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Abstract:

This paper is to introduce a new class of sets calledt, T, -g*-closed
setsin bi topological spaces and to analyses the properties of this set.
Ams classification: 54E55

K eywor ds: T, t,-g*-closed, T, T,- g*-0pen sets.

1.Introduction

Levine [9] introduced semi open sets in 1963 and also
Levine [10] introduced generalized closed sets in 1970. AbdEl
— Monsef et al [1] introduced B-open sets.
M.K.R.SVeerakumar [12] introduced “g-closed sets in
topological spaces. J.C.Kelley [7] initiated the study of
bitopological spacesin 1963 . A nonempty set X equipped with
two topological spaces 1; and 7,is called a bitopological space
and is denoted by (X, 11T2). Since then severa topologists
generalized many of the results in topologica spaces to
bitopological spaces. Fukutake [5] introduced generalized
closed sets in bitopological spaces. Fukutake [6] introduced
semi open sets in bitopologicaspaces .K.chandrasekharaRao
and M.Mariasingam [3] defined and studied regular generalized
closed sets in thitopological settings. This paper is to introduce
a new class of sets calledt; t,— g*-closed sets in bitopologica
spaces and to study about their properties.

2. Preliminaries

DEFINITION 2.1
A subset A of a bitopologica space (X,t,73) is called

T, T,-semi open if A czycl(tyint(A)) and it is called T, t,-semi
closed if 7,int(t,cl(A)) € A

T T, -preopen if A <, int(t;cl(A)) and T,1,-pre closed if
Tcl(tyint(A)) C A.

T, T,-0-open if A ctnt(r,cl(t,int(A))).
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. T1Ty-semi preopen if A ct,cl(t,int(t;cl(A))).

T, To-regular open if A = ,int(t,cl(A)).

. TyTy-regular closed if A = t,cl(tyint(A)).

DEFINITION 2.2:

A subset A of a bitapological space (X, 1,,7,) iScalled a
T, T,-g-closed sett;t,-generalized closed set)if ,cl(A) € U ,
whenever A c U, U is t,-open.
T, T,-sg-closed set(t;t,semi generallized closed set)if 7,scl(A)
c U, whenever A c U, U ist,-semi open.
T, T gsclosed set (ty71,- generalized semi closed sat)if 7,.
scl(A) c U, whenever A c U, U ist,-open.
T, T,0g-closed set (t;T,0- generalized closed set)if 7,.acl(A) ©
U, whenever A c U, U is t,-open.
T, T,-go-closed set (t,T,- generallized o-closed set)if 7,.acl(A)
c U, whenever A c U, U ist;-a-0open.
T, T,-gp-closed set (T, T, generallized pre-closed set)if 7,.pcl(A)
c U, whenever A c U, U ist;-open.
T, T,-2Sp-closed set (T, T,- generalized semi preclosed set)if ;-
spcl(A) c U, whenever A c U,U ist;-open.
T;T;-gpr-closedset(t, t,- generallized pre regular closed set)if
7,-pcl(A) € U, whenever A c U, U isty-regular open.
T1To-p-closed set if 7,cl(A) € U , whenever A c U, U ist;-
ga*-open.
T, T,-y-closed set if 7,.scl(A) € U, whenever A c U, U ist;-
Sg-open.
T, T,-pre semi closed set if 7,.spcl(A) € U , whenever A c U,
U is T4-g-open.

3. Properties of t,1,-g*-closed

Definition: 3.1A subset 4 of (X, T4, ;) 1S said to be
T, T, -g*-closedif 7,-cl(A) < U, whenever A c U, U is t4-g-
Open.
The complement of t, T, -g*-closedset is called T, T, -g*-
Open set.
Example: 3.2LetX = {a, b,c}, 1, = {(p, X, {a]], Ty =
{0, X,{b}}.
T, T-g*-closed sets = {@, X, {a, c}, {b, c}}.
Theorem: 3.3 Every 7,-closed set ist; T,-g*-closed.
Proof: Let A c U,U is t,-g-open.
Alist,-closed = 1,-cl(A) = A= 15-clAc U = Ais 1,T,-2*-
closed
Theorem: 3.4Everyt; 1,-g*-closed setsin T, T,-g-closed.
Proof: Assumethat A is T, T,-g*-closed.Let A c U, U is 14-
open.
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Uist,-open = U is t4-g-0pen= 1,- cl(A) c U [by the
assumption]

= Aist, T,-g-closed.
Theorem: 3.5 Everyt,t,-g*-closed setSin t,T,-gs-closed.
Proof: Assume that 4 is t,1,-g*-closed.Let A c U, U is 14~
open,
thenU is t,-g-open=> 7,-cl(A) € U [by the assumption]
Butz,-scl(4) < 1,-cl(A) € U = 1,-scl(A) c U, whenever
A c U, U is 14-0pen

