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ABSTRACT
This research considers a continuous two-point hybrid for the general solution of second order
ordinary differential equations with initial value problem (IVPs). The approximate solution is

generated through power by the interpolation and collocation of the differential system. Taylor’s

series approximation was used to analyse and implement ), ; i=1...n—1 atx i = 0(1) 2. The

n+i?
method is found to be consistent and zero-stable. The numerical results show better efficiency and
accuracy compared to existing method of other authors.

Key words: initial value problems, Power Series, Interpolation, collocation, Taylor’s series, linear
multistep method.

1. INTRODUCTION

In this paper an initial value problems (IVPs) of general second order ordinary differential
equations (ODEs) of the form:

V' =&y na)=y,Y(@=p (1
f 1s a real valued function which is continuous within the interval. f satisfied the Lipstich

condition that guaranted the existence and the uniqueness of the solution equation (1). Many
problems in (1) may not be easily solved analytically. Hence, numerical schemes are often
developed to solve (1). We often reduced equation (1) to first order ordinary differential equations
which are used to solve them. The reduction appraoch has been discussed by several authors. To
avoid the rigour of reducing (1) to first order ordinary differential equations, authors proposed
linear multistep method to solve equaion (1) directly. Among such authors are Awoyemi (1999
and 2001), Awoyemi and Kayode (2005), Adesanya e tal, (2009), Badmus and Yahaya (2009).
According to Awoyemi (1999), continuous linear multistep method has greater advantages over
the discrete method in that they give better error estimation, provide a simplified coefficient for
further analytical work at different points, and guarantee easy appropriation of solution at all
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interior points of the integration interval. In Lambert (1973), he also discussed an optimal two step
method called the numerov’s method where he also solved it directly. Kayode (2011), proposed a
three-step one point hybrid method based on collocation at selected grid and off-grid points.
Among the authors that proposed continuous linear multistep methods are Awoyemi (2001),
Onumanyi e tal. (1994), Adesanya e tal (2009), to mention a few. These authors individually
implemented their methods with predictor-correct and block method, and adopted Taylor series
expansion to supply starting value. According to Adesanya (2012), the setback of the predictor
corrector method is that it is very costly as subroutines are very complicated to write because of
the special techniques required to supply starting values and for varying the step size which leads
to longer computer time and more human effort. The predictors they developed have reducing
order predictors. Hence, it affects the accuracy of the method. In developing numerical methods,
these factors must be taken into consideration.

a. The accuracy of the method

b. The cost of implementation of the method

c. Time taken to develop the method and

d. Flexibility of the method.

Also, various author developed the hybrid method. This method, while retaining certain
charateristics of the continuous linear multistep method, share with Runge-Kutta methods the
property of utilizing data at other points, other than the step point x ;= 0,1-.. » - 1. This method

is useful in reducing the step number of a method and still remain zero stable. Since the predictor
corrector method has not met the requirements above, hence there is a need to develop other
method to cater for the draw-backs. Therefore, scholars developed block method to cater for the
setback of predictor-corrector method. Among such authors are Awoyemi (2001), Jator and Li
(2009), Majid, Suleiman and Omar (2006), they all proposed block methods. But, in Adesanya
(2102), he stated that block method has a setback of not being able to exhaust all the possible
interpolation points because the interpolation points cannot exceed the order of the differential
equation. With all this drawback, Bolarinwa e fal. (2013), proposed Taylor series approximation
method to improve on the setback usually faced with Predictor-Corrector and Block methods. In
this research, we development a two point hybrid linear multistep method based on collocation at
selected grid and off-grid point is developed for the direct solution of second order initial value
problems of ordinary differential equation using hybrid method ;- o0,1... » -1 with Taylor’s

series being used to analyse and implement the method to improve on Bolarinwa e tal (2013).

2. The Method

A hybrid two-step implicit method is proposed as:
(r+i)-1

Y@= ay @

Which is a power series with a single variable x and (r+l') is the sum of the collocation and

interpolation points.
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where ,— parameters to be determined

» —number of collocation
I — number of interpolation

The first and second derivatives are
(r+i)-1

Y@= jax' (3)
Jj=0

y'=j(j-Dax" @)
Combining (3) and (4) generates the differential system
(r+i)—l .

z j(j_l)ajxjizzf(xayay') (5)

=0
Collocating (5) at x=x,,,,i= o,y,l, 3 552 and interpolating (2) at x=x, ,,i=0, % and
evaluating at the end pointi.e X=X, ,i =1,

