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1 Introduction 

In 1970 Levine [7] initiated the notion of generalized closed sets in topological spaces. 

After which many Mathematicians further developed the notions in large. N.Palaniappan 

and K. Chandrasekhara Rao introduced the concept of regular generalized closed(rg-

closed) sets and study the properties of r-g closed sets relative to union , intersection and 

subspaces. V.Popa and T.Noiri [3] introduced the concept of minimal structure. Also they 

introduced the notion of mx-open set and  mx-closed set and characterize those sets using 

mx-closure and mx-interior operators respectively. Further they introduced m-continuous 

functions and studied some of its basic properties. J.C.Kelly [4] introduced the notion of 

bitopological spaces. C.Boonpok [1] introduced the concept of biminimal structure spaces 

and studied some fundamental properties of mx 
1 

mx 
2
 –closed sets and mx 

1 
mx 

2
 – open sets 

in biminimal structutre spaces.Moreover C. Boonpok [2] introduced the notion of M-

continuous functions on biminimal structure spaces and studied some characterizations and 

several properties of such functions. 

In this paper we introduce the concept of (i,j) generalized preregular closed sets in biminimal 

structure spaces and establish some of their properties. Further this class of generalized 

preregular closed set is used to define a new class of space prgmij T* space. Also we introduce 

prgmij continuous functions and investigate some of their characterizations. 
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2 Preliminaries  

Definition:2.1 [5] Let X be a nonempty set and P(X) the power set of X. A subfamily mx 

of P(X) is called a minimal structure (briefly m-structure) on X if φ ∈ 𝑚x and X ∈ 𝑚x.  

By (X, 𝑚x), we denote a nonempty set X with an m-structure mx on X and it is called an m-

space. Each member of mx is said to be mx-open and the complement of an mx-open set is 

said to be mx-closed. 

Let (X,m) denote a nonempty set X with an m-structure m on X and it is called an m-space. Each 

member of m is said to be m-open and the complement of an m-open set is said to be m-closed. 

Definition 2.2: [3] Let X be a nonempty set and m an m-structure on X. For a subset A of X, the 

m-closure of A and the m-interior of A are defined as follows: 

(1) mcl(A) =∩ {F : A⊆ F, X \ F ∈ m} 

(2)  mint(A) = ∪ {U : U⊆ A, U∈ m} 

Lemma 2.3: [6] Let X be a nonempty set and m a minimal structure on X. For any subsets A and 

B of X, the following hold: 

(1) mcl(X \ A) = X \ mint(A) and mint(X \ A) = X \ mcl(A)   

(2) If  X \ A ∈ m then mcl(A)=A and if A ∈ m then mint(A)=A 

(3) mcl(ϕ) = ϕ , mcl(X) = X, mint(ϕ) = ϕ  and mint(X) = X 

(4) If A ⊆ B then mcl(A) ⊆ mcl(B) and mint(A) ⊆ mint(B) 

(5) A ⊆ mcl(A) and mint(A) ⊆ A. 

(6) mcl(mcl(A)) = mcl(A) and mint(mint(A)) = mint(A) 

Lemma 2.4: [6] Let X be a nonempty set with a minimal structure m and A a subset of X. Then 

x ∈ mcl(A) if and only if  U ∩ A ≠ ϕ for every U ∈ m containing x. 

Definition 2.5: [6] An m-structure m on a nonempty set X is said to have property B if the union 

of any family of subsets belong to m belong to m. 

Lemma 2.6: [5] Let X be a nonempty set and m an m-structure on X satisfying property B. For a 

subset A of X, the following properties hold: 

(1) A ∈ m if and only if mint(A) = A 

(2) A is m-closed if and only if mcl(A) = A 

(3) mint(A) ∈ m and mcl(A) is m-closed. 

