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ABSTRACT 

Present paper is a mathematical approach to analyze free vibration of non-homogeneous 

parallelogramic plate under the variation of temperature, thickness of plate and density on the 

basis of classical plate theory. The current study may assist the design engineers for making 

various structures used in aerospace, industry, nuclear plants etc. It is assumed that temperature 

varies linearly in x-direction and thickness of plate varies bi-linearly i.e. in x- & y-directions.  

Also, it is considered that density of plate material varies (due to non-homogeneity) linearly in x-

direction. To obtain frequency equation, the Rayleigh-Ritz method is used which allows 

satisfying all four boundary conditions. The frequency for first two modes of vibration is 

calculated for different values of aspect ratio, thermal gradient, taper constants and skew angle 

(θ) with the help of latest computational technique i.e. Mathematica (a software). Results are 

shown in graphs and compared with the available literature [5]. 
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elastic. 
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INTRODUCTION 

Vibration means any motion that repeats itself after an interval of time. Vibration totally 

affects our day to day life. In the field of science and technology, it is desire to design large 

number of machines with smooth operation and less unwanted vibrations since these unwanted 

vibrations causes fatigue and also affects efficiency &strength of machines. Therefore it becomes 

necessary to get first few modes of vibrations before finalizing a design of machine or structure.   

In these days’ researchers, scientists and technocrats are in search of material having less 

weight, size, low expenses, enhanced durability and strength.  Duralumin is one of the materials 

having above properties.   Now a days, plates of variable thickness commonly used in Modern 

technology such as in aerospace, nuclear plants, power plants etc. It may also used for 

construction of wings & tails of aero planes, rockets and missiles. There are different kinds of 

visco-elastic plates of variable thickness such as rectangular plates, square plates, circular plates, 

parallelogramic plates etc. In modern technology, most of the machines works under elevated 

temperature due to that a heat flux produces and physical quantities of the material of machines 

changes significantly. Therefore, effect of temperature can not be neglected. In this paper, we 

assume one dimensional variation in temperature. 
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Many engineering applications demand that non-homogeneity should be taken for 

analysis of plate vibrations. Thus, non-homogeneity is assumed to arise due to variation in 

density of the material of plate along the direction of temperature variation.  

Therefore objective of present paper is to analyze the combined effect of bi-linearly 

variation in temperature and thickness of non-homogenous parallogramic plate. Numerical 

calculations have been made using the material constants of alloy ‘Duralumin’. All edges are 

taken as clamped. Frequencies for first two mode of vibration of non-homogenous parallelogram 

plates for different values of aspect ratio (a/b), thermal gradient (), taper constants (1, 2) and 

skew angle () are calculated.  
 

ANALYSIS AND EQUATION OF MOTION 

A parallelogram plate R(a x b) with skew angle () is shown in Figure 1.The skew plate is 

assumed to be non-uniform, thin and isotropic.  The skew co-ordinate are related as  

x=X-Y tan  and y=Y sec ------------------------------- (1) 

The boundaries of the plate in oblique co-ordinate are   

x=0, x= a and y=0, y=b …………………………… (2) 

 

 

For free vibration of parallelogram plate, the displacement is assumed as  

w (x,y,t)=W(x,y) sin t    …………….. (3) 

where W(x, y) is the maximum displacement at time t and  is the angular frequency. The 

maximum kinetic energy 𝑇      strain energy 𝑉  in the plate when it is executing transverse vibration 

mode shape W(x,y) as in [1] are 

 

𝑇 =
1

2
𝜔2𝑐𝑜𝑠𝜃 ℎ𝜌𝑊2  𝑑𝑥 𝑑𝑦   …………….(4) 

and      𝑉 =
1

2𝑐𝑜𝑠 3𝜃
 𝐷[𝑊,𝑥𝑥2 − 4𝑠𝑖𝑛𝜃𝑊,𝑥𝑥 𝑊,𝑥𝑦 + 2 𝑠𝑖𝑛2𝜃 + 𝜈𝑐𝑜𝑠2𝜃 𝑊,𝑥𝑥 𝑊,𝑦𝑦 +

2 1 + 𝑠𝑖𝑛2𝜃 − 𝜈𝑐𝑜𝑠2𝜃 𝑊,𝑥𝑦2− 4𝑠𝑖𝑛𝜃𝑊,𝑥𝑦 𝑊,𝑦𝑦 + 𝑊,𝑦𝑦2] dx dy ……………………… (5) 

A comma followed by a suffix denotes partial differential with respect to that variable . 

Here 
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            𝐷 =
𝐸ℎ3

24 1−𝜈2 
………………… ..(6)      (D is the flexural rigidity & is Poission 

Ratio). 

