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Abstract :

In this paper we present the concept of orthogonal generalized higher rever
derivations on semiprime I'-ring, also we prove the following resultes if D, and G, a
orthogonal such that xayfz = xByaz , then the following relations hold:

(1) dn()a G, (y) = Gpn(x)a dn(y) = 0.
Qdn(a G, (y) = Gp(y)ad,(x) = 0.
3)d,G, = G,d, =0and g,D,, = D,g,, = 0.
In addition to demonstration other.
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1. Introduction:

The gamma ring is defined by Barnes in [2] as follows:

Let M and ' be two additive abelian groups, if there exists mapping M XI'Xx M - M
(sending(x, a,y) into xay) for all x,y,ze M and a,f €' , satisfying the following
conditions:

() (x+y)az = xaz + yaz
x(a + B)y = xay + xBy
xa(y + z) = xay + xaz
(i) (xay)Bz = xa(ypz)
Then M is called al" — ring.
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M is called a prime I' —ring if x TMI'y =0, implies x =0 or y=0, M is called a
semiprime I' — ring if x TMI'x = (0) with x € M implies x = 0, M is called n- torsion free
if nx = 0 for x € Mimplies x = 0, where n is positive integer.

F.J. Jing in [5] defined a derivation and Jordan derivation on I' — ring as follows: for all
x,y € M and a € T, then the additive mapping d: M — M is called a derivation if d(xay) =
d(x)ay + xad(y) , and d is called Jordan derivation if d(xax) = d(x)ax + xad(x).

Y. Ceven and M.A.Ozturk in [3] defined a generalized derivation onT — ring M as follows:
for all x,yeM and a €T, then D(xay) = D(x)ay + xad(y) where d is assosiative
derivation with D .

M.A shraf and M.R.Jamal in [8] presented the concepts of orthogonal derivations on I' — ring
as follows let d and g are said to be derivations on I' — ring M then d and g are said to be
orthogonal if :

dx)IMTg(y) =(0) =g@)I'MTId(x) forall x,y € M

A.H. Majeed and N.N Suliman in [7] defined orthogonal generalized derivations on I' —
ring M as follows: let M be a I — ring two generalized derivations D and G of M associated
with two derivations d and g of M, respectively are said to be orthogonal if

D(x)IMI'G(y) = (0) = G(y)TMI'D(x) forall x,y € M.

K.k.Dey, A.C. Paul and I.S. Rakhimov in [4] defined reverse derivation on I' — ring M as
follows for all x,y € M and a € I' the additive mapping d:M — M is called reverse
derivation if d(xay) = d(y)ax + yad(x) , and their defined the
orthogonal reverse derivation as follows let d and g be two reverse derivations on M if

d(x)I'MI'g(y) = (0) = g(y)TMI'd(x)for all x,y € M.

S.M. Salih and M.R. Salih in [10] defined generalized reverse derivation on I' — ring M as
follows: let M be a I'—ring and f:M — M be an additive mapping then f is called
generalized reverse derivation on M if there exists a reverse derivation d: M — M such that

fxay) = f(y)ax + yad(x)

M.R. Salih in [9] introduced the concept of higher revers derivations on I' —ring M as
follow: let D = (d;);en be a family of additive mappings of I' — ring M into itself, then D is
called a higher revers derivation of M if for every x,y € M, and a € I" then d,,(xay) =
Yi+j=ndi(y)ad;(x) and defined generalized higher revers derivation as follows: let M be a
I' —ring and F = (f;);en be a family of additive mappings of M such that f, = id,, then F
is called generalized higher revers derivation no M if there exists higher revers
derivation D = (d;);ey ON M such that forever x,y e M,anda €' ,n € N

fay) = ) fi)ad;®)

i+j=n

In this paper, the definition of orthogonal generalized higher reverse derivations on T' —
ring M and we also investigate conditions for two generalized higher reverse derivations to
be orthogonal, also we will extend these results to orthogonal generalized higher revers
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derivations on T — ring M and obtain some results parallel to these earlier obtained by N.
Argac, A. Nakajima and E. Albas in [1].