The scheme result into a system of equation

(r+i)-1

> jG-lax?=f,0<i<l ©
=0

and

(r+i)-1 ‘
z ajx-’ =y,.0<i<l1 )
7=0

where

X, =X +ih

As stated above, the collocation and interpolation process results into the equation stated below:
— 2 3
f, =2a, +6a,x, +12a,x; +20a,x,

=2a, +6 +12a,x* ,, +20a.x’
fm; a, a3xn+% a4xn+% asxn+%

fn+% =2a, + 6a3xn+% +12a4xj+% +2Oa5xj+%

(®)

2

3
foa =2a, +6a,x, ., +12a,x ., +20a.x

Y, =a, +ax, +ax +ax +a,x +ax
. 2 3 4 5
yn+% =a, + alxm% + aszH% + a3xn+% + a4xn+% + asxm%
Applying gaussian elimination method to the systems of equation (8), yields the value of d@’s as
follows:
o’ . 21k 271 on’
as = ot fn+ V, f,Hy +——fa
40 40 340 340
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3 3 3
== (20435, =2 (5h+93,) 1, (3 £

f;(11h2+36x h+27x}) f, +:(2h2+10x h+9x) ) f.. %

L (h2+8xh+9x )f oyt (2h2+18x h+27x )f,m

_r 4’
— (28 +11x i +18h+9x)) f, ——= (2K +5x,h+3x] ) f
4 el

4’2’“ e I

n

E (97h4+1080xnh3+2970x3h2+] E [—38h4+1620xjh2 +J
n n+%

“ 1080 3240x’h+1215x" 360 2700x h +1215x)
B (=130 +810x°A° 1 (—8h* +540x7h* +
360(+2160x3h+1215x J ”*%Jr@(mzoxjhﬂzlsxj]

3.3

I

_ 2 3 4 5
aO - yn o alxn o aan o a3xn o a4xn o aS‘xn

Substituting the values of @; i=0,1---6 into (1) results into equation of the form

y(x) yn+z (x—x)

Now using the transformation:
X=X,
h

dr 1

dx h
becomes:

t=

(~971+540¢ —990¢* +810r ~243¢° ) f, |

3 4 5
po | +(-38+3400 — 6751 +2430) £,

1080 +(13¢—270¢ +540¢* —243¢° ) f y
n+94

yn+1+(3t)y Y (1 3t)yn

+(—8¢—180¢* ~405¢° —405¢* +243°) £, ,

The coefficients are put as follows:
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a,=1-3t
n 2 3 4
= —97t +540¢> =990t + 810t — 243¢°
Z 1080[ ]
n’ )
= ~38¢+ 540t —675t* +243¢°
Py 360[ ]
h2
13t — 2708 + 540¢* — 243¢°
Py = 360[ ]
h? 2 4 5
= —8¢+180¢" —405¢" +243¢
A 1080[ J
The first derivatives of (9) are as follows:
, 2
o, = —z
, 3
a, ==
3 h
i =L[ 97 +1080 —2970¢” +3240¢° ~1215¢" |
1080 (10)
h
"= ——| =38+1620t> —2700¢" +1215¢*
Py 360[ ’ ’ }
h
!, =——[13-810¢ +2160¢ —1215¢*
Py = 360[ J
h
' =——| -8+360f—1215¢* —1620¢’ +1215¢*
A 1080[ ]
Evaluating (9) and (9.1) atf =1 which implies that X =X _, gives our scheme as:
h2
-3 +2 =—[2 +21 +12 + } 11
Vsl yn-%—% Y 108 fn \f,;_,_% fn+% n+l ( )
1
With the order ¢5 = 4, Error constant € I
: ° 58320
The first derivative is given by:
o1 h
Vo= P ( 2y, + 2yn+%) 1080 (1268f”+] + 444fn+% + 291fn+% + 38fn) (12)

2.1 Taylor’s Series Expansion of ) Variables

Since we adopted Taylor’s series for our approximation and implementation, there is a need for
Taylor series expansion in this paper to be able to approximate ) variables to generate values for
the approximate solution of the scheme, the second derivative is expanded term by term up to the
order of the scheme developed by Taylor’s series expansion.

