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Abstract: 

In this paper ,we introduce the  concept of  generalized  gs*-Closed sets in  

Topological spaces.We  obtain  Basic properties  of  gs*-Closed sets.Applying 

generalized  gs*-Closed set,we investigate  the  notion of  Tgs* space. 

Also,we  introduce  gs*-Continuous  functions  and  gs*-irresolute  functions. 
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I.Introduction 

 Levine introduced and studied semi-open sets [10] in 1963 and generalized the 

 concept of closed sets to generalized closed sets [11] in 1970.Bhattacharya  and 

 Lahiri [3] generalized the concept  of   closed sets to  semi-generalized closed  

 sets.S.P.Arya  and  T.Nour [1]  defined generalized semi closed sets (briefly gs-  
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 closed sets) in 1990 for obtaining  some characterizations  of  s-normal  

 spaces.Njastad [18] and Abd El-Monsefet.al [16] introduced  α-sets (called as  

 α-closed sets and  semi-pre-open sets  respectively.We  introduce the new class of 

 gs*-closed sets in this paper.The class of  gs*closed  is independent  from  the  

 class of g-closed sets,ψ-closed sets,αg-closed sets and α-closed sets. 

Levine [10] and Devi et al.[5] introduced  T1/2 spaces  and  Tb spaces respectively. 

Veerakumar [21] introduced  αTb
#
 spaces and  Tb

#
 spaces. We  also  introduce  and  

Study  gs*-continuous  and  gs*-irresolute maps.          

 

2.Prerequisites 

Throughout  this paper  (X,τ),(Y,σ)  and  (Z,η)  represent  topological  spaces  on 

 which no separation  axioms  are assumed unless  otherwise  mentioned.We  recall 

 the following  definitions,which will be used  throughout  this  paper. 

  

Definition 2-1-A  subset  A  of a topological space(X,τ) is called  

1) a  pre-open set [12] if A ⊆ int(cl(A)) and  a  preclosed set  if cl(int(A)) ⊆ A. 

 

2) a  semi-open set [8] if A ⊆ cl(int(A)) and  a  semi-closed set if  

 

int(cl(A))⊆A. 

 

3) an α-open set [16] if A ⊆ int(cl(int(A))) and  an α-closed set [10] if  

         cl(int(cl(A))) ⊆ A.    

Definition  2.2  A subset  A  of  a  space (X,τ) is called 

1. Generalised closed [10](briefly  g-closed) if cl(A) ⊆ U  whenever A ⊆ U  and U  

     is open in  X. 
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2. Generalised semiclosed [12](briefly  gs-closed) if  scl(A) ⊆ U  whenever A⊆ U   

    and U is open in X. 

3. Semi-generalised closed [12](briefly  sg-closed)  if  scl(A) ⊆ U  whenever A⊆U  

    and  U is semiopen in X. 

4. α- generalized closed[11](briefly  αg-closed)  if  α-cl(A) ⊆ U  whenever A⊆ U  

    and  U is open in X. 

5. g*s-closed [16] if scl(A) ⊆ U  whenever  A⊆ U and U is gs-open in X. 

6. generalised semi-preclosed [5](briefly  gsp-closed)  if  spcl(A) ⊆ U   

    whenever A⊆ U  and  U is open  in X. 

7. g
#
 - semi- closed [19] if scl(A) ⊆ U  whenever  A⊆U  and U is αg-open in X. 

8. g*-closed [17] if  cl(A) ⊆ U  whenever A⊆ U  and  g-open in X. 

 

Definition  2.3-A  function  f: (X,τ) → (Y,σ) is called 

1. semi-generalized continuous [2] if  f
-1

(v) is sg-closed in (X,τ) for every closed  

    set  V of  (Y,σ). 

2. generalized semi-continuous [6] if  f
-1

(V) is gs-closed in (X,τ) for every closed  

    set V of (Y,σ). 

3. generalized  continuous [2] if f
-1

(V) is g-closed in (X,τ) for every closed set V  

    of  (Y,σ). 

4. semicontinuous [10] if f
-1

(V) is semi-open in (X,τ) for every open set V of  

   (Y,σ). 

5. α-generalized  continuous [9] if  f
-1

(V) is αg-closed in (X,τ) for every closed  

    set V of (Y,σ). 
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6. generalized semi pre-continuous[7] if  f
-1

(V) is gsp-closed in (X,τ) for every  

    closed set V of (Y,σ). 

7. g*s-continuous[18] if the inverse image of every closed set in Y is g*s-closed in X. 

8. g
#
s-continuous[21] if  f

-1
(V) is a g

#
s-closed set of (X,τ) for every closed set V of  

    (Y,σ). 

