the underlying set V as the finite
set. Also the membership and non-membership of vertex set and edge set are chosen so as to
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satisfy the definitions. Also the operations on intuitionistic fuzzy graphs are considered for two
intuitionistic fuzzy graphs with one or more vertices in common.
2. Preliminary Definitions:
Definition: 2.1 [3]
A Minmax Intuitionistic fuzzy graph (IFG) is of the form G:(V, E) where
(1) V = {v1, vo,....vo} such that pg; : V — [0,1] and y : V — [0,1] denotes the degree of
membership and non membership of the elements v; € V respectively and 0<u;(vi)+y1(vi) <1 for
everyvi eV; (i=1,2.....n).
(if) Ec VxV where py : VXV — [0,1] and y2 :VXV — [0,1] are such that
Mz (vi, vj) < min{pa(vi), Ha(vj)}
V2 (vi, vj) < max {y1(vi), va(vj)}
and 0< po(vi,vj) + v2 (vi, vj) < 1 for every (vi, vj)€E
Here the triple (vi, M1, v1i) denotes the degree of membership and non membership of the
vertex vi. The triple (ej, Mz, y2ij) denotes the degree of membership and degree of non-

membership of the edge relation ej; = (vi,vj) on V.

Definition:2.2 [3]

Degree of the vertex d(vi) = {vi,z\:/jeE w, (Vi Vi) Vi,EVJGE yz(vi,vj)} and Ha(vi,vj) = va(vi,vj) = 0 for

vi,vj ¢ E.

Definition:2.3 [3]

The min p degree is 8u(G ) = A{du(vi) / vieV}

The max p degree is Au(G) = v{du(vi) / vieV}

The min y degree is 5,(G) = A{d,(vi) / vi eV}

The max y degree is A,(G) = v{d,(vi) / vi eV}

The max degree of G is A(G) = v{d,(vi), dy(vi) / vieV}

Definition:2.4 [5]
The complement of IFG G:(A, B) of an IFG G:(A, B) is defined by
(1) Ba) =pa(X); Va(x) = va(X) V xeA
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[, 00 A, (V)] — pg(xy) VxyeB

(1) Bely)= {[uA<x> A ()] VxyeB
_ _([va() v va(y)] — vg(xy) VxyeB
va(xy)= {[v:@ Vi VxyeB

Example:2.5 [5]
Consider the graph G with V={1,2,3,4,5} and E={12,13,23,24,35,45}. Let A be the intuitionistic

fuzzy set on V and B be the intuitionistic fuzzy set on E.
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By routine computation of G:(A, B), it can be observed that E:(i, B) =G :(A B).
Definition:2.4 [6]

A TFG is called strong IFG if pg(xy) = pa(X)Apa(y) and vg(xy) = va(X)v va(y).
Definition:2.4 [9]

An intuitionistic fuzzy graph is self-complementary if G is isomorphic to G. (i.e.) G = G.

3. Operations on Intuitionistic Fuzzy Graphs:

In this section, the operations Union, Sum and Cartesian product on IFG are redefined. In [6] and
[9] the authors have analyzed on the operations of IFG with non- intersecting vertex sets of two
graphs G; and G; [vinv,=¢]. In this section, we define the operations “U”, “+” and Cartesian
product between two IFGs Gi:(A; B;) and G2:(A2 B;) which has one or more vertices in

common between G; and G,. The operations “U” and “+” are found to be complementary to
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each other and are substantiated with relevant examples. Also it has been shown that Cartesian

product is distributive over union.

Definition: 3.1
Let G1:(A1, B1) and G3:(Az, By) be two IFGs with one or more vertices in common. Then the
union of Gy and G is another IFG G:(A, B)=G; U G, defined by,

via(X) V xeA;
VZA(X) \v XEAZ

(X)) VxeA;

(1) pax) = { and va(x) = {

B, (X) V XeA;

ng(Xy) VxyeB;
Hp(xy) VxyeB;

vip(xy) VxyeB;

and - ve(xy) = {VZB(xy) v xyeB,

(if) pa(xy) = {

Definition: 3.2
Let G1:(A1, B1) and G3:(Az, B) be two IFGs with one or more vertices in common. The sum
G1 + G is another IFG G:(A, B) defined by,

. 1y (X) VXEAI
0 “A(X):{uzi(x) v xe,

via(X) V xeA;

and VA(X) = {VZA(X) \vd XEAZ

ng(Xy) VxyeB;
Hz(Xy) VxyeB;

(iii) There exists a strong edge between every pair of non-common vertices in G; and G..

vip(Xy) VxyeB;

and - ve(xy) = {VZB(xy) v xyeB,

(ii) ps(xy) = {

Remark: The condition (iii) in above definition can be explained as follows:

If G = {v1, v, v3, va} and G, = {3, va4, Vs, Ve}, the vertices vz and v4 are common in Gy and G..
Hence there exist edges between vertex pairs (vi, vs), (v1, ve), (v2, vs) and (v, ve). These edges
are strong implies their membership is the minimum of memberships of their adjacent vertices

and non-membership is the maximum of non-membership of their adjacent vertices.

