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Abstract 
 This paper dealt with the problem of factorization in linear hypergraph. Some properties 

of factorization of graphs that may not be true in case of factorization of linear hypergraphs are 

discussed with illustrations of counterexamples. A necessary and sufficient condition for 1-

factorability of a linear hypergraph is obtained. 
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1. Introduction: 
Most hypergraph terminology is taken from [1] and [2] 

. Decomposition of linearhypergraphs has been studied in a manner similar to simple 

graphs. Linear hypergraph is a generalization of simple graph.The linear hypergraph is defined 

as follows: 

A linear hypergraph Hon a finite set V is acouple H=(V, X), where  mEEEEX ,...,,, 321

is the collection of subsets of V such that 

(i)  iE and 1iE i  = 1, 2, 3,…,m 

(ii)  
m

i

i VE
1

  

  (iii) 1ji EE  for ji  . 

The elements of Xare called the edges of hypergraph H. |V|=n is called the order of this 

hypergraph. 
As usual, two vertices in a linear hypergraph are adjacent if they have on the same edge. 

With a view to introducing the concept of factorization, we consider spanning partial linear 

hypergraph defined as follows: 

The partial linear hypergraph of a linear hypergraph H=(V, X) generated by a family       

FX is defined to be the linear hypergraph ),( FVF where for some XEi  and for all FEi  ,

 iF EV  and the spanning partial linear hypergraphis a partial linear hypergraphwhere 

VVF  . 
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 In this connection, we have some more definitions as follows- the degree of a vertex 

Vv  in a linear hypergraph H=(V, X) is the number of edges containing vand denoted by    dH-

(v). A linear hypergraph is said to be regular of degree dor briefly d-regular if all its vertices 

have the same degree equal to d. 

 A linear hypergraph is said to be complete if all of its vertices are adjacent to each other. 

The chromatic index of a linear hypergraph H is the least number of colors necessary to colored 

the edges of H such that two intersecting edges are always colored differently and denoted by 

q(H). 

2. 1-Factorization: 

Any two edges 1E and 2E in a linear hypergraph H=(V, X)  is said to edge disjoint or 

disjoint if they have no common vertex between them, i.e. 021 EE . 

Definition 2.1:An n-factor ),( iii XVH   of linear hypergraphH is a spanning partial linear 

hypergraph which is regular of degree n. 

A linear hypergraphH=(V, X) is said to n-factorable, if it can be factorized intodisjoint n-

factors. In particular, 1-factorization is the factorization of a linear hypergraph into disjoint    1-

factors.  

We now want to point out some observations made on 1-factor and 1-factorization in 

linear hypergraphs. 

Note 2.2: We observe here that one vital condition for a simple graph to have a 1-factor is that 

the number of vertices in it must be even. But this is not always necessary for linear hypergraphs; 

particularly, a linear hypergraph may have a 1-factor without having even number of vertices.  

We illustrate this by an example. (Fig.-2.1)   
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Fig.-2.1 

 

This linear hypergraph has a 1-factor whose edges are 1E , 2E and 3E . But the number of 

vertices is odd. 

Note 2.3: Tutte’s Theorem for Graph Theory stating that a simple graph G has 1-factor if and 

only if the number of vertices in G is even and for all sets SV(G), the number of odd 

components in G-S is less than equal to |S|, is not true for linear hypergraphs in general (Fig.-2.2 

and Fig.-2.3). 

      

      

 

 

 

 

Fig.-2.2 

This linear hypergraphH(Fig.-2.2) has an odd number of vertices with a 1-factor 1E , 3E ,

4E . Also, if we take S= { }1v , then number of odd component in H-S is greater than |S| which 

goes against the conditions of Tutte’s theorem. In another example as shown in the Fig.-2.3, a 

linear hypergraph is constructed having no 1-factor, though by taking S={ }1v , we find the 

number of odd components in H-S to be equal to |S|.  Moreover, it can be easily seen that, for any

VS  , the number of odd components in H-S is equal to |S| or it is less than |S|. In this way, 

Tutte’s theorem again fails for linear hypergraphs even when all conditions for 1-factor are 

satisfied. 

 

 

 

 

 

 

Fig.-2.3 
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Note 2.4:  All complete linear hypergraphs of even vertices are not 1-factorable. The linear 

hypergraph shown in Fig.-2.4 illustrates this fact.  

 

 

 

 

 

 

Fig.-2.4 

 

 The problem of finding out condition for 1-factorability is actually a challenge for us. As 

we stated above Tutte’s Theorem in graph theory for determining 1-factor of a given simple 

graph fails in linear hypergraphs. Therefore, we move into the classification problem of graphs, 

which gives us a right direction to decide a necessary and sufficient condition for a linear 

hypergraph to be 1-factorable.    

 

Proposition 2.5:  A d-regular connected linear hypergraph H is 1-factorable if and only if 

q(H)=d. 

Proof:Let H be 1-factorable. Then H has dnumber of 1-factors iH , i = 1, 2,…,d where H=
d

i

iH
1

 

and any two factors have no common edge. So, q(H)=


d

i

iHq
1

)(  and    q(H)=d  as   q(H)=1,  i 

=1, 2,…,d. 

  

 Conversely, for any d-regular connected linear hypergraph H, letq(H)=d. Then dcolors 

are required to color the edges of H. Let dCCC ,...,, 21  be the dcolors. We now remove all the 

edges with the same color 1C  from H. This constitutes a partiallinear hypergraph 1H  of H and it 

is clear that 1H  is 1-regular. Then H becomes H- 1H . Again, we remove all the edges with the 

same color 2C  from H- 1H  and constitute a partial linear hypergraph 2H  of H- 1H  . Then H- 1H

becomes H- )( 21 HH  . Continuing this process we get a set of 1-regular partial linear 

1

5T
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hypergraphs 1H , 2H ,…, dH  of H corresponding to the colors dCCC ,...,, 21 . We now show that 

each 1-regular partial linear hypergraph iH  is a spanning partial linear hypergraph. If any vertex 

v is missing in any partial linear hypergraph iH , then at least one more vertex /v (not equal to v) 

will be missing from some other partial linear hypergraph and {v, /v } will form an edge of H as 

H has no isolated vertex and for all vertex v , dH(v)=d.To color this edge one more color will be 

required and so, q(H)=d+1, which implies q(H)≠d. Hence each 1-regular partial linear 

hypergraph iH  is a spanning partial linear hypergraph of H. Also each of these partial linear 

hypergraphs is edge disjoint. Therefore, the set of all these 1-regular spanning partial linear 

hypergraphs viz., { iH }, i =1, 2,…,dconstitutes 1-factorization for H. Hence the result follows. ■ 
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