= Aist,T,-gs-closed.
Theorem: 3.6Everyt, t,g*-closed sets in T, T,-ag-closed.
Proof: Assume that A is T, T,-g*-closed.Let A c U, U is t;-
open, then U is 1,-g-open= 1,-cl(A) € U [by the
assumption |
But 7,-acl(A) c 1,-cl(A) € U = A is 1, T,-ag-closed.
Theorem: 3.7Everyt, 1,-g*-closed sets in J,J,-gp-closed.
Proof: Assume that 4 is 1,T;-g*-closed.
Let A c U, U is t,-open, then U is t,-g-Cpen.
= 1,-cl(A) c U [by the assumption].But t,-pcl(A) C 1,-
cl(4) c U.
= AisT; T,-gp-closed.

Theorem: 3.8 Everyt,t,-g*-closed sets in t; T,gpr-closed.
Proof: Assume that A is t,1,-g*-closed.
Let A < U, U is ty- regular open, then U is t;-open and
S0 it is Ty-g-open = T,-cl(A) = U [by the assumption]
But ,-pcl(A) C 15-cl(A) € U = A is t,1,-gpr-closed.
Theorem: 3.9Everyt,; 1,-g*-closed setsin 1, T,-rg-

closed.
Proof: Assume that 4 is t,T,-g*-closed.
Let A c U, U is - regular open, thenU is t,-open
= 1,-cl(A) c U [by the assumption]= A is T, T,rg-closed.
Theorem: 3.10 Everyt,t,-g*-closed sets in T, T,-gsp-closed.
Proof:
The proof follows from the fact thatt,-spcl(A) € t,-cl(A).
Remark: 3.11

The converses Of the above theoréms are need not be true.
This can be seen from the following examples.
Example: 3.12
LetX = {a,b,c}, vy = {9 X, {a},{b}}, 12 ={p X, {D},{b,c}}.

Ty To2*-closed sets = {¢, X, {a}, {c}, {a,c}, {b, c}}.

Here {c}, {b, c} aret, T,-g*-closed sets. But they are not 7,-
closed.

Example: 3.13

Let

X ={a,b,cl.vy = {p, X, {a},{b,c}}, 12 = {9, X,{a},{b},{a, b}}.
T,T,g*-closed sets = {¢, X, {c}, {a, ¢}, {b, c}}.
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T1Tp-g-closed sets = {@, X, {b}, {c},{a, b}, {a,c}, {b, c}}.

T, T,-gs-closed sets = {¢, X, {a}, {b}, {c},{a, b}, {b,c},{a, c}}.
T, Togp-closed sets = {¢, X, {b}, {c}, {a, b},{b,c},{a,c}}.

T, T,-ag-closed sets = {¢, X, {b},{c}, {a, b}, {b, c},{a, c}}.
T, Togsp-closed sets = {@, X, {a}, {b},{c}, {a,bHa, c},{b, c}}.
T, To-rg-closed sets = {¢, X, {b}, {c},{a, b}, {a, c},{b, c}}.
T, T,gpr-closed sets = {¢, X, {b},{c}, {a, b}, {a,c},1b, c}}.

Here {b}, {a, b} are 1, T,g-closed,t, T,-gp-closedt; T,-ag-
closed, t;t,rg-closed, T, T,-gpr-closed. But they are not t,1,-
g*-closed.

Similarly{a}, {b},{a, b} are T, 1,-gs-closed and T, t,gsp-closed
but they are not T, T,g*-closed.

Example: 3.14

T, T,2*-closed sets in independent from T, T,-a-closed sets,
T, T-semi-closed sets, T, T,-pre-closed sets, T, T,-semi-pre-
closedsets,

T, T,sg-closed sets and T, T,-ga-closed sets. This can be seen
from

the following examples.

Example: 3.15

Let X = {a, b, ¢},
T = {(P,X, {a}, {br C}}, T2 = {40, X, {a}: {b}r {a: b}}

T, To-g* -ciosed sets = {¢, X,{c},{a,c}, {b, c}}.
T, T,-semi-closed sets = {¢, X, {a}, {b},{b, c}}.
Here {a}, {b} are t,T,-semi-closed sets,

but they are not T, T,-g*-closed.

Also {c},{a, c} are T, T,-g*-closed but they are not T, t,-semi-
closed.

Example: 3.16

Let X = {a,b,c},
T ={g,X,{a},{b,c}}, 2 = {p, X, {a}, (b}, {a, b}}.

T,T,-g*-closed sets = {@, X, {c},{a, c},{b, c}}.
T, T,-a-closed sets = {p, X, {a}, {b, c}}.
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T, T,-pre-closed sets = {¢, X, {b},{c},{a, c}, {b, c}}.