Definition 2.7: A subset A of a biminimal structure space (x, m1,m2) is said to be : 

1. mi-regular open if A = miint(micl(A)), for i=1,2; 

2. mi-semi open if A ⊆ micl(miint(A)), for i=1,2; 

3. mi-preopen if A ⊆ miint(micl(A)), for i=1,2; 

4. mi- α open if A ⊆ miint(micl(miint(A))), for i=1,2; 
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5. mi-β open if A ⊆ micl(miint(micl(A))), for i=1,2; 

Definition 2.8 : A subset A of a biminimal structure space (X,m1,m2) is said to be (i,j)-generalized m-

regular closed (briefly mi,jrg-closed) if mjcl(A) ⊆ U whenever A ⊆ U and U is mi-regular open, where i, 

j=1,2and i≠ j. 

Definition 2.9: [10] A biminimal structure space (X,m1,m2) is said to be hyperconnected [10] if every pair 
of nonempty open sets of X has nonempty intersection 

 

3 GENERALIZED m-PREREGULAR CLOSED SETS 

Definition 3.1: A subset A of a biminimal structure space (X,m1,m2) is said to be (i,j)-

generalized m-preregular closed (briefly mijprg-closed) if  mj pcl(A) ⊆ U whenever A ⊆ U and U 

is mi-regular open, where i,j=1,2and i≠ j. The complement of a mijprg-closed set is said to be 

mijprg-open set. 

Definition 3.2:A subset A of a biminimal structure space (X,m1,m2) is said to be (i,j)-generalized 

m-semi-preregular closed (briefly mijsprg-closed) if  mj spcl(A) ⊆ U whenever A ⊆ U and U is 

mi-regular open, where i, j=1,2and i≠ j. The complement of a mijsprg-closed set is said to be 

mijsprg-open set. 

Proposition 3.3 : 

1. Every mj closed set is mijprg-closed 

2. Every mijrg closed set is mijprg-closed 

3. Every mijprg closed set is mijsprg-closed 

4. Every mj  preclosed set is mijprg-closed 

5. Every mijrg closed set is mijsprg-closed 

6. Every mj regular closed set is mijprg-closed 

7. Every mj  βclosed set is mijsprg-closed 

8. Every mij closed set is mijprg-closed 

9. Every mij closed set is mijsprg-closed 

10. Every gmij  closed set is mijprg-closed 

Proof :  

1. Let A be a mj-closed set and let U be a mi-regular open set in X such that A ⊆ U. Then 

mjcl(A) = A ⊆ U. Since every mj-closed set is mj- pre closed .Hence mj pcl(A) ⊆ U. Thus 

every  mj-closed set is mijprg-closed. 

2. Suppose U is a mi regular open set such that A ⊆ U.Since A is mijrg closed set we have 

mjcl(A) ⊆ U. mj pcl(A) ⊆ mjcl(A) ⊆ U.Hence A is mijprg-closed. 

3. Let A be mijprg-closed set. We prove that A is mijsprg-closed. Suppose U is a mi regular 

open set such that A ⊆ U. Then mj pcl(A) ⊆ U. But every preclosed set is semi-pre 

closed.Thus mj spcl(A) ⊆ U.Similarly the other results follow from the definitions. 

Remark 3.4: Here we note that the class of mijprg-closed sets is placed between the class of 

mijrg and mijsprg. 
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Example 3.5: Let X={a,b,c}, mX
1
= {X,𝜙,{a},{b}}, mX

2
={X, 𝜙 ,{a,b}} 

From the above example we get the result as: 

1. The set {a} is mijprg –closed not mj –closed. 

2. The set {b} is mijprg –closed not mijrg –closed . 

3. The set {a,b} is mijprg –closed not mj – preclosed. 

4. The set {c} is mijprg –closed but not mj –regular closed. 

5. The set {b,c} is mijprg –closed but not mj –closed. 

From the above results and examples we have the following diagrammatical representation 

                                                                  

 

 

                                                                                                       

 

 

 

                                                        

 

                                                                                                           

                                                                                        

            

Remark 3.6: The union of  mijprg-closed set need not be mijprg-closed 

Remark 3.7: The intersection of two mijprg -closed sets need not be mijprg -closed. 