9. g*-continuous[19] if  f
-1

(V) is a g*-closed set of (X,τ) for every closed set V of  

    (Y,σ). 

 

Definition 2.4. A topological space (X,τ) is said to be 

1. T1/2-space[11] if every g-closed set of X is closed in X. 

2. Tb-space[5] if every  gs-closed set of X is closed in X. 

3. αTb
#
-space[21] if every g

#
 s-closed set in X is semi-closed.   

3.Basic  Propertiesof  gs*-closed sets. 

We introduce  the  following  definitions. 

Definition  3.1 

 A  subset  A  of  a space (X,τ) is called gs*-closed set if scl(A) ⊆ U whenever  

A⊆ U and U is a g-open set of (X,τ). 

Theorem  3.2  Every  closed set is a gs*-closed set. 

Proof  follows  from  the  definitions. 

Theorem  3.3  Every  g*-closed set is  gs*-closed. 

Proof  follows  from  the  definitions.Since  scl(A) ⊆ cl(A) 

Theorem  3.4  Every  semi-closed  set is gs*-closed. 



International Journal of Computer Application                                  Issue 4, Volume 2 (March - April 2014)                                                                                                                  

Available online on http://www.rspublication.com/ijca/ijca_index.htm                                ISSN: 2250-1797 

R S. Publication (rspublication.com), rspublicationhouse@gmail.com Page 64 
 

Proof  follows  from  the  definitions.Since  scl(A) = A if  A is semiclosed. 

The  following  examples  show  that  the converse  of the  above  three  theorems   

need  not  be  true. 

Example  3.5  Let X = {a,b,c},τ = {Φ,X,{a,b}}.The  set {a,c} is gs*-closed  but   

not  closed. 

Example  3.6  Let X = {a,b,c,d},τ = {Φ,X,{a,b}}.The  set {c} is gs*-closed  but   

not  g*-closed. 

Example  3.7  In  example (3.6).The set {b,c,d} is gs*-closed  but  not  semi- 

closed. 

So  the  class  of  gs*-closed sets  properly  contains  the  class  of  closed sets, 

Class  of  g*-closed sets  and  class  of  semi-closed sets. 

Theorem  3.8  Every  g
#
s-closed  set  is  gs*-closed.  

Proof  follows  from  the  definitions.Since  every  g-open  set is αg-open. 

Example  3.9  Let X = {a,b,c},τ = {X,Φ,{a},{a,c}}.The  set {a,b} is gs*-closed  

but  not  g
#
s-closed. 

Theorem  3.10  Every  g*s-closed set  is  gs*-closed. 

Proof  follows  from  the  definitions.Since  every  g-open  set is gs-open. 

Example  3.11  In example (3.9),The  set {a,b} is gs*-closed but  not  g*s-closed. 

From  example  3.9  and  3.11 we see that the  class  of  gs*-closed sets  properly   

Contains  the  class  of  g
#
s-closed sets  and  the  class  of  g*s-closed sets. 

Theorem  3.12  Every  gs*-closed set  is  gs-closed. 

Proof  follows  from  the  definitions.Since  every  open  set is g-open. 
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Theorem  3.13  Every  gs*-closed  set  is  gsp-closed.  

Proof  follows  from  the  definitions.Since  every  open  set is  g-open. 

The  converse  of  the  above  two  theorems  need  not  be  true. 

Example  3.14  In example(3.6)  The  set {a,c} is gs-closed but  not  gs*-closed. 

Example  3.15  In example(3.6)  The  set {a} is gsp-closed but  not  gs*-closed. 

So  the  class  of  gs-closed sets  and  the  class  of  gsp-closed sets  properly   

Contain  the  class  of  gs*-closed sets. 

3.16  Thus  we  have  the  following  diagram:  

                                 Closed                                                        g*-closed             

 

      

            semi-closed                                         gs*-closed                              g
#
s-closed          

              

                              

                                  g*s-closed                     gsp-closed                         gs-closed 

Figure 1 shows  the  relationships  of  gs*-closed sets  with  other  sets  where 

A→B(resp.A ↔B) represents A implies  B but B need not imply A(resp.A and B are  

independent). 

The  following  examples  show  that  gs*-closedness  is  independent  from  

sg-closedness, g-closedness  and  αg-closedness. 

Example  3.17  In example(3.9) , The  set {a,b} is gs*-closed but  not  sg-closed. 

 Let X = {a,b,c},τ = {X,Φ,{a},{b,c}},Then  the  set {b} is sg-closed but  not   

gs*closed. 
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Example  3.18  In example(3.9) , The  set {c} is gs*-closed but  not  g-closed. 