Example:3.3
Consider two IFGs Gi:(A;, B1) and G:(Az, By) with corresponding vertex and edge sets
A ={1,2 3} A ={1, 2,4,5}, B; = {12, 13, 23} and B, = {12, 14, 25, 45}.
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(0.4,0.1) (0.3, 0.4)

{0.6,0.2) 2 5 (0.4,0.5) (0.6,0.2) 4 5 (0.4,0.5)

Fig. 7 G, U G, Fig.8 G; + G

(0.3,0.4)

(0.6,0.2) 4 5 (0.4,0.5) {0.6,0.2) 4 5 {0.4,-0.5]

Fig.9 G, U G, Fig. 10 G, +G,

From the Fig. 7 and Fig. 10, G,U G, =G3+G, and from Fig: 8 and Fig. 9, G, + G, = G;UG,. This
result holds true for all types of IFGs. Hence “U” and “+” are complementary to each other
according to our definition for union and sum of IFGs with one or more common vertices. As a
special case of the above statement, if both the IFGs have the same set of vertices, then the

following theorem holds true.

Theorem: 3.4
If G1:(A1, B1) and G;: (A, B,) are two IFGs, then G; U G, = G; + G if and only if A; < A or
A2 c Al.

Proof: Let G; U G, = G; + G, then, condition (iii) of definition: 4.16 is zero.
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= There doesn’t exist any non-common vertex between G; and G,. Hence either of the vertex
set should be the subset of the other. .. Ajc Az or A; < As.

Conversely, if A; < A or A, < A; then from definition: 4.15 and definition: 4.16 it is obvious
that G; U G, = G; + Ga.

Theorem: 3.5

Let G1:(A1, B1) and G2:(A, B,) be two IFGs with one or more common vertices in G; and G,
then (a) G, + G, = G1 U Gy
(b) G, UG, =Gy + Gy
Proof: Consider the identity map I: ViUV, —» V1UV,.
To prove (a) we have to show that,
@) () (y F )0 = (Hia U T2a)(X) (i) (Via + V2a)(X) = (Via U Vaa)(X)

() (i) (uyp + 1) (xY) = (1 H2s)(Xy) (i) (Vi + v2)(XY) = (Vis L Vag)(XY)

(1), (i): consider (u,, + p,)(X) = (A + p2a)(x) [ by definition of complement]
A {plA(x) V xeA,
n,(x) VxeA,
= Ha(X) Y pza(X)
= ma(X) U Hza(X)
= (1A Y H2a)(X).

(ii): Similar to above proof it can be shown that (vi5 + v24)(X) = (Via U Vaa)(X).

(2), (i): Consider

iy F Hpg)(XY) = { (g + o) 00 2 (g 1)) = (yg +11pp) () 5xy<B
1B 2B

(yp + 10000 A (g + 15,0 (Y) ;xyeB

_ { [ty GO, COTA [y, (DO, (V] — (kg + 1,5) (XY) 5 xy€B
(1A () U sy A KA [y 4 () U iy s D1y g (xy) ;xyeBy
TN CIACRTAN I N TN CO RSATINCOIRTINCND) ;xyeBy
[HlA(X) o P-zA(X)]/\ [H]A(Y) o P-zA(Y)]' [H]A(X)/\HzA(Y)] ;x€Ap and yeA2
[HlA(X) o P-zA(X n [P-]A(Y) o P-zA(Y)] xye¢B
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( [MlA(X) A MlA(v)]—ulg(XV) Xy€Bq
(a0 A By a (V)] —Hpg (XY) ;Xy€By
= 9 [MlA(X) A MZA(V)]_ [M]_A(X) A MZA(V)] ;Xx€A7 and YEA,
[MlA(X) A HlA(V)] ;Xy€Bq
\ (1A 0O A oA (V) Xy €Bo
( [MlA(X) A MlA(y)]_ulg(xy) XyEBy
_ [“1A(X) A H]_A(y)] Xy €B1
") A 00 Ay (D] —Hop (xy) ;Xy€B;
\ [HZA(X) A HZA(V) ;Xy€B)o

H]_B(Xy) ;Xye Bl
EZB(Xy) y XY € BZ
0 ; Xy B, and B,

(Has U H2B)(XY).

(i1): (vig + v28)(XY) = ( Vis U V2g)(XYy) can be proved similar to (2), (i).