Example: Let X = {1,2,3}. Consider two minimal structures m1={Ф, {1}, {2}, X} 

m2 = {Ф, {1,2}, X}. Then {1,2} and {2,3} are mijprg-closed but {2} is not mijprg-closed. 

Proposition 3.8: If A is a mijprg-closed set of (X, m1, m2) such that A ⊆ B ⊆ mj pcl(A), then B is 

mijprg -closed set, where i, j =1,2 and i ≠ j. 

mijrg –closed 

mj –βclosed mj regular closed 

βgmij closed

  

mij closed 

 

gmij –closed

  

mj –g-closed mj –preclosed 

  mijprg –closed 
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Proof: Let A be a mijprg -closed set and A ⊆ B ⊆ mj pcl(A). Let B ⊆ U and U is mi regular open. 

Then A ⊆ U. Since A is mijprg-closed set, we have mj pcl(A) ⊆ U. Since B ⊆ mj pcl(A), then mj 

pcl(B) ⊆ mj pcl(A) ⊆ U. Hence B is mijprg-closed. 

Proposition 3.9: For a subset A of a biminimal structure space (X, m1, m2). If A is both mi 

regular open and mijprg closed, then A is mj-preclosed, where i, j =1,2 and i ≠ j. 

Proof: Let A be a mi regular open and mijprg closed, we have mj pcl(A) ⊆ A, but A ⊆ mj pcl(A). 

Hence A is mj-preclosed. 

Proposition 3.10: Let m1 and m2 be minimal structures on X  have the property B. If A is mij prg-

closed and F is mj-closed, then A ∩ F is mij prg-closed. 

Proof :Let  U be a mi-regular open set in such that  A  ∩ F ⊆ U. Then A ⊆ U ∪ ( X \ F). 

Therefore mjcl(A) ⊆ U ∪ (X \ F). Therefore mj pcl(A) ⊆ U ∪ (X \ F). So mj pcl(A) ∩ F ⊆ U. 

mj pcl(A  ∩ F) ⊆ mj pcl(A) ∩mjcl(F) = mj pcl(A) ∩ F ⊆ U. Thus A  ∩ F  is mijprg-closed. 

Proposition 3.11 : For each element x of a space (X,m1,m2), {x} is mi-preregular closed or         

X \{x} is mij prg-closed, where i,j=1,2and i≠ j. 

Proof : Let x ∈ X . Suppose {x} is not  mi-preregular closed. Then X \{x} is not mi-preregular 

open. Also X  is the only mi-preregular open set which contains  X \ {x}. Thus X \{x} is mij prg-

closed. 

Proposition 3.12: Let A be a subset of a biminimal structure space (X,m1,m2). If  A is mij prg-

closed, then mjpcl(A) \ A contains no non empty mi-regular closed set, where i, j=1,2and i≠ j. 

 

Proof : Let A be mi j prg-closed. Suppose F  is a mi-regular closed subset of  X such that F ⊆ mj 

pcl(A) \ A . Then F ⊆ mjpcl(A) ∩  (X \ A). Therefore A ⊆ X \ F. Hence mjpcl(A) ⊆ X \ F. Thus 

F ⊆ X \ mj pcl(A). So F ⊆ mj pcl(A) ∩ (X \ mj pcl(A)). Therefore F = ϕ. 

Proposition 3.13 : Let m1 and m2 be minimal structures on X  satisfying the property B. If A is 

mij prg-closed set of (X,m1,m2) then mi pcl({x}) ∩ A ≠ ϕ holds for each x ∈ mj pcl(A), where i, 

j=1,2  and i≠ j. 

