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Abstract

In this paper we obtain Bayesian estimator of the scale parameter for
the Inverse Weibull distribution under two priors distributions using
Quasi prior and Gamma distribution have be assumed for posterior
analysis .The estimation has been made under double type Il censored
samples and three different loss functions ( squared error, De-Groot, and
Percantionary loss function),we used the simulation be generate random
variables baised on Monte — Carlo simulation study, these estimators
compared depending on MSE.

A
Introduction

The Inverse Weibull distribution ( IWD ) plays an important role in
many applications including the dynamic components of diesel engines,
and the time to break down of an insulating fluid subject to the action of a

constant tension.[8]

It is an important life time model in reliability and survival analysis
which can be used to model a variety of failure characteristics such as
infant mortality, useful life, wear out period, electron tubes. It can also be
used to determine the coast effectiveness and maintenance periods of
reliability centered maintenance activetise[7].
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Additional results on the inverse Weibull distribution including work on
reliability and tolerance limits, Bayes 2-sample prediction, and maximum
likelihood and least squares estimation are given Dby: [see(1,3,4,)]

A random variable X , is said to have Inverse Weibull distribution
with two parameters if its pdf is given by:

f(X;a, 1) = ate™ " x (@) X>0,,A>0  oreen, (1)

Where A and a are the scale and shape parameters respectively.
The cumulative and Reliability distribution function are given by:

F(X)=e™" (2)

R(x)=1-e™" (3)

Bayes method

The Bayesian statistics began in 1763[10] ,the model that the
unknown parameter( A ) as random variable , and prior distribution said
p(L). Let
X1 Xp,.....Xn ~ 1.1.d. with f( x/A ) , the Bayesian views the density of each
data observation as conditional density, which is conditional on
realization of the random variable A , then the postierior density given by:

f (xI2)p(1)
f (xI1) p(A)dA

p(Alx) = I

A

Is the likelihood function , then the posterior density: f(x/A) Note that

L(x/2).p(A)
f(x/A).p(A)dx (4)

p(A/x) = i

VA
Here used the Bayesian estimation under two prior functions for the
scale parameter().), Quasi and Gamma functions with double type II
concord samples as:[2]
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n! s
L(A/Xx) = FIX))TA-F(X )" T f(X,A) oo 5
(21%) ((r_l)!(n_s)!j( () A= F O T (%,4) (5)
X1<X2<. . ..<Xr_1<Xr<Xr+l<. . .<X3<Xs+1< ...... <Xn

where a loss function L( 1", 1) represents losses incurred when we
estimate A, there is always some difference observed between the
estimate and the parameter [9]. If we fix A , we might get different values
of the estimator, if L = A" there is no loss, if it is less than ,we call it under
estimation ,on the other hand if it is more , we say it is over estimation.

They are many types of loss function, in this paper we used three
types (squared error, De-Groot, and Precautionary loss function).

I-Bayesian estimator for scale parameter ( A ) under doubly type 11
cencored data:
By eq.[1,2 and 5] :

e s Ay (e —AX{ yr= — X% \N-s
(D g LI (@ X ET) T A

L(A/X) =
Now :

15[( aie " X;(a+1)) gty & 131 (@)
i

let m=s-r+1 and rewrite ililrxi(‘“l) as:

exp(zs:ln x Y = exp[—(« +1)i|n X

and let thisamount= Q,
then:

n! m am —A(Zslx(%r(r—l)xi"’) —A%s“ yn—s
N E TR =)

L(A/X) =

(1—x)* =D C3(—1)’x! For binomial property : then:
i=0
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(1—e ™) ZC” (=Dl | we get:
n! —/I(Zx‘“+(r -1)%,%) n—s A
L(A/Xx) = a" e Ci—(-D'e
(4/%) (r—l)!(n—s)!Ql Z D’
n! < ;
L(A/x) = a™ C"(=DiATe™ L 6
(A1) = e @ ZCT D (6)

where: Q=) x“+(r—-1)x“+ jx

The posterior d}stribution under Quasi prior : 1)
The Quasi prior is define as [7]:

p(ﬂt):}t—lk AK>0 (7)

then by equation (4)(5)and(7) :

n! n—s j m o —4Qj _
j(r DI S)!Q ;c (-1 A ame ™da =

n! m— k —AQj
(r—l)!(n—s)' JZ(;( —1)! jg, Rda

and the posterior distribution under this prior is given by :

