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Introduction générale

The problem of locating an obstacle to the fundamental intrinsic value is to locate
the position of the setting up barriers or wells to maximize or minimize the first
eigenvalue of the operator considered.

In [22] , the authors studied this problem by considering the Laplace operator or
Schrodinger

In [32| Long-Jiang Gua, Xiaoyu Zengb, and Huan-Song Zhoub have studied the ex-
istence of asymptotic behavior of the base states for the eigenvalue problem of the
p-laplacian .

In [31] Leandro , Del Pezzo and Julio Studied the first eigenvalue for the p-Laplacian
operator with the boundary conditions of Dirichlet and Neumann (mixed boundary
conditions).

In [14] Daniele Valtorta gave the estimate of the first non-trivial eigenvalue of the
p-Laplacian on a compact Riemannian manifold with a non-negative Ricci curvature
and characterize the case of equality. He studied the following problem:

Ap(u) = Aplul*u on (1)
(Vun) = 0 on 0f)

Daniele Valtorta has proved the following strong estimate:

Alp %

With
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In the first chapter we will study the variation of the fundamental eigenvalue
according to the position of obstacl
The problem of locating an obstacle to the fundamental intrinsic value is to locate
the position of the setting up barriers or wells to maximize or minimize the first
eigenvalue of the operator considered.
In [22] , the authors studied this problem by considering the Laplace operator or
Schrodinger
In this article we will study the variation of the fundamental value following the
clean obstacl position.
Let D is open bounded in RY and B is obstacle moving at inside D.
We will study the variation of ;. the first eigenvalue of the operator —A if the
obstacle B moves inside D.
The approach to the study of problems is as follows:
We will pose the problem. So we study the derivation and the variation in A the
first eigenvalue of the Laplace operator.
The variation of €2 is explained by the fact that B moves in D without going
out. If B is hard obstacle,the movement of B in D is done either by translation
or by rotation or combining these two types of movement. If B is considered a
Soft obstacle, B can be transformed by dilation.
We gave the derivative of the first eigenvalue of the Laplace operator for a hard
obstacle and in the case of a soft obstacle or a well.
We will study the variation of the first eigenvalue of the Laplace operator \. and we
also state a theorem on the variation of A\, that will give us the obstacle position for
A is minimal

In the second chapter In the second chapter of this book, we will study the
same problem studied in the first chapter by using the same techniques used in our
paper [2] .

In [22|, the authors studied this problem by considering the Laplace or Schrodinger
operator defined within a fixed, bounded, open domain D with zero Dirichlet bound-
ary conditions. Inside this domain, they placed a ball which represents an obstacle
or a well , the position of which is under their control, and their goal was to locate
the optimal position of the piece under their control. And in their works (cf |22]),
one can find some interesting partial answers assuming convexity and/or symmetry
properties for D. They also gave illustrative examples.

In this part of our work, considering an obstacle or a well not necessarily a ball, we
study sufficient conditions to obtain the minimum or maximum value for the first
eigenvalue of the Laplace or Schrodinger operator.

In the third chapter of this book, we will study the obstacle positron problem for
the p-Laplacian operator.

In [32| Long-Jiang Gua, Xiaoyu Zengb, and Huan-Song Zhoub have studied the ex-
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istence of asymptotic behavior of the base states for the eigenvalue problem of the
following p-laplacian equation:

Agu = V@0 = plul’u + alul*?u, z € RN

with p € (I,n) , s=p+ %z,a > 0 and p € R Is a parameter and V(x) Is a field of
vectors satisfying certain assumptions.

In [31] Leandro , Del Pezzo and Julio Studied the first eigenvalue for the p-Laplacian
operator with the boundary conditions of Dirichlet and Neumann (mixed boundary
conditions). They considered the following problem:

Aju = Xaful*2ufv]® on Q 2)
A= MBlul*ulv|’~?v on Q

with % + § = 1 and Next mixed boundary conditions:

u =0, |Vv|q_2? sur 0f)
v

In |33] idrissa ly studied the behavior of the first eigenvalue of the p-Laplacian op-
erator A\{(€2,,) avec la condition du Dirichlet homogéne au bord du domaine variable
(€2,,) ,ou (€2,) est une famille séquentielles des perturbations géométrie.
In [14] Daniele Valtorta gave the estimate of the first non-trivial eigenvalue of the
p-Laplacian on a compact Riemannian manifold with a non-negative Ricci curvature
and characterize the case of equality. He studied the following problem:

Ap(u) = Aplul*?u on 3)
(Vun) = 0 on 0f)

Daniele Valtorta has proved the following strong estimate:

My >%
p—17 dr

With

H_/l ds 2«
Yo Jaa—sp)r psin(f)

In this article we will study the obstacle position problem for the p-Laplacian oper-
ator.

