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ABSTRACT: 

Space-time signals having the maximum Euclidean distance may be constructed from Alamouti-

style orthogonal design using sphere packing modulation for Nt = 2k, k = 1, 2, 3, . . transmit 

antennas. When conventional modulation methods (i.e. QAM, PSK) are used in the design of 

space-time signals, the symbols x1, x2.  . . xk+1 are chosen independently from the modulation 

constellation. By contrast, in the case of sphere packing, these symbols are designed jointly in 

order to further increase the coding advantage, as suggested above. Assuming that there are L 

space-time signals that the encoder can choose from and each ST signal is transmitted over T = 

Nt number of consecutive time slots, the effective throughput of the space time modulated 

scheme is (log2 L)/Nt bits per ST channel access, where an ST channel access is again defined as 

the transmission of one of the L legitimate ST signals over the Nt transmit antennas within the 

corresponding Nt time slots. When assuming rectangular Nyquist filtering, the resultant spectral 

efficiency becomes (log2 L)/Nt b/s/Hz. orthogonal ST code design using sphere packing for Nt = 

2 transmit antennas. 
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INTRODUCTION: 

 

The sphere packing problem also has a direct connection with the construction of error correction 

codes. More specifically, the construction of an (n, M, d)-code2 can be viewed as finding the 

densest packing of spheres having a radius of ρ = (d − 1)/2 in n dimensions [1]. Another 

application of sphere packing is in solving n-dimensional search or approximation problems[2–

5]. A recently proposed search method that has attracted considerable attention is sphere 

decoding [6,7], which provides an accurate estimation similar to the optimum maximum 

likelihood solution but with afar lower complexity. 

 

 ORTHOGONAL DESIGN USING SPHERE PACKING: 

 

According to Alamouti’s design [8] the generator matrix of 2 transmit and two receive antennas 

is given by 

                                                     G2(x1, x2) = 
𝑥1 𝑥2

−𝑥2
∗ 𝑥1

∗    

for example, x1 and x2 represent conventional binary phase shift keying (BPSK) modulated 

symbols transmitted in the 1st and 2nd time slots and no effort is made to jointly design a signal 

constellation for the various combinations of x1 and x2. For the sake of generalizing our 

treatment, let us assume that there are L legitimate space-time signals G2 (xl, 1, xl, 2),  l = 0, 1, . . . 

L−1, where L represents the number of sphere-packed modulated symbols. The transmitter has to 



INTERNATIONAL JOURNAL OF COMPUTER APPLICATION                                ISSUE 2, VOLUME 5 (OCTOBER 2012)                                                                                                                      

Available online on http://www.rspublication.com/ijca/ijca_index.htm                                                                  ISSN: 2250-1797 

 Page 200 
 

choose the modulated signal from these L legitimate symbols, which have to be transmitted over 

the two antennas in two consecutive time slots, where the throughput of the system is given by 

(log2 L)/2 bits per channel access. In contrast to Alamouti’s independent design of the two time 

slots’ signals [8], our aim is to design xl,1 and xl,2 jointly, so that they have the best Minimum 

Euclidean distance(MED) from all other (L − 1) legitimate transmitted space-time signals [9], 

since this minimizes the system’s ST symbol error probability. Let (al,1, al,2, al,3, al,4),  l = 0, . . . L 

− 1, be phasor points belonging the four-dimensional real-valued Euclidean space R
4
, where each 

of the four elements al,d , d = 1, . . . , 4, gives one coordinate of the two time-slots’ complex-

valued phasor points. Hence, xl, 1 and xl, 2 may be written as 

                                      {xl, 1, xl, 2} = Tsp (al, 1, al, 2, al, 3, al, 4) 

                                                        = {al, 1 + jal, 2, al, 3 + jal, 4},                                                    (1) 

where the SP-function Tsp represents the mapping of the SP symbols (al, 1, al, 2, al, 3, al, 4) to the 

Complex-valued symbols xl, 1 and xl, 2, l = 0, . . . , L − 1.In the four-dimensional real-valued 

Euclidean space R4, the lattice D4 is defined as a sphere packing having the best minimum 

Euclidean distance from all other (L−1) legitimate constellation points in R
4
 [1]. More 

specifically, D4 may be defined as a lattice that consists of all legitimate sphere packed 

constellation points having integer coordinates (al,1, al,2, al,3, al,4), l = 0, . . . ,L − 1,uniquely and 

unambiguously describing the L legitimate combinations of the two time-slots’ modulated 

Symbols in Alamouti’s scheme, but subjected to the sphere packing constraint of [1]  

                                       al, 1 + al, 2 + al,3 + al,4 = kl, l = 0, . . . ,L − 1,                                             (2) 

Where kl may assume any even integer value. Alternatively, D4 may be defined as the integer 

span of the vectors v1, v2, v3 and v4 that form the rows of the following generator matrix [1] 

                                            

𝑣1

𝑣2

𝑣3
𝑣4

 ≜   

2 0 0
1 1 0
1 0 1
1 0 0

0
0
0
1

                                                                       (3) 

 

We may infer from the above definition in Equation (1) that D4 contains the centers (2, 0, 0, 

0),(1, 1, 0, 0), (1, 0, 1, 0), and (1, 0, 0, 1). It also contains all linear combinations of these points. 