3 Cre (1) A ke @
Alx)y=-=>_ 8
P = T ket ®)
ZCi (_1) m—k+1
=0 Q;
by Ix“’le’ﬂxdx 0

0

o

Now the bayes estimator for A and risk function under Quasi prior use
the three loss functions as:

a. Squared error loss function: The
bayes estimator for A and risk function using squared error loss function

are[2]:
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/13 = E(/l / X)
So:

E(A/X) :I/Lp(/llx)d/i

n-s 2
C;l—s (-1) j j‘ /fim—k+1e*/1Q,- da
Asq =22 : "
ZC?_S (_1)j o ;—k+;|_1
i Qj;
~ s I'm—-k+2
. > CIe (-1’ TorkE
. Aso =22 1 L 9
5Q = s jI'm— k+1 ©)
ch (_1) m—k+1
j=0 Qj

then the risk function will be:

R = E(2/x) —[E(A/X)T

L . I'm—-k+3
Zci (_1)J Qm—k+3
E(?/x) =12 !
s jIm—k+1
ZCJ (_1) m—k+1
j=0 Qj
2
=S s Im-k+3 | & ... I'm—-k+2
Zci (_1)J m—s+3 ZCJ (_1)1 m—k+2
.Rgg =22 Q; —| 2 I I .(10)
Sepeny MoK Sy Tk
j=0 Qj j=0 Q;

b. De Groot loss function:

The bayes estimator for A and risk function using De Groot loss
function are:
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~ EMX)
Ao =——"2
E(1/x)
then:
= s I'm-k+3 &S .. I'm—-k+1
20 s 2G0T e
/AIDQ _ i=0 Qj j=0 Q;
L= ITm-k+1 & .. I'm—k+2
2CEY s 2O e
i Qj =0 Qj
= s I'm—k+3
A ZCJ (_1)J Q m-k+3
Aog = 20 j T 11
T s s jIm—k+2 (D
Zci (1) m—k-+2
j=0 Qi

and the risk function will be:

A2 n

Rog = Aoe E(A/X) =2 255 E(A/x)+1
2
- EADO ey o2 EAIN Ei
E(Z/%) E(Z/%)
CEMA/X)’ L E(A/X)
E(Z/x) E(ZIx)
. EG/%?
E(2/x)
2
s I'm—-k+2 = ~nos I'm—-k+1
DO CiCD'  ia
_q_| i Q; =0 Qj
< iIm—-k+1 | | S i I'm—-k+3
C(-Y' i Ci(-) s
; ] Qj k+1 ey ] Qj k+3
2
= s I'm—-k+2
|:ZCJ (_l) ! Qm_k+2 :I
Rpg =1- = ’ (12)

'S n-s I'm—-k+1| & s Im-k+3| T
ch ) —F ZCJ_ (- 2R
1=0 QJ =0 Q].

c. precautionary loss function:
The bayes estimator for A and risk function using precautionary loss

function are:
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A :[E(/lzlx)]%

1

s o Tm—k+3]?
“ ZCJ (_1)J Qm—k+3

Ay = | 22 L 13
PQ 7| ns Tm—k+1 (13

Ci(D' S
J-_ZO ] QJ k+1

and the risk function will be:

Rp = [E(A%/x)]" -2 E(Mx) + [ B( A/ ) T E(A%/x )]