The obstacle locating problem for the fundamental eigenvalue is to locate the posi-
tion of the obstacle placement so as to maximize or minimize the eigenvalue of the
p-Laplacian operator. We were interested in the following problems:
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Let © be a bounded open set of RY and K An obstacle that moves The interior
of D. We consider the problem :

Ay(u) = Aplul*u in D\K (4)
u = 0 on 0N

Let A, The first eigenvalue of the p-Laplacian operator with certain hypotheses
we want to give the necessary and sufficient conditions so that the first eigenvalue
of the p-Laplacian operator is minimal or we want to determine the position of K
in €2 so that A;, Is minimal where \;, Represents the first eigenvalue of the
p-Laplacian operator
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Chapter 1

The variation of the first eigenvalue
of the Laplace operator and The
problem of locating an obstacle

The problem of locating an obstacle to the fundamental intrinsic value is to locate
the position of the setting up barriers or wells to maximize or minimize the first
eigenvalue of the operator considered.

In [22] , the authors studied this problem by considering the Laplace operator or
Schrodinger

In this article we will study the variation of the fundamental value following the
clean obstacl position.

Let D is open bounded in RY and B is obstacle moving at inside D.

We will study the variation of ;. the first eigenvalue of the operator —A if the
obstacle B moves inside D.

The approach to the study of problems is as follows:

We will pose the problem. So we study the derivation and the variation in A the
first eigenvalue of the Laplace operator.

The variation of €) is explained by the fact that B moves in D without going
out. If B is hard obstacle,the movement of B in D is done either by translation
or by rotation or combining these two types of movement. If B is considered a
Soft obstacle, B can be transformed by dilation.

We gave the derivative of the first eigenvalue of the Laplace operator for a hard
obstacle and in the case of a soft obstacle or a well.

We will study the variation of the first eigenvalue of the Laplace operator A. and we
also state a theorem on the variation of A, that will give us the obstacle position for
A is minimal
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1.1 presentation of different obstacle and first eigen-
value of the Laplace operator

Let D is open fixed in RY and B is obstacle moving at inside D.

In this work we study the minimization of the first eigenvalue of the operator Laplace
Dirichlet.

Specifically, placing B to inside D with boundary conditions of Dirichlet zero on
the border of Q@ = D/B

we want to determine the position of B in D for \; is minimal
—Au = M\u in D\B =) (1.1)
u=0 on Jd(D\B) =00 '
Define a vector field
VRN — RV
x — (Vi(x), Va(x), Vi(z)..., Vy(x))

for every real ¢ small enough, it identifies areas disturbed:

Q= {Id+tV)(Q) ={z+tV(z), xe€Q}.

The variation of 2 is explained by the fact that B moves in D without going
out. If B is hard obstacle,the movement of B in D is done either by translation
or by rotation or combining these two types of movement.

If B is considered a Soft obstacle, B can be transformed by dilation.

After the disturbance problem (1.1) becomes:

Uy = 0 on 0

With Q, = (Id+tV)(Q) = {z+tV(z), € Q.}
The derivative of is given by

{ —Aut = A Ut in Qt

—Au = M’ 4+ N in Q

u = —%V.n on [: / uu'dr =0 (1.2)
Q

on

with n(.) external unit normal to OS2
We will give the definition of spectrum and the first eigenvalue of the operator
Laplace Dirichlet.

Definition 1.1.1 Let A square symmetric matriz of order N of M(«, 3,).
constant X\ s a eigenvalue of the operator

©2019 RS Publication, rspublicationhouse@gmail.com Page 8



DOl : https://dx.doi.org/10.26808/rs.eb.01
Available online on http://rspublication.com/ebook.htm
September 2019

A = —div(AV) with Dirichlet boundary conditions 0 if w # 0 is the solution of
problem

(1.3)

Au = \u dans
u=0 sur o)

The function w is called proper function of A Associated with the eigenvalue \.
The set of eigenvalue is called the spectrum of A. Let Y (A) this set.