R S. Publication, rspublicationhouse@gmail.com Page 553



International Journal of Advanced Scientific and Technical Research

Issue 5 volume 2, March.-April.2015

Available online on  http://www.rspublication.com/ijst/index.html ISSN 2249-9954
ih)’ iy (ih)*
Vo =v(x, +ih) =, +ihy'(xn)+( 2!) f, +( 3!) +( 4!) 4o (13)
Vo =V (x,) +ilf, +( ) St (14)
Then, we have
f;ﬁ—i = y"('xn +lh)
(15)

RURRSUPRL JSNC WL

" 3 41 7"
where

fn :f(xn’yn’yr,t)
fn(i) — f(i)(xn,yn,y;),i:1,2,3

Wefind 7', 7" and " f " by the use of partial derivatives as demonstrated below:

df af+y’ai+fai

f_ ox

n dzf ’ ’
f"= 7 =2(A4y'+Bf )+ CfH'+D+E
X

3
f" :c:;x—j: =2G+3(H/'+If)+Jp' +K+L+M

4
:%—N+4f0+1¥ +0(y ) +R+S+T+U+V+W

where

:az_f+f azf
oxdy =~ oyoy'

_of
_axﬁy'
A Y

C_8x+y8y+f@/

D= 8 f ( )28 S fz 0 f

E:@
y

o’ f o’ f s OO f o’ f
RREAr f(y)”ﬂyaa' I oy

(16)

(17)

(18)

(19)
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oy o) ey ae ()
O s o O f
L_8x3+f (6y')3+( ) 8y3
werl
o)
N3 0° 0*
N = (y )3 f f
oy (5y )
o' f o' f
O =4
f{@xzay ox’0oy' }
| o’ f N |
f f y
0’ f 0’ f
0x0yoy ox’oy'
o’ f o’ f
P — ! 6 ! 2 14
f ( ) ayZay! + ay +
2 2
2 o f +4f o f +
0x0y oydy'
, 0 f o’ f
4 2
Y ox (0y')’ / 0x*0y |
2 s, N O o'f
0-() |sh e S var 0 2L e L]

R S. Publication, rspublicationhouse@gmail.com

Page 555



International Journal of Advanced Scientific and Technical Research Issue 5 volume 2, March.-April.2015

Available online on  http://www.rspublication.com/ijst/index.html ISSN 2249-9954
6 f ?4f + 4 63f2+4f 6zf
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3. Basic Properties and Analysis of the Method

3.1 Order and Error Constant of the Method

This paper adopt the method proposed by Lambert (1973), with the linear operator:
k

k
Z a;yV,,; = hzzoﬂjfmj
=

j=0
We associate the linear operator L with the scheme and define as

L{y(x).h}= [O‘y (x+ jh)—h ,By”(x+]h)]
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where &, and B o are both non-zero and y(x) is an arbitrary function which is continuous and
differentiable on the interval [a, b]. If we assume that y(x) has as many higher derivatives as we

require, then on Taylor’s series expansion about the point X, we obtain

L[y(x, h)} =coy(x) +chy (x)+ - +egh’y! (x)+---
Accordingly we say that the method has order P if,
=0

Co=C==C,=C,n = O’cp+2

Then,C,., is the error constant and C p+2hp 2 y? = (x,) is the principal local truncation error at
the point X ,, .
In this paper, since ¢, =C¢ =C, =***=Cs and ¢, =C, , # 0 which implies that the

1
58320 °

scheme is of order 4 and the error constant € , ., = r-1.715x10"°

3.2 Consistency of the Method
For a method to be consistent, the following criteria must be satisfied.

h2
-3 +2y =—|2f +21 +12 +
Vo =30, 420, = 242U 412
Condition 1: p > 1
The order is 4. Therefore, condition (1) is satisfied.

Condition 2: Zl‘: o = o Wwhere j:(O---l)
ao+ozy+05V+051 =0
3 3
2 -3+0+1=20
This also satisfy condition (2)

Condition 3:p'(r)=0 when r = 1
p = r — 3r% + 2
p'=1—r_%=0 when » = 1
This method also satisfy condition 3.

Condition4:,0"(r): 2lo (r) when r = 1

":gri% ]":1, p":z

P73 3
o(r)=— (r+12r%+21r%+2)
108
1
o (1) = —
(1) 3
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1 2

and 2!'c (1) =2| — | = —
3 3

Since p"(r) =2lo (r) at r = 1, then the condition (4) is satisfied.

Thus, the method is said to be consistent.

3.3 Zero Stability

Definition (Lambert [9]): A linear multistep method is said to be zero-stable, if no root of the
first characteristics polynomials ,O(r) has modulus greater than one and if every root of modulus
one has multiplicity not greater than two.