1

1
S s I'm—-k+3 2 & .. I'm-k+2 | &S .. ITm-k+3|2
2O g | XY T e | XD

_ = Qj _2j=0 Q;n—k+2 . par J Q;n—k+3
S s I'm-k+1 < ns I'm—-k+1 = s I'm-k+1
>.C (1)JW >.C Fl)lw 2.C Vl)’w
=0 i j=0 j j=0 i
= s I'm-k+3
CJ ( 1)J m—k+3
j=0 QJ
= s I'm-k+1
C A
j= Qj
1
_ 2 n-s . _
Sy MRS S gy MoK 2
: =0 Qj i-0 Q;
" Rpg =24 — | -2 o (14)
ZCF_S(_]')J m—-k+1 ZCH S( 1)J m—-k+1
] Q; Qi

i

I1) the posterior distribution under Gamma prior:
The Gamma prior distribution define as :[1]

f(4)= ba 2™ A>0 . (15)
thenby eq.(6),(15):

nlQ,a™ O s iamo—aq, B o b
L(A/x)f(A)dA = 1 C'"(=D'A"e ™ — A* e ™dA
! (A0 1A) (r—1)!(n—s)!j§ D Ia

and the posterior distribution by equation(4) given as:
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. j ~(b+Q))2
Zc?—s (_1) j lm+a—1e +Qj
P(A/x) =22 e (16)
ZC n-s (_1)1' o lm+a
i
i (b+Q;)™*

Now the bayes estimator for A and risk function under Gamma
prior use the three loss functions as:

a. Squared error loss function: the
bayes estimator for A and risk function using squared error loss
function are[2]:

A's=E(NMx)
21! TS
dse =12 Q8 (17)
C’."S(—l)j I'm+a
= J (b +Qj)m+a

where the risk function given by :
R, = E(X/X)-[E(A/ X))

= A~ nes I'm+a+2 = A~ nes . I'm+a+1
ZC ( )J (b+Q )m+a+2 ’ Ci (_1)J (b+Q )m+a+l
SRy =2 J e LS (18)
- cns . I'm+a = ~nes i I'm+a
e e DY e
i—0 (b+Q;) j=0 (b+Q;)

b. De Groot loss function:
The bayes estimator for A and risk function using De Groot loss
function are:

n 2
do = E(A°/x)

E(1/X)
then:
= I'm+a+2 & I'm+a
B L
EDG_ZO T gy &C (b+Q))
s I'm+a I'm+a+1
C P (_1) : (kA \m+a ” ) ( ) : m+a+!
= (b+Q;) ,Zo (b+Q;)™*"
ZS: ns( 1) I'm+a+2
. ﬁDG _ = (b+Qj)m+a+2 (19)
.. n S nis(_l)j Fm+a+1 -------------------
= J (b+Qj)m+a+l
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Where the risk function given by :

/\ -1

Rp GE(ZZ/X) 2/1DG E(A/x)+1

_ __E(i/x)
E(2/X)
then:
2
< i I'm+a+1
Cro(-1l 8t
|:JZ::; J ( ) (b+Qj)m+a+lj|
“Ryg=l-p o-——H—— S (20)
- . I'm+a L i I'm+a+2
Cim(=D e | 260D e
[,Z;‘ : (b+Q;) Izc; ’ (b+Qj)™*
c. Precautionary loss function: The
bayes estimator for A and risk function using precautionary loss
function are:
A 1
e =[E(A2 I X)]?
1
S - I'm+a+2 |2
Cre(-yl 2T
A ; J ( ) (b+Q')m+a+2
SoAre = | ij ...................... (20
> ey
i (b+Q;)
And the risk function given by:
A /\_1
Rp = Arc—2E(A/X) + Arc E(A2/X)
1
=2[E(221X)]? —=2E(A/X)
1
ECT“S(_l)jm+—aﬁi ? EC?_S(—l)jm—i——a;il
Rpg =2 2 (b+Q)) 5| i (b+Q)) 99
oRe I'm+a = . I'm+a | 77 (22)
ZC" D e 2C D
(b+Qy) i=0 (b+Q;)

Page 136 ©2016 RS Publication, rspublicationhouse@gmail.com




International Journal of Advanced Scientific and Technical Research Issue 6 volume 2, March. —April. 2016
Available online on http://www.rspublication.com/ijst/index.html ISSN 2249-9954

Simulation Results

In this simulation study , we generated values for r.v.'s of size
(n = 10,20,30,50 ) for (IWD) to represent small and large sample
size with the scale parameter (A =1.5,3,5)and[a =09 ,k=2,a=3,
b =0.8]) the parameters values of prior distributions.