Definition 1.1.2 Let o, € R such as 0 < a < . We denote by M(a, 3,82) all
square matrices of order N as

A = (ai)1<ijen € (L2(Q)VN

satisfying
(i) A(z)E . € > alé]? VEERY inQ (1.4)

(i2) [A(z)E] < BI¢] (1.5)

Proposition 1.1.1 the Problem of minimization following :

A = min{/QAVuVu, ue HY(Q) \{0}/Qu2dx - 1}.

has a solution.
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Proof of proposition 1.1.1
The set of eigenvalues of A is the set

G:{aGRsuchasa:/

AVuVu avec u, € H:(Q) \{0} et ul|L2) = 1}
0

let
J(u) = / AVuVu dz.
Q

We show that the function J(u) admits a lower bound K with
K ={ue HYQ), llullm =1}
A€ M(a,3,Q) = (A Vu.Vu) > a|Vul> >0
— /AVu.Vu) >0 Yue€ HYQ)

(i) J(u) admits a lower bound. so G admits a lower bound.

Let
a=1inf G= inf J(u) = inf J(u
f uEeHY(Q) ( ) ueK ( )
||“||L2(Q)7é0

i) MeG@G=a<)\
Using the definition of lower bound Ju, € H!(Q)/{0} such as

J(u,) — a.

J(up) = /(AEVu . Vu) convex, continuous weakly sequentially s.c.i.

u, admits a lower bound H}(Q), moreover H}(Q) is reflexive = Ju a
subsequence of w,, such as uf, — u or K closed J weakly sequentially s.c.i.

= J(uy,) < lim J(uy,) = o

u, € K = J(u;,) > inf J(u) =«

ug €K
J(uy,) = Jnf (u) = minJ (ur,)
then J(uf) = a =min G
/AVU Vu
J@ 00000000

a=min G = J(u,) =

JXBRE
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thus « is a eigenvalue of A. \; this is the smallest eigenvalue A.
(i) = A\ < a Using (i), (ii) and (iii)

Al =a= min J(u)
u€H} ()
u#0
thus

/ AVu Vu dz
Q

A1 = min

HY(Q
“eu;;é ) /u2 dx
Q

We will give some definitions before formulating more precisely the problem.

Definition 1.1.3 [t said that the obstacle B is Soft,if the operator we are going to
consider is of the following form

-A+axg ou a>0 and xp is the indicator function of the region B.

A hard obstacle corresponds to o« = +o0o and they say B is well if « is negative.

In the case of a hard obstacle:
Define for any real t pretty small T;(B) as translation, rotation or a face.

ask Jo () = / dx — v, with v, > 0 and
o

O, = {Qt = D\Ty(B), ouvert de RY and verifying ownership &
cone and / dr = vo} So the problem becomes determining the position of B
Q

such than

ernelgs)\l((lt) is reached

or A\ () = uenl}llr(lﬂ){/g IVul2de /Q wldr = 1,}

In the case of a Soft obstacle is removed the constraint on the volume of all eligible
O.. Let V. = {Qt = D\T;(B) open from R" verifying ownership

€ — cone} or T, may be a dilation where a composition of a translation and

a dilation then the problem is to determine position €2; so that ém‘r/l A1(€) s
tEVe

reached

or A\ () = IlILllllr(lQ) {/ \Vu|2+oz/XBu2, /uzzloraeR}
u€H} D D D
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1.2 The variation of the first eigenvalue and locat-
ing of obstacle

We gave the derivative of the first eigenvalue of the Laplace operator for a hard
obstacle and in the case of a soft obstacle or a well.

We will study the variation of the first eigenvalue of the Laplace operator \. and we
also state a theorem on the variation of .

Definition 1.2.1 Let J a functional set to Q. Called derivative (Gateauzx) of J
on point Q, the direction of deformation V' the limit denoted dJ(Q, V), if it exists
J () — J(Q)

t
Definition 1.2.2 Called derivative form X\ the limit denoted N if it exists

t—0 t

This definition can be found in [24].