For example, v1 −3 · v3 = (2, 0, 0, 0)−3 · (1, 0, 1, 0) = (−1, 0,−3, 0), is a legitimate phasor point 

in D4.Assuming that S = {s
l
 = [al,1 al,2 al,3 al,4 ]  € R

4
 : 0 ≤ l ≤ L − 1} constitutes a set of 

Legitimate constellation points from the lattice D4 having a total energy of 

                                                               

                                      Etotal  ≜  ( al,1 
2

+  al,2 
2

+  al ,3 
2

+  al ,4 
2
) L−1

l=0                                  (4) 

 

And upon introducing the notation  
                                      

                                            𝐶𝑙 =  
2𝐿

𝐸𝑡𝑜𝑡𝑎𝑙
 𝐺2(𝑥𝑙,1, 𝑥𝑙 ,2) 

                                        𝐶𝑙 =  
2𝐿

𝐸𝑡𝑜𝑡𝑎𝑙
 𝐺2 𝑎𝑙 ,1 + 𝑗𝑎𝑙 ,2, 𝑎𝑙,3 + 𝑗𝑎𝑙,4 , 𝑙 = 0, . . , 𝐿 − 1,                          (5) 
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We have a set of space-time signals, {Cl: 0 ≤ l ≤ L − 1}, whose diversity product is determined 

by the MED of the set of L legitimate constellation points in S. The transformation of the L 

legitimate2-dimensional complex vectors (xl,1, xl,2), l = 0, . . . ,L − 1, to the L legitimate 4-

dimensional real valued vectors (al,1, al,2, al,3, al,4), l = 0, . . . ,L − 1, is depicted in Figures 1 and 2. 

 

 

                         
 

 

Figure 1: The L legitimate 2-dimensional complex vectors for G2 space-time signals. 

 

                     
 

 

Figure 2: The L legitimate 4-dimensional real-valued vectors for G2 space-time signals. 
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The normalization factor  2𝐿 𝐸𝑡𝑜𝑡𝑎𝑙   in Equation (5) is used for ensuring that the space-time 

signal of Equation (5) which can be derived as follows. Let us define nf as a normalization factor 

to be used in Equation (5) for ensuring that thes pace-time signal satisfies the energy constraint  

of Equation 

                                                  𝐸  𝐶𝑙 𝐹
2  = 𝑁𝑡

𝑇                                                                                   (6) 

 Then the space-time signal of Equation (5) can be written as 
                                         

                                                    𝐶𝑙 = 𝑛𝑓  
𝑥𝑙 ,1 𝑥𝑙 ,2

−𝑥𝑙,2
∗ 𝑥𝑙 ,1

∗                                                                                                (7) 

The energy of the space-time signal formulated in Equation (7) is given by 

                                       

                                            𝐸  𝐶𝑙 𝐹
2  = 𝐸  𝑛𝑓

2   𝑥𝑙,1 
2

+  𝑥𝑙,2 
2

+  𝑥𝑙,2
∗  

2
+  𝑥𝑙 ,1

∗  
2
    

                                                              

                                                             = 2. 𝑛𝑓
.𝑒 . 𝐸   𝑥𝑙,1 

2
+  𝑥𝑙,2 

2
                                                            (8) 

Expressing Equation (8) with the aid of Equation (1) yields 

                                       

                                   𝐸  𝐶𝑙 𝐹
2  = 2.𝑛𝑓

2. 𝐸    𝑎𝑙,1 
2

+  𝑎𝑙 ,2 
2

+  𝑎𝑙 ,3 
2

+  𝑎𝑙 ,4 
2
                            (9) 

Observe from Equation (4) that the average energy of a single sphere packing symbol is given by 

                              

                                    𝐸    𝑎𝑙,1 
2

+  𝑎𝑙,2 
2

+  𝑎𝑙,3 
2

+  𝑎𝑙,4 
2
   =

𝐸𝑡𝑜𝑡𝑎𝑙

𝐿
                                                (10) 

Then, Equation (9) becomes 

                                    

                                          𝐸  𝐶𝑙 𝐹
2  = 2.𝑛𝑓

2.
𝐸𝑡𝑜𝑡𝑎𝑙

𝐿
     

                                                             = 𝑇.𝑁𝑡(From Equation (6)) 

                                                              = 2.2 = 4                                                                             (11) 

Hence, with the aid of Equation (11) we arrive at 

                                          

                                                     𝑛𝑓 =  
2𝐿

𝐸𝑡𝑜𝑡𝑎𝑙
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 The following example illustrates, how sphere packing modulation may be implemented in 
combination with G2 space-time coded systems 

Example 1. Assume that there are L = 16 different legitimate space-time signals, G2 (xl, 1, xl,2), l 

= 0, . . . , 15, that the encoder can choose from. We will consider two optional modulation 

schemes, namely conventional QPSK modulation and sphere packing modulation 

 Conventional QPSK Modulation: 

There are four legitimate two-bit QPSK symbols, S0, S1, S2, and S3, that can be used for 

representing any of the symbols xl,1 and xll,2, l = 0, . . . , 15. The transmission regime of the two 

consecutive time slots is demonstrated in Figure 1. 