Proposition 3.14: Let A be mijprg -closed in (X,m1,m2) then A is mj-preclosed iff mjpcl(A) – A 

is mi-regular closed. 

Proof:  

Necessity: Let A be mj-preclosed, then A = mjpcl(A),which implies mjpcl(A) – A = 𝜙, which is 

mi-regular closed. 

Sufficiency: Suppose mjpcl(A) – A is mi-regular closed. Then mjpcl(A) – A = 𝜙. Since A is 

mijprg -closed.(i.e) mjpcl(A)=A.which implies A is mj-pre-closed. 

Definition 3.15: A subset A of X is said to be mj-preclopen if A is both mj-preopen and mj-pre 

closed. 
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Theorem: 3.16:  If A is mj-regular open and mijprg -closed, then A is mj-pre-closed and hence 

mj preclopen. 

Proof: Let A be mj-regular open and mijprg -closed then mjpcl(A) ⊆ A ⇒ A = mjpcl(A) ⇒ A is 

mj-pre-closed. Since A is mj regular open, A is mj preopen. ⇒ A is mj-pre-open 

Proposition 3.17: For a space (X, m1, m2) the following conditions are equivalent 

1. X is mij-hyperconnected 

2. Every subset of X is mijrg -closed and X is connected. 

 

Proof.: 1 ⇒ 2: The only regular open subsets of  X are trivial ones. Every subset of X is mijrg -

closed, on the otherhand, every hyperconnected space is trivially connected.  

2⇒ 1: Let A be nonempty proper mij-regular open subset of X. A is mijrg-closed. A is mij-clopen. 

Contradiction, since X is connected. This implies X is mij- hyperconnected.  

 Proposition 3.18: For each element x of a bim-space(X, mX
1
,mX

2
) ,{x} is mX

i 
–regularclosed or 

X – {x} is mijprg-closed, i,j=1,2 and i≠j. 

Proof: Let x ∈ X and {x} be not mx
i 
–regular-closed, then X- {x} is not mi-regular-open. But X 

is the only m
i  

-regular open set which contains X-{x}.Therefore, X-{x} is mijprg-closed. 

4 mij T
* 
SPACES AND mij T

** 
SPACES 

In this section we introduce mijT* and mijT** biminimal structure spaces.  

Definition 4.1: A bim space (X,m1,m2) is said to be mijT
*
 space if every mij prg closed set is m,j 

preclosed where i,j = 1,2 and i ≠ j. 

Definition 4.2: A bim space (X,m1,m2) is said to be mijT
**

 space if every mij prg closed set is m,j 

closed where i,j = 1,2 and i ≠ j. 

Definition 4.3: A bim space (X,m1,m2) is said to be mijT

 space if every mij sprg closed set is m,j 

preclosed where i,j = 1,2 and i ≠ j. 

Definition 4.4: A bimspace (X, m1, m2) is mijTr space if every mij rg closed set is mj regular 

closed where i,j = 1,2 and i≠j. 

Example 4.5: Any set with the structure (X, φ) is an example of mijT
*
 space. 

Proposition 4.6: Every mijT
**

 space is mijT
*
 space but not conversely. 

Proof:  Let A be a mij prg closed set of X. Then A is mj closed. Since X is mijT
**

space. But every 

mj closed set is mj closed preclosed. Thus X is mijT
*
 space. 

Proposition 4.7: Every mijT

 space is mijT

*
 space but not conversely. 

Proof:  Let A be a mij prg closed set of X. Then A is mij sprg  closed. Since X is mijT

 space, A    

mj preclosed. Thus X is mijT
*
 space. 
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Remark 4.8:  1. mijTr-spaces and mijT*-spaces are independent. 

                       2 . mijTr-spaces and mijT**-spaces are independent. 

                       3 . mijT

-spaces and mijT**-spaces are independent. 