Proposition 1.2.1 Let Q a open bounded of class C? , we suppose that A\y(t) is
eigenvalue simple. So functions

t— M(t) et t — u, € L*(RY)
are differentiable in t =0 et u' € H'(Q) is the only solution to (1.2) with

N(0) = — /89<%>2V.n (1.6)
Proof

We are going to give a sketch of proof by giving some hints giving the desired result.
To prove this we use in part the implicit functions theorem. We also use the shape
derivative techniques see for instance pionner works of M. Schiffer [37] or [24], [36].
Let us give now some hints for the proof:

Let us consider the problem

dJ(Q,V) = 1tlirno
—

—AUQ = )\QUQ in €
{ u = 0 on 0f) (1.7)
Using the shape derivative, we get
—Au = Nu+ M in D(Q) (1.8)
W = —2V(0).n on 99 '

Multiplying by u the first equation of the above system, using the Green formula
and finally replacing u' by its value on the boundary of €2, we get:

N V) = — /aK(%fV(O).nda
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We gave the derivative of the first eigenvalue of the Laplace operator for a hard
obstacle and in the case of a soft obstacle or a well. We shall study in the following
proposition:

Proposition 1.2.2 Consider the case of obstacle soft or a well so using [? [ we have
the following problems

—Au+ axp(x)u =M in D
u=20 on 0D

With o € R and xp is the indicator function of the region B. with border B is
smooth by piece.

Suppose that B can be displaced by a distance in the direction of a vector field V
So we:

X
Fia a/em |ul*n.V ds (1.9)

proof : see [22]

We will study the variation of the eigenvalue A\. We recall a useful definition which
will allow us to make constructions on the domain 2, and we enunciate a theorem
on the variation of .

Definition 1.2.3 Let P a hyperplane of dimension N — 1 which intersects ).
For any connexe set S didn’t intersects P,

We call ST symmetrical with respect to P.

They say the domain §2 is possessed the property the inner reflection compared to
P if there is a connexe component Qs of Q\P such as QL is a sub - set own
another connexe component €, of Q\P. such P will be called hyperplane of inner
reflection for € , with, Qg will be called the small side for Q (and $ will be
called the big side for ).

we enunciate a theorem on the variation of the first eigenvalue of the Laplace oper-
ator in the different cases of obstacle
This theory was demonstrated in [22] we’ll show ca using other technical

Theorem 1.2.1 suppose that ) is possessed the property the inner reflection com-
pared to P with B a ball.

suppose that B moves with a translational movement following a field vector V
in particular P in the same direction with V' and pointing of the small side to
big side.
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Let Ay s the first eigenvalue of the Laplace Dirichlet:

{ —Au=Mu in D\B = (1.10)

u=0  on d(D\B) =09

So in the case of a hard or soft obstacle
d\(Q,V) >0

in the case of a well
d\(2,V) <0

before giving the proof of this theorem, we will give some useful results for the
different stages of proof

Proposition 1.2.3 : [Mazimum principle for self-adjoint operators]
Let Q domain open , reqular of RYN. Consider an elliptic operator of second order
in €

L= 81 (aij(a:i (3]) + C(;U)

such as

Co|€|2 S CLZ']'(ZE) ngj < Co|€|2 Co, Co >0 ; VS € RN

with a;j(x) € C(Q), c(x) € L®(Q).
Then we have the mazimum principle by :

ue HY(Q)
(PM) : < Lu<0 is verifie = u >0 pp in Q
ulag > 0

Proposition 1.2.4 Let A\ the first eigenvalue of the operator —L
So (PM)' is checked if and if \y >0 .

Proof of Theorem 1.2.1

There are three cases to consider an obstacle on a soft obstacle and a well.We
consider the obstacle hard to the last Position,for the other two cases we explain
that for any point x of 0B which is on the small Q = D|K such as u(z) < u(a2?)
and for the case of an obstacle hard we consider on the formula of Hadamard see
[22| Suffice it to prove that |Vu(z)| < |Vu(aP)|.