Definition: 3.6
Let Gi: (V1, E1) and Ga: (V2, E2) be two intuitionistic fuzzy graphs then their Cartesian product
G1x Gy is an intuitionistic fuzzy graph G:(V, E) with
V = {(x,) | for all xeV; and yeV,} and
E = {(xu, yv), (xv, yu) | for all xyeE; and uveE,} where

i pa(xy) = min{pa(x), pa(y)} and va(x,) = max {va(x), va(y)}

il pe(xu, yv) = pus(xv, yu) = min{ps(xy), pg(uv)} and

ve(Xu, yv) = vg(Xv, yu) = max {vg(Xy), vs(uv)}.

Example: 3.7 1(0.3. 0.6) a0, 1)

(0.3, 0.5) (0.2, 0.6) (0, 0.4)

(0.6,0.1)
3 (0.6, 0.2) 2(0.7,0.2) b (0.7, 0.3)
G1:(V1, E1) G2:(V2, E2)

©2017 RS Publication, rspublicationhouse@gmail.com Page 39



International Journal of Advanced Scientific and Technical Research Issue 7 volume 3 May-June2017
Available online on http://www.rspublication.com/ijst/index.html ISSN 2249-9954

1a (0,1) 1s (0.3, 0.6)

(0, 0.5)

3 (0, 1) 3. (0.6, 0.3)

Proposition: 3.8

Ghx G

Cartesian product is distributive over union. [i.e. (G1UG2)xG3z= (G1xG3)U(G2xG3) ].
Proof
I.  Letxye(G1uUG2)xGs
= XxeGUG; and yeG3
= xeGyor Gy and yeG;
= XyeG1xG3 0or XyeGyxG3
5 Xy€(G1xG3)u(GaxGs)
If Xy € (G1xG3)U(G2xG3) = Xye(G1xG3) or Xye(G2xG3)
= XeGj and yeG; or xeG, and yeG;
- XeGyor Gyand yeG;
- Xy€(G1UG,)xGs
- (G1UG,)xG3= (G1xG3)U(G2xGs)
ii.  Let (xu, yv) e (G1UG)xG3 = xyeG1UG; and uve G3

= XyeG; or xyeG; and uveG;
- (Xu, yv) e GixGgzor (xu, yv) e GoxG3
S (XU, yv) €(G1xG3)u(G2xG3)
If (Xu, yv) €(G1xG3)U(G2xGg)
(Xu, yv)eG1xGzor (Xxu, yv) e G,xG3
=XyeG; and uveGs or XyeG; and uveGs
- Xye(GruGy) and uveGs
(XU, yv) e (G1uG,)xG3
. (G1UG,)xG3= (G1xG3)U(G2xGs).
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Example: 3.9
Consider the following intuitionistic fuzzy graphs Gi, G, and G3 given below.
(0.6,0.2) (0.3,04) 0.4,0.5) a0, 1)
/
C (0, 0.4)
(0.2,0.) (0.1,0.1) /,
/
-
b (0.7, 0.3)
(0.6,0.2) 1 (0.2, 0.3) 2 (0.4, 0.5) (0.6,0.2) 4 (0.4,0.5) 5 (0.4,0.5)
G- (V1. E1n) G2: (V2. E2) G3: (V3. E3)
@3 (05,0.3)
/'/1 \\
/s 73
(0.5,0.3), N[(0.2,0.1)
// (0.2,0.3) \\
/ 2 (0.4,0.5)
(0.6,0.2) 1
(0.3,0.9)
(0.2,0.1) (0.1,0.1)
(0.6,0.2) 4 (0.4,0.5) S (0.4,0.5)
0.4.0.5)
> .09 52(0, 1)
56 (0.4, 0.5)

4 (0.6, 0.3)

3.(0, 1) 3, (0.5. 0.3)
0. 0.5)

(0, 0.4)
(G1G2)=G3
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3p (0.5, 0.3)

G1xGs

(0, 0.4)

1:(0.6, 0.3) 2:(0, 1) 2u{0:4

0.5) (0,04) 52(0,1)

56 (0.4, 0.5)
44 (0.6, 0.3)

(0, 0.5)

GaxG3

52(0, 1)

54 (0.4, 0.5)

« . 2
3. (0, 1) 35 (0.5, 0.3) 4(0.6.0.3)

(0. 0.4) (0, 0.5)
(G1%G3)A(G2xG3)
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From the above graphs it can be seen that (G1u G3) x G3= (G1x G3) U (G2x G3).

4. Conclusion

In this paper, the operation Cartesian product has been modified and the operations “U” and
“+” have been analyzed for the sets with one or more common vertices with relevant examples.
Further extension can be made for composition and intersection of two intuitionistic fuzzy
graphs. Also intuitionistic fuzzy lines, complete intuitionistic fuzzy graphs etc can be studied

based on our modified definition.
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