Example 4.9: Let X = {a, b, c}. m1 = {X, φ, {a}, {b}}. m2 = {X, φ, {a, b}}.Then the space (X, 

m1, m2) is mijT
*
 space but not mijT

**
 space. 

Remark 4.10: 

From the above results and example we find the following implications: 

                                                                              

 

 

 

 

 

                                    

Theorem 4.11: For a bim space (X,m1,m2) the following conditions are equivalent: 

(1) X is mijT
*
 space. 

(2) Every singleton of  X is either mj regular closed or mj preopen. 

Proof: 

(1) ⟹ (2): Let x ∈ X and assume that {x} is not mj regular closed. Then clearly X-{x} is not mi 

regular open.The only regular open set which contains X-{x}is X.Thus X-{x} is trivially mij prg 

closed set. By assumption it is mj  preclosed. Thus {x} is mj  preopen. 

(2) ⟹ (1): Let A ⊆ X be mij prg closed set. To prove A is mj preclosed. Let x ∈ mj pcl(A).We 

will show that x ∈ A Consider the following two cases: 

Case  1: Let {x} be mj regular closed.Then if  x ∉ A. There exists a regular closed set in pcl(A)-

A. Hence by theorem x ∈ A. Therefore pcl(A) ⊆ A. 

Case 2: The set {x} is mj  pre open. Since x ∈ mj pcl(A) then {x} ∩ pcl(A) ≠ φ. Thus x ∈ A. 

Hence in both cases x ∈ A. This shows that pcl(A) ⊆ A.Thus A is mj preclosed. 

 

 

T**- Space T*-space 

Tr-space T-space 
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mij prg – Continuous Functions 

Definition 4.12: A function f : (X, mX
1
,mX

2
) ⟶ (Y, my 

1
,my

2
) is said to be mijprg-continuous if f

-

1
(F) is mij prg-closed in X for every mj closed set F of Y, where i, j=1,2and i≠ j. 

Definition 4.13: A function f : (X, mX
1
,mX

2
) ⟶ (Y, my 

1
,my

2
) is said to be mijpr-continuous if f

-

1
(F) is mij prg-closed in X for every mj  pre-closed set F of Y, where i, j=1,2and i≠ j. 

Proposition 4.14: A function f : (X, mX
1
,mX

2
)⟶ (Y, my 

1
,my

2
) is  mij prg-continuous if and only 

if        f
-1

(U) is mij prg-open  in X for every mj-open  set U of Y, where i,j=1,2and i≠ j. 

Proof:Let U be  mj-open  set of Y.Then Y-U is mj closed set. Since f is mij prg-continuous,         

f
-1

(Y-U) is mij prg-closed in X. ie f
-1

(Y-U)= X- f
-1

(U). This implies that f
-1

(U) is mij prg-open in 

X. 

Theorem 4.15: Let (X, mX
1
,mX

2
) be a bim space and let (Y, mY 

1
,mY

2
) be a bim space, where (Y, 

mY 
1
,mY

2
) have property B. For an injection function f : (X, mX

1
,mX

2
) ⟶ (Y, mY 

1
,mY

2
) the 

following are equivalent: 

(1) f  is mijprg-continuous 

(2)  For each x ∈ X and for each mY 
j
-open  set V containing f(x), there exists a mijprg-

open set U containing x such that f(U)  ⊆ V. 

(3) f(mj pcl(A)) ⊆ mY 
j
pcl(f(A)) for each subset A of X. 

(4) mj pcl(f
-1

(B)) ⊆ f
-1

(mY 
j
pcl(B)) for each subset B of Y. 

Proof : 

 (1) ⇒ (2): Let x ∈ X and V be mj-open set containing f(x). Then f
-1

(V) is mijprg-open set of X 

containing x. If U ⊆ f
-1

(V), then f(U) ⊆ V. 