2 has the property of reflection following a hyperplane T) of the equation (xy = \)
in the direction of the axis xy suppose B = K.

e D admits an axis of symmetry of equation (zy = 0).

e K, the part of K located further above of Tj.
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e 0)\(Ky) the symmetrical of K5 by compared to T and K, = K|K
e Dy the part of Q completely located above of T)

e 0,\(D;) the symmetrical of Dy compared to T)
and Dy = Q\ {D} Uo\(D})}

one may encounter the following two cases of figures : the figure that explains the
notation

e (i) o(Ky) is inner tangent to 9 at a point y,, with y, & T)

e (ii) T is orthogonal to 02 at a point x, that is to say I\ such as
U)\(Q;\i_> C Q.

Let the case (i) is present .

Let the case (ii) is present.

Suppose A < 0 to fix ideas X\ = K Uo(K)"). Let v the function defined on 3, by
Vo € z)\

v(x) = u(aP) with 2P = o, (). so on X, we have
—Au=XMu in K} Uo(Ky)
u=0 on 0K\ \ T),

)=u(z?) on T,

u(z) =0 on Jo(K\)\ Ty,

—Au(z) —v(z) = )}\)(u(x) —v(z)) in K} Uo(KY)

S
u(z) —v(x) = —u(aP) on Oo(K{)\ T,

determining of sign u in  we will determine the sign of u using the maximum
principle (PM) and the proposition (1.2.4)

Let a;j(x) =1 ¢c(z)=0

a;; elliptical — a;; € C(Q) c(z) € L>(Q).

Let L = 0i (aij(z) 0;) + c(z).
so L(u) = Au. consequently the first eigenvalue of —L is equal to A\; or A\; > 0. So
using to the proposal( 1.2.4) (PM)' is satisfying = u > 0 pp in .

consequently the equation (1.11) becomes

A(v(z) —u(x)) + AMv(z) —u(z)) =0 in Xy

v(x) —u(x) =u(zP) >0 sur 0K, \ Ty,
v(x) —u(x) =0 sur T,
v(z) — u(z) = u(a?) >0 sur  Oo(Ky)\ Ty,
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Let w = v(x) — u(z).
So Using to the maximum principle if we pose

clx) =X\

Lw = Aw+ M our a;; =1

I elliptical c(z) € L*>(Q)

Lwu=0 on X,
{ w>0 on 0%,
Using (PM) = w>0pp in ), = w(x) =u(2?) —u(z) >0pp in >, we will
show that
w(z) #0 Yz € 0K \T)h.

if € K{\T\. we pose u(z)=u(2f) = w(z)=0.
Lw=0 1in X,
SO
w=0 ondX,

we pose h = —w
{ L(h) =0 in X,

= using (PM) w >0 in X,.

. , B
h:o OnaZ)\ :uslng<PM)h200naE>\:> wZO

— w<0=w=0 ppin X, let x € X,

Ow(x) ~ lim w(z —nh) — w(x)

= 0.
>8n h—0 h

or
SO &g@ =0
n
or u(z) — v(z) = 0 we apply Lemma (1) page (308) [36].

Ow(x)

we have > (0 which is contradictory.

So if x € OK CTAO u(aP) —u(z) >0

= u(aP) > u(z).

In the case of an hard obstacle we use the formula of Hadamard this time we consider
the function w(x) = u(z) — u(a?) according to the (PM) on a w(z) < 0 inside of
K to complete the proof in this case we use the lemma (1) page (308) [36]. So
the derivative normal of w(z) is positive or if the second derivative of w(x) in that
direction, the second is impossible considering the equation of eigenvalue from where
Vu(z)| < |Vu(aP)| for any = € 9 K \ Th, m

Conclusion

Using the property of reflection, concepts of small and big side of the domain 2 and
the variation of \; .
we find that A; is strictly increasing when the obstacle B is placed in contact with
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the border towards the large side. Thus A; is minimal when the obstacle touches
the boundary of the domain €. [ |
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Chapter 2

The problem of obstacle for the
fundamental eigenvalue

Studying problems of Analysis of Stability of the Exterior and Interior Bernoulli’s
Free Boundary Problems form in [2] leads us to get interesting information about
obstacle problem for the principal eigenvalue (the first eingenvalue of the Laplace
operator with Dirichlet boundary conditions). So what is the obstacle problem?
The problem of locating an obstacle to the fundamental eigenvalue value is to locate
the setting up position of the barriers or wells in order to maximize or minimize the
first eigenvalue of the considered operator .