2. orthogonal generalized higher reverse derivations on I'-rings

In this section we present the definition of orthogonal generalized higher reverse
derivations on gamma rings as follows:
Definition (2.1): let M be a I' —ring, two generalized higher revers derivations D =
(D))ien @and G = (G;);ey On M are called orthogonal if foreveryn € N, x,y € M then

Dy (x)TMI'G,,(y) = (0) = G, (y)TMI'D,,(x)
Where

D(OTMIG,(y) = )" Di(ITMIGy(y) = (0)

=1

Example (2.2):

Let M be I' — ring and d= (d;)ien » 9 = (gi)ien b€ two higher revers derivations of
M,weput M=M@M and ['=T @I then the mappings d = (d;)iey and § = (§:)ien
from M into itself which are defined by:

dn((x, 7)) = (dn(x),0) and g,((x,5)) = (0,g,(»)) , for all (x,y) € M are higher revers
derivations of M moreover if (D, d,,) and (G,, g,,) are generalized higher revers derivations
of M and we defined mappings D = (D;),. . G=(G),., on M by D,((xy)=

(D,,(x),0) and Gn((x,y)) = (O, Gn(y)) ,forall (x,y) € M.

Then (D, d,,) and (Gy, g,) are generalized higher revers derivations of M and D, , G, are
orthogonal.

Lemma (2.3):[6]

Let M be a 2- torsion free semiprime I' —ring and a,b the elements of M if for all
a, f € T, then the following conditions are equivalent:

() aaMpb=(0)
(i) baMpa=(0)
(i) aaMpBb+tbhaMBa =(0)

If one of these conditions are fulfilledthenaab=baa=0forall a €T .
3. The Main Results:
The main results of the present paper states as follows:

Theorem (3.1):

Let D = (D);ey and G = (G;);eny be generalized higher revers derivations of a 2-torsion
free semiprime I'-ring M, and d= (d;)ien » 9 = (9i)ien are higher revers derivations , where
D, G,, are commuting mappings if D,, and G,, are orthogonal such that xayfz = xByaz.
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Then the following relations hold:
() Dp(x)aG,(y) = Gn(x)aD,(y) =0
Hence: D,,(x)aG, (y) + G,(x)aD,,(y) =0, forallx,y € Mand a €T.

Proof: By the hypothesis, we have D,,(x)azB G,(y) =0 forall x,y,z€ M and a, 8 € T by
Lemma (2.3)we get.

Dy (x)aGy(y) = Gu(x)aDn(y) =0
Hence: D, (x)aG,(y) + G,(x)aD,(y) =0

(i) d,, and g,, are orthogonal higher revers derivations and

D,(y)ad,(x) =
G,(x)ad,(y) =0 ,forall x,y e Mand a € T.

proof:
since by (1) we get
Dn(x)aGn(y) =0= Gn(x)aDn(y)
D Dix)aG() =0

replace x by xfz we get

> DixB2)aG,() = 0
i=1
> D) ()aG) = 0
i=1

> 46, D7) = 0

Replace D;(z) by d;(x)aG;(y)

> 406 fi(0)aGi(y) = 0

Replace g by pmy

n
> di()aGi ) pmy d()aGi(y) = 0
i=1
since M is semiprime

i=1di()aG;(y) = 0dy(x)aGp(y) = 0 e (D)
Page 174
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since G, is commuting mapping therefore
Gn(x)adn()’) =0 ... (2)
from (1) and (2) we get

dp(0)aG(y) = G, (y)Bd,(x) =0

(iii)g,, and D,, are orthogonal higher revers derivations and g,,(x)aD,(y) = D,,(y)ag,(x) =
0, forall x,y € Mand a €T.