 
 

 

 

Figure 3: Transmission of two QPSK symbols during two consecutive time slots. 

 Sphere Packing Modulation: 

     We need L = 16 phasor points selected from the lattice D4, (al, 1, al, 2, al, 3, al, 4), l = 0, . . . , 15, 

in order to jointly represent each space-time signal (xl, 1, xl,2), l = 0, . . . , 15, according to 

Equation (1), as depicted in Figure 4. Table 1. shows the effective throughput and the 
associated transmission block sizes for different values of L. 
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Figure 4: Transmission of a single sphere-packed symbol during two consecutive time slots. 

 

L Block Size(bits) Throughput(b/s/Hz) 

4 2 1 

8 3 1.5 

16 4 2 

32 5 2.5 

64 6 3 

128 7 3.5 

256 8 4 

512 9 4.5 

1024 10 5 

2048 11 5.5 

4096 12 6 

 

Table 1: Throughput of sphere packing aided G2 systems for different SP signal set sizes L. 

STBC-SP Performance: 

Figure 3: shows the SP-SER performance curves of different orthogonal STBC schemes in 

combination with both conventional and sphere packing modulation for the different BPS 

throughputs, as outlined in Table 2. The systems employ Nt = 2 transmit antennas and Nr = 1 

receive antenna for communicating over a correlated SPSI Rayleigh fading channel having a 

normalized Doppler frequency of fD = 0.1. It is seen from Figure 5. that for a particular BPS 

through put, the two curves corresponding to both the conventional scheme and to the sphere 

packing modulation scheme have the same asymptotic slope (i.e. diversity level). This agrees 

with the observation stated in [8], namely that G2-based space-time schemes dispensing with SP 

modulation also achieve full diversity. Therefore, SP is not expected to improve the asymptotic 

slope of the performance curves. Nonetheless, Figure 5. shows that orthogonal STBC using 

sphere packing offers a coding advantage over the conventionally modulated orthogonal STBC 

design. For example, sphere packing modulation having a throughput of 3 BPS and L = 64 

achieve a coding gain of performance curves are shown in Figure 3. The BER performances of 

sphere packing modulation and conventional modulation are identical for systems having rates of 
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1 and 2 BPS since it can be shown that QPSK for example constitutes an SP scheme about 1.2dB 

over classic 8-PSK modulated STBC at an SP-SER of 10
-4

.  

 

 
 
 

Figure 5: Sphere packing symbol error rate of different orthogonal STBC schemes in 

combination with both conventional and sphere packing modulation for the different BPS 

throughputs of Table 2, when employing Nt = 2 transmit and Nr = 1 receive antennas for 

communicating over a correlated SPSI Rayleigh fading channel having a normalised Doppler 

frequency of fD = 0.1. 

 

Throughput (BPS) Conventional Modulation Sphere Packing Modulation 

1 QPSK L=4 

2 BPSK L=16 

3 8-PSK L=64 

4 16-QAM L=256 

 

Table 2: Conventional, Sphere packing modulation employed for different BPS throughputs. 
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Figure 6: Bit error rate of different orthogonal STBC schemes in combination with both 

conventional and sphere packing modulation for the different BPS throughputs of Table 2.5, 

when employing Nt = 2 transmit and Nr = 1 receive antennas for communicating over a 

correlated SPSI Rayleigh fading channel having a normalized Doppler frequency of fD = 0.1. 

 

CONCLUASION: 

It was shown that the diversity product of orthogonal space-time signals is determined by the 

MED of the (k + 1)-dimensional complex vectors (x1, x2. . . xk+1). In order to maximize the 

diversity product, it was proposed in [9] to use sphere packing having the best known MED in 

the 2(k + 1)-dimensional real-valued Euclidean space R
2(k+1)

[1]. It is demonstrated that sphere 

packing aided orthogonal STBC design has potential performance improvements over 

conventionally modulated orthogonal STBC schemes. Furthermore, our simulation results shows 

that sphere packing aided orthogonal STBC provides some coding gain over conventionally 

modulated orthogonal STBC schemes. The coding gains achieved by sphere packing modulation 

over conventional modulation at an SP-SER and a BER of 10
-4

 for the schemes characterized in 

Figures3, 4.  
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