In [22|, the authors studied this problem by considering the Laplace or Schrodinger
operator defined within a fixed, bounded, open domain D with zero Dirichlet bound-
ary conditions. Inside this domain, they placed a ball which represents an obstacle
or a well , the position of which is under their control, and their goal was to locate
the optimal position of the piece under their control. And in their works (cf [22]),
one can find some interesting partial answers assuming convexity and/or symmetry
properties for D. They also gave illustrative examples.

In this part of our work, considering an obstacle or a well not necessarily a ball, we
study sufficient conditions to obtain the minimum or maximum value for the first
eigenvalue of the Laplace or Schrodinger operator. The beginning of this study is
that, we suppose we have critical position of the obstacle in the domain. This means
that the shape derivative of the fundamental eigenvalue which we shall explain in
this paper, equals a constant on the boundary of the considered domain.

In the following , we focus our efforts on the minimization problem because the
maximization one uses the same techniques. The problem of the optimal placement
of the obstacle is stated as follows: We assume that Q@ = D\K, where K C D,
represents an obstacle or well which is a C2-regular domain. The shape of K is fixed
a priori and only its position changes by rigid motions (translaions and rotations,
but in this study we are going to focus on motions by translations). Let us suppose
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that € is a critical point, i.e we have a position of K such that the derivative with
respect to the domain of the first eigenvalue is equal to a constant on the boundary
of K or D.

Our aim is to give sufficient conditions to characterize the shape of the obstacle K,
so that the fundamental eigenvalue of the Laplace or Schrodinger operator on (2
with Dirichlet condition on the boundary of the domain is minimum. The obstacles
we shall consider may be hard, i.e. the zero Dirichlet conditions are additionally
imposed on the boundary of K, or they may be soft, that is the operator we are
going to consider is of the following form:

—A+ axxl.
where o € R, and yk is the indicator function of the region K defined by:
1 if zeK
(@) = { 0 if x¢ K 1)

A hard obstacle corresponds to o = +o0o. The term of well refers to the case
where the constant « is negative. These types of operators are defined in standard
ways, and our sign convention of the fundamental eigenvalue with a hard obstacle is
positive and in the case of well it may be negative. For more information on these
operators, see for instance [17].

Notation
In this paper, we are going to use the following notation

V(z,0)=V(0)=V.

The placement obstacle problem for the fundamental
eigenvalue

In this paper, we mention that the same techniques are used in our paper [2]. We
will study the obstacles positions problem using findings from |2| on the functional
J introduced by H. Alt W and L. Caffarelli in [1].

We offer the following details. Suppose we have a critical point for the first eigenvalue
of the Laplace operator, we will give the quadratic form associated with the first
eigenvalue of the Laplace operator and we will conclude by giving the placement
obstacle problem.

2.1 Ciritical point

Let us define:

O, ={w C D, w open set verifying the uniform cone property and vol(w) = my}
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We assume that w = D\ K, where K C D represents an obstacle which is a C*-
domain. The shape of D and the obstacle K are fixed a priori and only the position
of K changes .

Proposition 2.1.1 (Hard obstacle case)
Let us consider the following problem:

—AUQ = )\QUQ in
{ u = 0 on 0} (2:2)
where Q = D\K and K is a C* domain.
The first eigenvalue is defined by:
g = inf{/ \Vul?dz - u € Wy?(Q)/ /u2dx =1}
Q Q
Assuming that there is Q € O,., we have
N V) = —/ 22 v (0) . dor
OK (9n
And if Q) is a critical point for \q, then there is a Lagrange multiplier Bq such that
—(2—2)2 = Bq on 0K

n being the exterior unit normal vector to Q) = D\K (n is the interior unit normal
vector to K ).