Where g,, is commuting mapping.

proof:

since Dy, (x)aGp(y) = 0 = Gp(x)aD, (y) by(i)

> GapDan () =0
i=1
> 6@Bgi D) = 0
i=1

> DIBgEaG() =0
Replace Gi(2) by D;(y)BG;(x)
> DOBGED(IEG(x) = 0
i=1

> Diy)Bgiamy DB i) =0

since M is semiprime

> Di)Bgix) =0

> 9iBD () = 0

gn(x)aD(y) =0 (D)
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since g, IS commuting mapping.
Therefor D,,(y)ag,(x) =0 ..(2)
From (1) and (2) we get
In(X)aD,(y) = Dp(y)agn(x) =0
(iv) d,, and g,, are orthogonal higher revers derivations.
Where d,, and g,, are commuting mappings.
proof:
since by (i) we get

Dp(x)aG,(y) = 0 = G,(x)aD,(y)
> Di@aGi() =0
i=1

> DiapRaG(yow) = 0

> DB G W) gi ) = 0

> 4 B giamy di(x) B gi(y) = 0
since M is semiprime
> 4 B i) =0

Hence d,, and g,, are orthogonal.
(v) d,G, = G,d, =0and g,D,, = D,,g, =0

proof:
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since by (ii) we get

dp(x)aG,(y) =0

D diagi») =0
D 6i(di()aGi() = 0

D 6(6:3))agi(d:(0) = 0

Z Gi(d;(x))ag;(G;(x)) = 0
i1

> 6i(di(0)aGi(g: () = 0
> 6i(d:0)azp 6,(di(x)) = 0
i=1
since M is semiprime
Z Gi(di(x)) = 0G,d, =0

since by (ii) we get

Gn(x)adn(y) =0

Y Giadiy) =0
> di(Giad;i(») = 0

idi(di(}’))a(di((;i(x))) 0
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Z d;(G;(x))ad;(G;(x)) = 0
i=1
Z di(G;(x))azp d;(G;(x)) = 0

since M is semiprime

n

Zdl (6 @) =0dyG, =0

i=1
and
since by (ii) we get

gn(X)aDp(y) = 0

> gian() =0
i=1
> Dilgian ) =0
i=1
Z D;(D;(»))ad;(gi(x)) =0
i=1
Replace D; (y )by g;(x)and g;(x) by D;(x)
> Di(g:0)ady () = 0
i=1

> Di(gu(0)abi(di() = 0

Z D;(g:(x))azBD;(g;(x)) = 0

since M is semiprime

Page 178 ©2017 RS Publication, rspublicationhouse@gmail.com



International Journal of Advanced Scientific and Technical Research Issue 7 volume 3 May-June2017
Available online on http://www.rspublication.com/ijst/index.html ISSN 2249-9954

Z Di(g9;(x))=0Dpg, =0
i=1

and

since D,(x)ag,(y) =0

Z Di(x)ag;(y) =0
> a(D:agi () = 0

zn:gi(gz(y))agi(Di(x)) —0
i=1
Replace g;(v) by D;(x) we get
Zn:gi(Di(x))agi(Di(x)) —0
Zn:«gi(Di(x))azﬁ g:(D;(x) =0
since M is semiprime -
S al0) =00, =

(vi) D,,G,, = G,D,, =0
Proof:

since D, (x)aG,(y) =0

> Di@aGi(y) =0

Z G;(D;(x)aG;(y)) = 0
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> 6(6i)ag (D)) = 0
i=1

z Gi(G:(y))aD;(g:(x)) = 0
i—1

> 6(Di)adi(6:() = 0

> 6i(Di()aG (D)) = 0
i=1

> G0z G,(D,()) = 0

since M is semiprime

Zn:Gi(Di(X)) =0

Therefore G,D, =0
since G,(x)aD,(y) =0

> G abi(y) = 0
zDi(Gi(x)aDi(}’)) =0
Z D;(D;())ad;(G;(x)) = 0

Z D;(D;())aG;(d;(x)) =0

Page 180 ©2017 RS Publication, rspublicationhouse@gmail.com



International Journal of Advanced Scientific and Technical Research Issue 7 volume 3 May-June2017
Available online on http://www.rspublication.com/ijst/index.html ISSN 2249-9954

z D;(Gi(x))aG;(D;(x)) = 0
i=1

z D;(Gi(x))aDi(G;(x)) = 0
i=1
Z D;(G;(x))azp D;(Gy(x)) = 0
since M is semiprime
Z Di(Gi(x)) = 0D,G, =0
i=1