In  example(3.3),the  set {a,c} is  g-closed  but  not  gs*-closed. 

Example  3.19   Let X = {a,b,c},τ = {X,Φ,{a},{b,c}},Then  the  set {b} is αg- 

Closed  but  not  gs*closed. Let X = {a,b,c},τ = {X,Φ,{a},{b},{a,b}},Then  the  set  

{a} is gs*-closed but  not  αg-closed. 

Theorem  3.20  Union  of  two  gs*-closed sets  is  gs*-closed. 

Proof: Let A and B be  two  gs*-closed sets.Let  AUB ⊆ U and  U  be  g-open. 

Since  A ⊆ U  and  B ⊆ U and  U is g-open,scl(A) ⊆ U  and  scl(B) ⊆ U.Hence  

scl(AUB) ⊆ scl(A) U scl(B) ⊆ U  and  U is g-open.Therefore,AUB is  gs*-closed. 

Theorem  3.21  A  subset  A  of  X is gs*-closed in  X if  scl(A) \ A contains  no 

non-empty  g-closed set in X. 

Proof: Let F be  a non-empty  g-closed set  contained  in  scl(A) \ A.Then  A ⊆ F
c
. 

Where  F
c
 is g-open  and  A  is  gs*-closed,so scl(A) ⊆ F

c
. (ie) F ⊆ scl(A)

c
. 

Hence F ⊆ scl(A)
c
 ∩ scl(A) = Φ.Therefore  scl(A) \ A contains  no non-empty  g- 

closed set. 

Theorem  3.22  For  each  x ԑ X,either {x} is g-closed or  {x}
c
 is gs*-closed in X. 

Proof : If  {x} is not  g-closed,then  the  only  g-open set  containing  {x}
c
 is X. 

Therefore,scl {x}
c
 ⊆ X and  hence {x}

c
 is gs*-closed in X. 

 

4. gs*-continuous   and  gs*-irresolute  functions  in  topological  space 

We  introduce  the  following  definition. 
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Definition  4.1 

A  map  f : X→Y, from  a  topological  space  X  into  a  topological  space  Y  is  

Called  gs*-continuous  if  the  inverse  image  of  every  closed set  in  Y  is gs*- 

closed  in  X. 

Theorem  4.2  If  a  map  f : X→Y  is continuous,  then  it  is  gs*-continuous 

But  not  conversely. 

Proof : Obvious, from  theorem  3.2 

The  converse  need  not  be  true. 

Example  4.3  Let X = Y = {a,b,c}, τ = {Φ,X,{b}}, σ = {Φ,Y,{a,b}}.  

Let f : X→ Y be  the  identity  map.For  the  closed  set  {c} in Y, f
-1

({c}) = {c} is   

not  closed  in  X. Therefore, f  is  not  continuous. But  f
-1

({c}) = {c}, f
-1

(Φ) = Φ,  

f
-1

(X) = X  are  gs*-closed  in  X. Hence  f  is gs*-continuous. 

Theorem  4.4  If  a  map f : X → Y is gs*-continuous, then  it  is  gs-continuous   

and  gsp-continuous. 

Proof : follows  from  theorems  3.12 and  3.13 

The  converse  need  not  be  true. 

Example  4.5  Let X = Y = {a,b,c}, τ = {Φ,X,{a}}, σ = {Φ,Y,{c}}.  

Let f : X→ Y be  the  identity  map. For  the  closed  set  {a,b} in Y, 

f
-1

({a,b}) = {a,b} is not  gs*- closed  in  X. Therefore, f  is  not  gs*- continuous.  

But  f
-1

({a,b}) = {a,b} is  gs -closed  in  X. Hence  f  is gs-continuous. 

Example  4.6  In  example (4.5), {a,b}  is  not  gs*-closed  in  X,but  it  is  gsp- 

closed  in  X. Therefore, f  is  gsp-continuous  but  not  gs*-continuous. 
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The  composition  of  gs*-continuous  maps  need  not  be  gs*-continuous. 

Example  4.7  Let X = Y = Z = {a,b,c}, τ = {Φ,X,{a},{b,c}}, σ = {Φ,Y,{a,b}}, 

η = {Φ,Z,{a}}. Define  Φ : (X,τ) → (Y,σ) by  Φ(a) = c, Φ(b) = a  and  Φ(c) = b. 

Define  ψ : (Y,σ) → (Z,η) by  ψ(a) = b, ψ(b) = a, ψ(c) = c.Clearly  both  Φ and  ψ   

are  gs*-continuous. {b,c}  is  a  closed  set  of (Z,η),  

but  (Φoψ)
-1

({b,c}) = Φ
-1

[ψ
-1

({b,c})] = {a,b}  is  not  gs*-closed  in  X. 

therefore,(Φoψ) : (X,τ) → (Z,η) is  not  gs*-continuous. 