The Monte — Carlo simulation study used to compare the best Bayes
estimator for scale parameter under two prior functions by using the
Mean Square Error (MSE) as an index for precision to compare the

capacity of each estimator , where :

D MR
MSE(A) = %

The results were summarized and tabulated in the following tables:
Tables( 1,2,3 ) represent the values of the scale parameter A we assumed
and the values we estimate for parameter and the risk function to show
whose of these estimators closer to the truth , where in tables (4,5,6 ) we
used MSE to show which estimator of the scale parameter is the best

under which loss and prior function for all sample sizes.

Table (1) the estimation value of A and risk function(R) with

A=150=09;k=2;a=3;b=0.8

n SQ DQ PQ SG DG PG
10 |A| 1.3357 | 1.5027 | 1.4168 | 1.7676 | 1.9149 | 1.8498
R| 0.2231 | 0.1111 | 0.1620 | 0.2604 | 0.0769 | 0.1444
20 | A| 1.3115 | 1.3938 | 1.3520 | 1.5395 | 1.6168 | 1.5777
R| 0.1080 | 0.0591 | 0.0811 | 0.1191 | 0.0478 | 0.0764
30 | A| 1.3356 | 1.3914 | 1.3632 | 1.4920 | 1.5454 | 1.5185
R| 0.0744 | 0.0401 | 0.0552 | 0.0796 | 0.0345 | 0.0529
50 || 1.4440 | 1.4802 | 1.4620 | 1.5441 | 15792 | 1.5616
R| 0.0523 | 0.0244 | 0.0360 | 0.0543 | 0.0223 | 0.0350
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Table(2)
A=3
n SQ DQ PQ SG DG PG

10 | A | 2.9518 | 3.3212 | 3.1311 | 3.4189 | 3.7040 | 3.5586
R| 1.0902 | 0.1112 | 0.3584 | 0.9748 | 0.0770 | 0.2794
20 | A | 2.9352 | 3.1191 | 3.0257 | 3.1999 | 3.3603 | 3.2791
R | 0.5396 | 0.0589 | 0.1811 | 0.5130 | 0.0477 | 0.1584
30 |A| 2.9207 | 3.0429 | 2.9812 | 3.1058 | 3.2171 | 3.1610
R | 0.3567 | 0.0401 | 0.1209 | 0.3457 | 0.0346 | 0.1103
50 |A| 3.0856 | 3.1629 | 3.1240 | 3.1970 | 3.2698 | 3.2332
R| 0.2383 | 0.0244 | 0.0768 | 0.2325 | 0.0222 | 0.0723

Table(3)

A=5
n SQ DQ PQ SG DG PG
10 | A | 4.7077 | 5.2969 | 4.9937 | 4.8012 | 5.2016 | 4.9974
R | 27739 | 0.1112 | 0.5719 | 1.9226 | 0.0770 | 0.3924
20 | A | 47223 | 5.0181 | 4.8680 | 4.7754 | 5.0145 | 4.8935
R | 1.3966 | 0.0589 | 0.2912 | 1.1421 | 0.0477 | 0.2362
30 | A | 5.0496 | 5.2601 | 5.1538 | 5.0424 | 5.2226 | 5.1317
R | 1.0627 | 0.0400 | 0.2083 | 0.9083 | 0.0345 | 0.1785
50 | A | 49899 | 51148 | 5.0520 | 4.9908 | 5.1044 | 5.0473
R | 0.6233 | 0.0244 | 0.1241 | 0.5668 | 0.0222 | 0.1129

Table (4)