Lemma(3.2):

Let M be a semiprime I"-ring, let U be an ideal of M and V=Ann(U), if D = (D;);en IS
generalized higher revers derivations associated with d = (d;);ey higher revers derivations
of M and d,, is commuting mappings such that .

D,(M),d,(M) c U, thenD,(V) = d,(V) =0
Proof:
If € V, then xaU = (0)
by the hypothesis we have
d,(M) c Ud,(U) , hence forall y e U

0= D, (xay) = ) Dy(y) ad;(x)
i=1

> DiypRadi(x) = 0

> D) Bei(y)adi(x) = 0
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d;(x) by D;(x) we get

> DB diy) abix) = 0
i=1

since M is semiprime Y/~ , D;(x) = 0D, (x) =0
sinceD,(x) eUNV wegetD, (V) =0
Similarly:
If €V, then xaU = (0)
D,(M) c UD,(u) c U

Hence d,,(xay) = 0
n
> di adi(x) =0
i=1

> diypadi(x) = 0

> i) pi(adi(x) = 0
i=1

since M is semiprime };i-, d;(x) =0
d,(x) eU NV we get

d,(x) =0 then d,(V) =0
Lemma(3.3):

Let D =(D;);enybe generalized higher revers derivations of semiprime T'-ring M
associative with d = (d;);ey higher reverse derivations.If D, (x)aD,(y) =0 , for all
Xx,yEM,a€el'.ThenD, =d, =0

Proof: by the hypothesis , we have

®.D;(x) a D;(y) = 0, replace y by xBy

> D) a Dyxy) = 0
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n
> D@ a Di(3)Bd;(x) = 0
i=1
n
D i) a Di(Fdi(x) = 0
i=1
Since M is semiprime
n
Zdi(x) —0d,=0
i=1
by hypothesis , we have
n
> Di@an) =0
i=1
replace x by xfy we get

D DixB)aDi(y) = 0

> D) i) a Di(y) =0
i=1
since M is semiprime
> D) = 0D,() =0
i=1

WegetD,=d, =0
Theorem (3.4):

Let D = (D;);eyand G = (G;);ey be generalized higher revers derivations of a2- torsion
free semiprime T'-ring M, and = (d;)ien, 9 = (gi)ien are higher revers derivations. Then
D,, andG,, are orthogonal iff for all ,y € M , then

@) Dp(x)aG,(y) + Gp(x)aD,(x) = (0)
(b) dn(x)aG,(y) + gn(xX)aDy(x) = (0)

Where D,, , G,, are commuting mappings.
Proof:

Suppose that D,, , G,, are orthogonal.
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To prove (a)
Then Y1, D;(x)azB G; (y) =0, forall x,y,ze Mand a,B €T.

By Lemma(2.3) we get
> D@6 ) = ) Gi@a B = (0)

Thus ¥i2; Di(x)a G; (y) + Xiz; Gi(x)a Di(y) = (0)
Hence i, D;(x)aG;(y) + Gi(x)aD;(x) = (0)
Now, to prove (b)

since D, (x)aG, (y) = (0)

> Dia G () = (0)
> di(Dia Gi(»)) = (0)

> di(G)) @ di(D:) = (0)

Replace D;(x) by G;(x)

> di(6) @ di(6:(0) = ©
i=1

> 460 a Gi(di@) = ()
Replace G;(y) by x and d;(x) by y we get
> di@a6i) = (0)

dyp(¥)aGn(y) = (0)

and

since G,,(x)a D, (y) = (0)

Y G@ane) = O
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> 91(Ga n»)) = (0)
i=1