Theorem  4.8  If  a  map  f : X → Y  satisfies  any  one  of  the  following   

Conditions  then  f  is  gs*-continuous. 

(i) g
#
s-continuous    (ii) g*-continuous    (iii) g*s-continuous    (iv) semicontinuous. 

Proof : Follows  from  theorems 3.3, 3.4, 3.8, 3.10 respectively. 

Converse  of  the  above  theorems  need  not  be  true. 

Example  4.9  Let X = Y = {a,b,c}, τ = {Φ,X,{a},{b,c}}, σ = {Φ,Y,{b,c}}.  

Let f : X→ Y be  the  identity  map. For  the  closed  set  {a} in Y, 

f
-1

({a}) = {a} is  gs*- closed  in  X. Therefore, f  is  gs*- continuous.  

But  f
-1

({a}) = {a} is not  g 
#
s -closed  in  X. Hence  f  is not g 

#
s-continuous. 

Example  4.10  Let X = Y = {a,b,c,d}, τ = {Φ,X,{a},{a,b},{a,c}},  

σ = {Φ,Y,{a},{a,b}. Let f : X→ Y be  the  identity  map. For  the  closed  set  {c} 

 in Y, f
-1

({c}) = {c} is  gs*- closed  in  X. Therefore, f  is  gs*- continuous.and 

  f
-1

({a,b,d}) = {a,b,d} is  not  g*s -closed  in  X. Hence  f  is not  g*s-continuous. 

Example  4.11  In  example (4.10), f
-1

({c}) = {c} is  gs*-closed  but  not  g*- 

closed  in  X. Therefore, f  is  gs*-continuous  but  not  g*-continuous. 
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Example  4.12  In  example (4.10), Let {a,b,d}  be  closed  in  Y. 

f
-1

({a,b,d}) = {a,b,d} is  not  semi-closed  in  X. Let {c,d} be  closed  in  Y. 

f
-1

({c,d}) = {c,d} is  gs*-closed  in  X. Therefore, f  is  gs*-continuous  but  not   

semi-continuous. 

We  introduce  the  following  definition. 

Definition  4.13  A  function  f : X → Y is  called  gs*-irresolute  if  f
-1

(V) is a   

gs*- closed set  in  X  for  all  gs*-closed sets  V  in  Y. 

Theorem  4.14  Every  gs*-irresolute  map  is  gs*-continuous  but  not conversely. 

Proof : follows  from  theorem 3.2. 

Example  4.15  Let X = Y = {a,b,c}, τ = {Φ,X,{a},{b,c}}, σ = {Φ,Y,{a,b}}. 

Let Φ : X → Y be defined  as  Φ(a) = c, Φ(b) = a, Φ(c) = b. {c}  is  closed  in  Y 

and  Φ
-1

({c}) = {a} is  not  gs*-closed  in  Y. But  Φ
-1

({c}) = {a} is gs*-closed in  

X. Therefore, Φ  is not  gs*-irresolute. 

Thus  the  class  of  gs*-continuous  maps  properly  contains  the  class  of  gs*-irresolute  

maps.  

Theorem  4.16  Let f : (X,τ) → (Y,σ) and  g : (Y,σ) → (Z,η) be  any  two   

functions. Then 

(i) fog : (X,τ)→(Z,η) is  gs*-continuous  if  f  is  gs*-irresolute  and  g  is 

gs*-continuous. 

(ii) fog : (X,τ)→(Z,η) is  gs*-irresolute  if  f and  g  are  gs*-irresolute  maps. 

 

(iii) fog : (X,τ)→(Z,η) is  gs*-continuous  if  f  is  gs*-continuous  and  g  is   

               continuous. 
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Proof : 

(i)Let  F  be  a  closed set  in  Z, then  g
-1

(F) is  gs*-closed  in  Y  and  f
-1

(g
-1

(F)) is 

gs*-closed  in  X. therefore, (fog)
-1

(F) is  gs*-closed  in  X  and  hence  (fog) is  

gs*-continuous. 

(ii), (iii)  proof  is  similar. 

 

5. Application  of  gs*-closed  sets 

We  introduce  the  following  definitions. 

Definition  5.1 The  topological  space  X  is called  Tgs*-space  if  every  gs*- 

Closed  set  is  closed  in X. 

Definition  5.2 The  topological  space  X  is called  Tgs**-space  if  every  gs*- 

Closed  set  is  g*-closed  in X. 