Our method is zero stable since no root of the first characteristics polynomial p (r ) has modulus
greater than one that is |7” | < 1 . This implies that the method is zero stable if,

. k
a = 0 »>where & are the coefficients of S oa ..,
Jj=0

=0 =

2
k
Za4=a1—3ay+2a0=1—3+2=0
3

3.4 Convergence

Thus, since the method developed satisfies the necessary and sufficient condition for a linear
multistep method to be convergent (consistency and zero stability), then our method is said to be
convergent.

4. Method Implementation with Numerical Examples

4.1 Test Problem
Problem 1

¥"=x(3") 3(0)=1, y(0) =%, h=—

320
Theoretical Solution:
1 2+ x
=1+—1
() +2 Og(Z—x)
Problem 2
y" = y', y(O),y’(O) =—1 , h=0.01

Exact Solution
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y (x) =1-¢"
4.2 Results and Interpretation

Table 1: Numerical Result of Problem 1 compared with Bolarinwa (2013) and Ehigie (2010)

X Computed Solution Error in Error in Ehigie | Error in our

Bolarinwa e tal | e tal new method

2013 =6,k =

((p=5),k=1) (r=6k=2 (p=4k=1)
0.2 | 1.100335347731237000 1.5863E-12 8.46E-06 1.616485E-13
0.4 | 1.202732554054486400 6.6722E-12 1.66E-05 4.047873E-13
0.6 | 1.309519604203716900 1.7757E-11 2.41E-05 6.050715E-13
0.8 | 1.423648930193764000 4.8314E-11 3.07E-05 1.605382E-13
1.0 | 1.549306144332172500 9.1080E-11 3.60E-05 1.886047E-12

Table 2: Numerical Result of Problem 2 compared with Bolarinwa (2013)

X Computed Error in Error in our
Solution Bolarinwa e | new Method
tal (2013) (p :4,/(:1)
(p =5k = 1)
0.2 -0.105170618075 | 9.0153E-8 1.6425E-12
0.4 -0.349657807571 | 3.9781E-7 8.6628E-12
0.6 -0.648721070685 | 1.0149E-6 2.0317E-11
0.8 -1.003752507436 | 2.0633E-6 4.5463E-11
1.0 -1.459603111094 | 3.7037E-6 8.2113E-11
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Table 3: Numerical Result of Problem 2 compared with Adesanya (2011)

X Computed Solution | Error in Adesanya Error in our new
(2011) (p=5,k=2) | method (p=4,k=1)
0.1 -0.10517091 6.4420E-11 2.2360E-013
0.2 -0.22140275 5.4567E-10 1.6425E-012
0.3 -0.34985880 1.9216E-09 3.4625E-012
0.4 -0.49182469 4.7970E-09 8.6628E-012
0.5 -0.64872127 9.9980E-09 1.1338E-011
0.6 -0.82211880 1.8714E-08 2.0317E-011
0.7 -1.01375270 3.2728E-08 3.2476E-011
0.8 -1.22554092 5.4792E-08 4.5463E-011
0.9 -1.45960311 8.9294E-08 6.1781E-011
1.0 -1.71828182 1.4347E-07 8.2113E-011

The numerical results to the problem 1 is as shown in the table 1, compared with the
results obtained by Bolarinwa e ta/ (2013) and Ehigie e ta/ (2010) of order 5 and 6
respectively. Bolarinwa e ta/ (2013) was implemented with Taylor’s approach while
Ehigie e tal (2010) was implemented in block mode.

The Numerical result to the problem 2 is as shown in the table 2 and 3, compared with
the results obtained by Bolarinwa e tal (2013) and Adesanya (2010) of order 5
respectively. Adesanya (2011) was implemented in block mode.

5. Conclusion

From the results shown in the table above, in Table 1, our method perform better than the method
of Bolarinwa e fal with ( p = 5,k = 1) implemented with Taylor’s series approach and Ehigie e ta/

despite ( p = 6,k = 2 ) which was implemented in block method.

Likewise, table 2 and table 3 for problem 2 there is better accuracy in our method compared to
other authors, with (p =5k =1) implemented in Taylor series and Adesanya (2011)
(p=5,k=2) implemented in block as demonstrated by both authors.

From the above results, the method derived in this research, has been able to solve general second
order differential equations.
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Thus, the method derived in this research has been able to solve general second order ordinary
differential equations with initial value problems directly. It is worth noting that the new method
in this paper is efficient and compared favourably with existing methods.
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