T, Ty-semi-pre-closed
sets = {p, X,1a}, {b},{c},{a, b}, {a,c},{b,c}}.

Here {a} is T, T,-a-closed but not T, t,-g*-closed and {c} and
{a, c} are 1, 7,-g*-closed but not t, T,-a-closed.

Here {b} is t,1,-pre-closed but not t,t,-g*-closed.

Here {a}, {b}, {a, b} are t,T,-semi-pre-closed but they are not
T, T,-g*-closed.

T,7,-sg-closed sets = {@, X, {a}, {b}, {c}, {a, b}, {b, c},{a,c}}.
Here {a}, {b}, {a, b} are 1, T,-sg-closed sets but they are not
T, T,_ g*-closed.

T, Toga-closed sets = {¢, X, {b}, {c},{a, b}, {b,c},{a,c}}.

= {b}, {a, b}aret, T,-ga-closed but they are not t;t, — g*-
closed.

Example: 3.17
Let X = {a, b, C}, T, = {(p, X, {a]’, {a; b]‘}; T2 = {Qﬂ; Xr {a}, ’ {aJ C}}
1,T,-g*-closed sets = {o, X, {b}, {c}, {a,c},{b, c}}

T, T,-pre-closed sets = {(p, X, {b},{c}.{b, c]} = T, T,-Semi-proe-
closed sets=T, T,-sg-closed sets=T, T,-ga-closed sets. Here {
a,c}is 1,1,-g*-closed set but it is nott,T,-pre-closed,t; T,-
semi-pre-closed T, T,-sg-closed and t,T,-ga-closed.

Theorem: 3.18 IfA and B are T, T,-g*-closed sets then their
unionrA U B is T, T,-g*-closed set.

Proof: Let AU B c U, where U is t;-g-Open.
= A € UandB c U = 1,-cl(A) c U and 7,-cl(B) c U.

= 15-cl(A) U 1,-cl(B) c U. (since A and B are t,T,-g*-
closed). 1,_(A U B) = 15-cl(A) U t,-cl(B) c U.

=AU B is T,T,-g*-closed.

Theorem: 3.191f A is both t,-g-open and 1, T,-g*-closed, and
thenA is 7,-closed.

Proof:Let A € A = U and A is t,-g-open.
= 1,-cl(A) c U =A......... (1) [since A is T, T,-g*-Closed)]
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But aways A c 1,-cl(4) ......... (2)
From (1) and (2) A = 1,-cl(4)
= A IS T,-c.0sed.

Theorem: 3.20 A subset A of (X, T4, 72) 1S T, T,-g*-closed
then

7,-cLl(A) — Adoes not contain any non-empty t,-g-closed set.
Proof: Assume that A is T, T,-g*-closed .

To prove:t,- cl(A) — A does not conthin any non-empty t,-g-
closed set.Suppose F < 1,-cl(A) — A, where F is a non-
emptyT,-g-closedset=>F C T,-cl(A)and F c AC............. (1)

F c A® = A c FC F€ is 1,-g-open.

= T,-cl(A) © FC [since A is T, T,-g*-closed]

= F € (T2-cl(A))° .. ..ooomr (2)

= F C 1, — cl(A) N (12-cl(A)° = ¢ [by (1) and (2)]
= F = ¢.Which is a contradiction.

Therefore, 7,-cl(A) — A will not contain any hon-emptyt,-g-
closed.

Theorem: 3.21 IfA is 1,7,-g*-closedsetand A c B c 1, —
cl(A), B is also 1,1,-g*-closed sét.

Proof: Let B c U, where U is 1;-g-open=> A c B c U
= 1,-cl(A) c U [since A is 1,T,-g* -closed]
= B c 1,-cl(A) c U [given]

= B c 1,-cl(B) c 1,-cl(A) c U. [since t,-cl(B) is the
Smallest closed set containing B}

=B isT;T,-g*-Closed.

Theorem: 3.22If A c Y c (X, t, 1, )and suppose that,

Aist T, — g * —closed in X then 4 is 1, 1,-g*-closed relative
to Y.

Proof: Giventhat A c Y © (X,t,7;)anA is 1,1, — g *
—closed in X

To prove:A is T, T,-g*-closed relativeto Y.

Let A € Y nU where U ist;-g-open in X
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= A c Y andA c U.Since Aist; 1,-g*-closed,t,-cl(4) c U =
Ynr,-clAcYnU.

= 1,-cl(A) withrespecttoY c Y nU = AistyT,-g*-closed
with respecttoY.

Theorem: 3.23For each X in X, the set X-{x} is at,T,-g*-
closed or t,-g-opern.

Proei:Suppose X-{x}is not t,-g-open,then X iSthe only T,-g-
open set containing X-{x} = t,-cl(X — {x}) € X =X-{x}
ISt T,-g*-closed.
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