Zgz(Di(y))agi(Gi(x)) =0
i=1

Replace: G;(x) by D;(y)

Z 9:(Di)agi(D;(»)) =0

Zgi(Di 0))aDi(g:(») = 0
i=1
Replace: D;(y) by x and g;(y) by y we get
> 9@ a i) = 0)

Hence g, (x) @ D,(y) = (0), we get
dn(X)aGn(y) + gn(x) a Dy (y) = (0)

Conversely:
Suppose that (a)we get

Dy ()G, (y) + Gy (x) a Dy (y) = (0)

> DB @ G + Giypx)a Di(y) = (O)
i=1

zn: D;(x) B di(y)aG;(y) + G;(x)B 9:(y)a D;(y) = (0)
i=1
Replace: g;(y)by d;(y) we get
Zn:Di(x) B di(y)aG;(y) + Gi(x)p d;(y)a D;(y) = (0)
By lemma (2-3) we_get

Di(x)p d;(y)a G;(y) =0

n
i=1
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> 60 da D) = 0
i=1

D,, , G, are orthogonal.

Theorem (3.5):

Let D = (D;);eyand G = (G;);en be generalized higher revers derivations of a 2- torsion
free semiprime T'-ring M, and d = (d;);en, 9 = (g;)ien are higher revers derivations, then
D, , G, are orthogonal if and only if D,,(x)aG, (y) = d,(x) a G,(y) = (0) for all x,y e M
and a € I''Where D,, , G,, are commuting mappings.

Proof: Suppose that D,, , G,, are orthogonal.

since by Theorem (3.1) (i)we get

Dy (x)aGn(y) = (0)

> D@ a6 = ()
i=1
> di(Dia 6i(»)) = (0)

> di(6:0) @ di(Di)) = (0)
Replace: D;(x) by G;(x) we get

d; (GG d;(6:(x))) = (0)

i=1
Zn: d:(G;() a G,(d;(x)) = (0)
Replace: G;(y) by x and d; (x)l_by y
Zn: d; () @ G, (y) = (0)d,(x)aG,(y) = (0)

Conversely:
since D, (x) a G,(y) = (0)
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> DR a G) = ()
i=1
> D) B di()a 6() = (0)
i=1

D G B 4MaD ) = O

Hence

D D0 B di)a Gi3) = (0) = ) 6 f di()x D)

Thus D,, and G,are orthogonal.

Theorem (3.6):

Let D = (D;);enyand G = (G;);en be generalized higher revers derivations of a 2- torsion
free semiprime I'-ring M, associated respectively with higher reverse derivations d =
(d)ieny and g = (gi)ien, then D,, , G, are orthogonal if and only if D, (x)aG,(y) = (0) for
all x,y € M and d,,G,, = d,,g,, = 0, where G,,commuting mappings.

Proof: Suppose that D,, , G,, are orthogonal.

By Theorem(3.1) (i) we get D,,(x)aG,(y) = (0) and by(ii) G,(x) a d,(y) = (0)

> d(6ia di») = (0)
i=1

idi(di(”) ad;(G;(x)) = (0)
Replace: d;(y) by G;(x)and x l;; azf we get
Zn:di(Gi (0))azp di(Gi(x)) = (0)
Replace: 2 by d;(2)
i di(Gi(0))a di(2) B d;(G(x)) = (0)

since M is semiprime we get X7, d;(G;(x)) = 0
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dnGy = (0)
by Theorem (3.1) (iv)
d, , g, are orthogonal higher revers derivations.
Thus d, g, = (0)

Conversely:
Suppose that d,,G,, = 0

Z d;Gi(xay) =0
> d(6:»e gi) = 0
> di(gi@) adi(6:()) = 0

> di(gi) @ 6(di»)) = 0
i=1
Replace: g;(x) by x and d;(y) by y
> 4@ aGi(y) =0

d,(x) aG,(y) = 0, by(ii) we get

D,, , G, are orthogonal.
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