(2) ⇒ (3): Let A be a subset of X and f(x) ∉ mj pcl(f(A)) then there exists mj-open set V of Y 

containing f(x) such that V ∩ f(A) = ϕ. Then by (2) there is a mijprg-open set U such that f(x) ∈ 

f(U) ⊆ V. Hence f(U) ∩ f(A) = ϕ. ⟹ U ∩ A = ϕ .⟹ x ∉ mj pcl(A) and f(x) ∉ f(mj pcl(A)). 

(3) ⇒ (4): Let B be a subset of Y and A = f
-1

(B). By (3) f(mj pcl(f
-1

(B))) ⊆ mjpcl(f(f
-1

(B))) . 

Thus mjpcl(f
-1

(B)) ⊆ f
-1

(mj pcl(B)) 

 

(4)⇒ (1) Let F be a mj-pre-closed set of Y.  Suppose U is a mi-regular open set of X such that   

 f
-1

(F) ⊆ U. By assumption,  mjPcl(f
-1

(F)) ⊆ f
-1

(mjPcl(F)) ⊆ f
-1

(F) (Since F is mj.preclosed) 

mjPcl(f
-1

(F)) ⊆  f
-1

(F) ⊆ U, which implies mj pcl(f
-1

(F)) ⊆ U, implies f
-1

(F) is mij prg-closed. 

Hence f is mijprg-continuous. 

Proposition 4.16: Let (Y, mY 
1
,mY

2
) be a mijTr space and let f : (X, mX

1
,mX

2
) ⟶ (Y, mY 

1
,mY

2
) 

and g : (Y, mY 
1
,mY

2
)⟶ (Z, mZ 

1
,mZ

2
)be functions. If f and g are mijrg-continuous then gof is 

mijrg-continuous. 
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Proof: Let F be a mj closed subset of Z. Since g is mijrg-continuous. Then g
-1

(F) is mijrg-closed 

subset of Y. Since  (Y, mY 
1
,mY

2
) be a mijTr space, then g

-1
(F) is mj regular closed subset of  Y. 

Since f is mijrg-continuous , then (gof) 
-1

(F) = f
-1

(g
-1

(F)) is mijrg closed subset of  X. Hence gof is 

mijrg-continuous. 

Remark 4.17: The composition of two mijprg-continuous fuctions need not be mijprg-

continuous. 

Proposition 4.18:Let f : (X, mX
1
,mX

2
) ⟶ (Y, mY 

1
,mY

2
) and g : (Y, mY 

1
,mY

2
)⟶ (Z, mZ 

1
,mZ

2
) 

be functions. If f and g are mijprg-continuous functions  then gof is mijprg-continuous.where Y is 

a mijT** space. 

Proof: Let F be a mj closed subset of Z. Since g is mij prg-continuous. Then g
-1

(F) is mijprg-

closed subset of Y. Since  (Y, mY 
1
,mY

2
) be a mijT** space. Then g

-1
(F) is mj closed subset of  Y. 

Since f is mijprg-continuous , then (g o f) 
-1

(F) = f
-1

(g
-1

(F)) is mijprg closed subset of  X. Hence 

gof is mij prg-continuous. 

Proposition 4.19: f : (X, mX
1
,mX

2
) ⟶ (Y, mY 

1
,mY

2
) and g : (Y, mY 

1
,mY

2
)⟶ (Z, mZ 

1
,mZ

2
) be 

functions. If f and g are mijpr-continuous and mijprg-continuous functions  then gof is mijprg-

continuous.where Y is a mijT* space. 

Proof: Let F be a mj closed subset of Z. Since g is mij prg-continuous. Then g
-1

(F) is mijprg-

closed subset of Y. Since  (Y, m1 
Y
 ,m2 

Y
) be a mijT* space. Then g

-1
(F) is mj pre-closed subset of  

Y. Since f is mijpr-continuous , then (g o f) 
-1

(F) = f
-1

(g
-1

(F)) is mijprg closed subset of  X. Hence  

g o f is mij prg-continuous. 
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