The Mean and (MSE) with A =1.5

n SQ DQ PQ SG DG PG
10 | Mean | 1.4982 | 1.6859 | 1.5893 | 1.9268 | 2.0878 | 2.0057
MSE | 0.3101 | 0.4272 | 0.3569 | 0.5330 | 0.7573 | 0.6358
20 | Mean | 1.5032 | 1.5973 | 1.5495 | 1.7412 | 1.8284 | 1.7843
MSE | 0.1371 | 0.1642 | 0.1481 | 0.2144 | 0.2801 | 0.2448
30 | Mean | 1.4943 | 1.5566 | 1.5251 | 1.6580 | 1.7173 | 1.6874
MSE | 0.0848 | 0.0952 | 0.0890 | 0.1187 | 0.1478 | 0.1322
50 | Mean | 1.5045 | 1.5422 | 1.5232 | 1.6055 | 1.6420 | 1.6236
MSE | 0.0632 | 0.0681 | 0.0653 | 0.0786 | 0.0908 | 0.0843
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Table (5)
The Mean and (MSE) with A =3

n SQ DQ PQ SG DG PG
10 | Mean | 2.9642 | 3.3356 | 3.1445 | 3.3603 | 3.6409 | 3.4978
MSE | 1.1138 | 1.5213 | 1.2727 | 0.8863 | 1.2986 | 1.0673
20 | Mean | 3.0253 | 3.2147 | 3.1186 | 3.2607 | 3.4240 | 3.3413
MSE | 0.6115 | 0.7358 | 0.6632 | 0.5868 | 0.7519 | 0.6614
30 | Mean | 3.0189 | 3.1448 | 3.0812 | 3.1890 | 3.3031 | 3.2456
MSE | 0.3889 | 0.4426 | 0.4114 | 0.3874 | 0.4692 | 0.4246
50 | Mean | 2.9815 | 3.0561 | 3.0186 | 3.0907 | 3.1611 | 3.1257
MSE | 0.2423 | 0.2547 | 0.2484 | 0.237| | 0.2659 | 0.2504

Table (6)
The Mean and (MSE) with A =5

n SQ DQ PQ SG DG PG
10 | Mean | 4.9720 | 5.5950 | 5.2743 | 4.8420 | 5.2461 | 5.0400
MSE | 3.6361 | 4.9574 | 4.1661 | 1.2787 | 1.5319 | 1.3598
20 | Mean | 5.0267 | 5.3414 | 5.1817 | 4.9669 | 5.2156 | 5.0897
MSE | 1.7940 | 2.1414 | 1.9386 | 1.0385 | 1.1903 | 1.0974
30 | Mean | 5.0013 | 5.2100 | 5.1046 | 4.9738 | 5.1517 | 5.0620
MSE | 1.1370 | 1.2770 | 1.1953 | 0.7997 | 0.8802 | 0.8314
50 | Mean | 5.0008 | 5.1267 | 5.0634 | 4.9901 | 5.1038 | 5.0467
MSE | 0.6533 | 0.7022 | 0.6735 | 0.5319 | 0.5671 | 0.5461

For table(1) show that when A=1.5 and(n= 10,30) the estimator A with
De Groot loss function under Quasi and Gamma priors is the best while
in (n=20,50) the best one with square error loss function under Gamma
prior

For table (2) and when A=3 for all sample size the best value represent A
with square error loss function under Qausi prior, as well as in table (3)
when A=5 the same loss function and the same prior is the best .

Now for the risk function whith assumption values of (A-1.5,3,5) and for

all sample size (n=10,20,30,50) the sumallest value of the risk function
under Gamma prior.
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In table (4) and for A=1.5, shot heat the best estimator of the parameter
A whith sequare error loss function under Quasi prior and for all sample
size , where in table (5) when A=3 also the best estimator whith square
error loss function but under Gamma prior for all sample size except in
n=10 the best with precautionary under the same prior.
In the last table (6) in A=5, the best estimator with square error loss
function undere Gamma prior and for all sample size.

In general, we conclude that the best estimator of the scale parameter for
(IWD) is with square error loss function under Gamma prior in large
value of A=3 and 5, and the same loss function but under Qausi prior in

small value of A=1.5 and for all sample size.
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