Theorem  5.3 Let  X  and  Z  be  any  two  topological  spaces  and  Y  be  a  Tgs*- 

Space. If  f : X → Y  and  g : Y → Z are  gs*-continuous, then  the  composition  

gof : X → Z is gs*-continuous. 

Proof : Let  F be  a  closed set  in  Z, then  g
-1

(F) is gs*-continuous  in  Y. 

Since  Y  is  Tgs*-space, g
-1

(F)  is  closed  in  Y.Since  f  is gs*-continuous, 

f
-1

(g
-1

(F)) is gs*-closed  in  X. Therefore, (gof) is gs*-continuous.   

Theorem  5.4  Every  Tb-space  is  an  Tgs*-space. 

Proof : Let  A  be  gs*-closed, then  A  is  gs-closed. Since  X is a  Tb-space, 

 A is  closed.  X  is  a  Tgs*-space. 

The  converse  need  not  be  true. 
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Example  5.5 Let  X = {a,b,c}, τ = {Φ,X,{a},{b,c}}. Here  gs*-closed  sets  are   

Φ,X,{a},{b,c}  and  hence  every  gs*-closed  set  is  closed. Therefore  X  is  an   

Tgs*-space. Also  gs-closed  sets  are  Φ,X,{a},{b},{c},{a,b},{a,c},{b,c}  are  not  

Closed  and  hence  X  is  not  an  Tb-space. 

Theorem  5.6  Every  Tgs*-space  is  a  αTb
#
- space. 

Proof : Let  X  be  a  Tgs*-space  and  let  A  be  a  g
#
s-closed set  in  X. Then  A  is 

Semi-closed  in X. Therefore  X  is  a  αTb
#
-space. 

Theorem  5.7  Every  Tgs*-space  is  an  Tgs**-space. 

Proof : Let  X  be  an  Tgs*-space  and  let  A  be  a  gs*-closed set  in  X.Then 

A  is  closed  in  X  and  so  A  is  g*-closed  in X. Therefore  X  is an  Tgs**-space. 

Theorem  5.8  Every  Tb-space  is  an  Tgs**-space. 

Proof : Let  X  be  a  Tb-space, then  by  theorem (5.4), X  is  a  Tgs*-space  and  

Therefore  by  theorem (5.7), X  is  a  Tgs**-space. 

The  converse  is  not  true. 

Example  5.9  Let X = {a,b,c}, τ = {Φ,X,{a},{b,c}}.Here  gs*-closed  sets  are 

Φ,X,{a},{b,c}  and  g*-closed  sets  are  Φ,X,{a},{b,c}. Hence  every  gs*-closed  

Set  is  g*-closed. Therefore, X  is  an  Tgs**-space. Also  gs-closed  sets  are   

Φ,X,{a},{b},{c},{a,b},{a,c},{b,c}  are  not  Closed  and  hence  X  is  not  an 

Tb-space. 

Theorem  5.10  For  a  space  (X,τ), the  following  conditions  are  equivalent. 

(i) (X,τ)  is  a  Tgs*-space.  

 

(ii)  Every  singleton  of  X  is  either  g-closed (or)  open. 



International Journal of Computer Application                                  Issue 4, Volume 2 (March - April 2014)                                                                                                                  

Available online on http://www.rspublication.com/ijca/ijca_index.htm                                ISSN: 2250-1797 

R S. Publication (rspublication.com), rspublicationhouse@gmail.com Page 72 
 

Proof : (i) => (ii) 

Let  x ε X  and  suppose  that  {x} is  not  g-closed. Then  X  \ {x}  is gs*-closed 

Since  X  is  the  only  g-open set  containing  X \ {x}. Therefore, by (i), X \ {x} 

is  closed  and  hence  {x}  is  open. 

(ii)=> (i) 

Let A  be  a  gs*-closed  set. Clearly  A ⊆ scl(A) ⊆ cl(A). Let  x ε cl(A) 

Then  x ε X. Then  by (ii)  {x} is  either  g-closed  or  open. 

Case (i) – Suppose  {x}  is  g-closed. If  x Ԑ A  and  if  x ε scl(A) \ A  

Then  scl(A) \ A  contains  the  g-closed  set {x}  and  A  is  gs*-closed. 

Then  by  theorem (3.22), we  arrive  at  a  contradiction. Therefore   xεA. 

Case (ii) – Let {x} be  open. Since  x ε cl(A), {x} ∩ {A} ≠ Φ and   

hence  x ε A. therefore, in  any  case, x ε A. therefore  A  is closed  and hence 

X  is  an  Tgs*-space. 
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