The modules of elasticity which depends upon temperature  is given by  

 

                here E0 is the Young modules at   

The thickness variation h of the parallelogram plate assumed to be linear in both directions is 

 

  ……………………….. (8) 

 

Density of plate varies in one direction as       ……………… (9) 

 

where  is density at the center of plate and is non –homogeneity constant. 

Assume that plate is subjected to a study one dimensional temperature along the length i.e. in x-

direction as       

….. (10) 

here  is the temperature excess above the reference temperature at any point at a distance   

an  at x=a.  Using (10) in (7) one obtains             

  

here  (0≤<1), is thermal gradient. 

Using (6), (8), (9) and (11) in (4) and (5) one gets 

 

& 

                                            ……………..(13) 
 

SOLUTION AND FREQUENCY EQUATION 

In Rayleigh-Ritz technique requirement is that maximum strain energy must be equal to the 

maximum kinetic energy. Hence, for arbitrary variations of W satisfying geometric boundary 

conditions, one finds that 
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                                                                  δ (V-T) =0                                        ………. (14) 

 For a parallelogram plate clamped along all the four edges the boundary conditions are  

W=W, x=0 at x=0, a   and   W=W, y=0 at y=0, b…………………… (15) 

and corresponding two term deflection function is taken as in [1]. 

W(x,y)= (   + ………(16) 

Now Equation (13) becomes after using Equation (15) 

 

where

 

 

   (a frequency parameter) 

Equation (17) involves the unknown A1 and A2 arising due to the substitution of W(x,y) from 

Equation (16) .These unknowns are to be determined from Equation (17) for which  

                                                 

The above equation simplifies to     

Where  (n=1, 2) involve parametric constants and frequency parameter. 

For a non trivial solution the determinant of the coefficients of Equation (19) must be zero. 

Therefore one gets the frequency equation as  

                                                
From Equation (20) one can obtained the quadratic equation in from which two values of 

can be found. The frequency parameter corresponding to first two modes of vibration of 

clamped parallelogram plate have been computed for various values of temperature gradient 

(,non-homogeneity() ,skew angle (aspect ratio (a/b),taper constants 

( & 2).The value  of  Poisson ratio is taken 0.345.The all results are shown graphically. 

 
 

RESULT & DISCUSSION 
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From Fig I and II; It is clearly seen from graphs that value of frequency decreases as value of 

non-homogeneity constant (1) increases from 0 to 1.0 for both modes of vibration and different 

values of thermal gradient () and skew angle (). It is  found that both modes of vibration 

increases as  value of and  Also mode II is to be found app. 4-times of mode I. In fig. 

III, values of both modes of vibration are plotted with different values of  (varies from 0 to 

90) for the following cases: Case (1)and Case (2) 

n both case frequency (both modes of vibration) increases slightly as 

increases from 0 to 90 °.It is interesting to note that values of frequencies are comparatively 

less in case (2) than case(1). 

It is evident from fig. V &VI numeric values of frequency for both the modes of vibrations 

decreases as the value of thermal gradient ( increases from 0 to 1.0 for fixed °. 

Also note that frequency has more values from than .

In fig. VII &VIII, unexpected results for both modes of vibration are found for the following 

cases: Case (1) ° & Case (2)° as 2 increases 

from 0 to 1.0. It is found that frequency first decreases for certain values and then increases for 

both cases. 

 

COMPARISON & CONCLUSION 

After comparing the results of present paper (non-homogeneous) with [5] (homogeneous plate), 

authors found same values of frequency for both the modes of vibration for 0.0 in present 

paper and [5]. For non-zero values of non-homogeneity constant, Authors observed that values 

of frequency are less in present paper than [5] for same values of parameters. Authors provide a 

comparison table between numeric values of frequency in present paper and [5] for some 

available values of parameters as follows: 

 

a/b °,  °,  
Mode I Mode II Mode I Mode II 

0.5 120.893 

(51.801) 

491.264 

(206.854) 

121.088 

(121.764) 

491.572 

(316.557) 

1.0 42.514 

(77.409) 

163.728 

(304.500) 

43.615 

(121.507) 

165.423 

(477.793) 

1.5 49.514 

(129.634) 

192.021 

(514.013) 

50.103 

(201.775) 

193.585 

(804.252) 

2.0 76.343 

(207.384) 

305.681 

(827.573) 

76.748 

(319.243) 

306.689 

(1283.827) 

2.5 114.616 

(309.272) 

465.100 

(1237.437) 

114.892 

(472.414) 

465.770 

(1906.569) 
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Here, values in brackets are of [5] for  

Actually, this is the need of the hour to develop more but authentic mathematical model for the 

help of mechanical engineers/researchers so that they can use them for the welfare of entire 

planet .Therefore mechanical engineers and technocrats are advised to study and get the practical 

importance of the present paper and to provide much better structure and machines with more 

durability, strength, reliability.  
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