Proof

We are going to give a sketch of the proof through some hints giving the desired
result. The proof uses in part the implicit functions theorem. We also use shape
derivative techniques, see for instance pionner works of M. Schiffer |37] or |24], [36].
Let us give some hints for the proof:

Consider the problem

_AUQ = )\QUQ in Q
{ u = 0 on 0f) (2:3)
Using the shape derivative, we get
—Av = Nu+ X/ in D) (2.4)
W o= =24V (0)n on 99 '

Multiplying the first equation of the above system by wu, using the Green formula
and finally replacing «' by its value on the boundary of 2, we get:

NLV) = — /8 K(Z—Z)QV(O).nda

The Lagrange multiplier appears because of the constraint required on the volume
of €. [ |
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Proposition 2.1.2 (Well case)
Consider the following problem:

{_AUQ+()5XKUQ = )\QU/Q m D

u = 0 on D (2.5)

where = D\K and K is a C* domain .
The first eigenvalue is defined by:

Aq = inf{/ |Vul*dz + a/ xruidr i u € W&Q(Q)/ uldr = 1}.
D D D

Then, we have:
N(Q, V) = a/ u*V (0).ndo, where n is the exterior unit normal to K.

oK
And if
NeO= {w C D, K Cw w open set verifying the e — cone property and /XKd:E =wol(K) = mo}

(mg being a fized positive real number) is a critical point for \q, then there exists a
Lagrange multiplier ~vq such that :

au? = v on OK

If Q is a critical point for Aq and if, moreover, the volume of K may change then
u=20 on J0K.

To prove this proposition, one uses the same techniques and the same steps in the
proof for the hard obstacle the case. However, the equation satisfied by the shape
derivative changes as follows:

{ —Au 4+ axgu' + axguV(0).n, = Nu+ ' in D(D) (2.6)

v = 0 on 0D

2.2 Quadratic form associated with the obstacle place-
ment problem

The quadratic shape is obtained by calculating the second derivative of N (€,V)
against the domain. Let us take V given by V(z;t) = v(z)n(z), v € H2(0Q)
and n(z) is the exterior normal defined on 0€Q.

So before going on, we need some hypotheses , let us assume that:

(i) - Q is a C?— regular open domain.
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0
(ii) —(a—u) = ¢ > 0 ( a positive constant).
n

Proposition 2.2.1 (Hard obstacle case)
Suppose that ) is a critical point, then

Q) = EAQV;V)
2 J(Q;V; V)
= —259/ (N—l)HUst—QﬁQ/ |VA|*dx
oK 0
_ _ 2 —
= —20q /ax(N 1)Hvds Qﬂg/aKvads

Where [Bq is the Lagrange multiplier, here it is negative and A is the solution of the
following boundary value problem

—AN = 0 in D\K
A = v on OK (2.7)
A = 0 on OD.

H is the mean curvature of 0K and L is a pseudo differential operator known as the
Steklov-Poincaré or capacity or Dirichlet to Neumann(see e.g [16]) operator, defined

by Lv = — and n is the unit exterior normal of K. In fact A is the harmonic

n
extension of v in 2.

Proof of the Proposition (3.3.1)
We use the definition of the derivative with respect to the domain and we apply it
to A" (€2, V). Then we get

Qv) = dNQ,V,V)
~ [ @RV 0 e [V 0TV 0

Q\K
Q) = —[/ IV V (2, 0).n + div([Vu2)V (2, 0V (z, 0).n]ds.
oK
As 5
_6?_Z =c¢ a.e on OK.

ou
Recall, u =0 on 0K, and: Vu= 8—n = —cn. So

n

Qv) = _[/8K —2en.Vu'V(z,0).n + div(|Vu*V (z,0))V (z,0).n]ds.
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We have u = ——V.n=cV.n on K. And since —— = ¢ a.e on 0K
on an
) ;0 0
and V.n=v , we get u =cv on 0K and n.Vu :—u:c—U:ch,
on a?\n
where L is a pseudo differential operator, defined by Lv = I such that
n

—AA = 0 in Q\K
A = 0 on OK
A = v on 09,

A is the extension of v in Q\K.
Thus

Q) = /BK(ZC%LU — div((|Vu|?)vn)v)ds

Note that
div(|Vul?vn) = vV (|Vul?).n = 20|Vu|V(|Vu|).n

(2.8)

Sine we assumed that € is C?,s0 using the formula of the level motion set related

to the mean curvature.
In fact K = {z € RY; u(x) =0} and we have

Vu - Au Vu.V([Vul)
Vul” |Vl Vul?2

—(N —1)H = div(

where H is the mean curvature of 0¢). Furthermore, since u = 0 on JK, we have

Au=0 on OK.
Finally we get

cn

—(N -1)H|Vu|* = en.V(|Vul|)
cV(|[Vul?) = —(N-1)H|Vul*n
V(|Vul*)n = M[ﬂVu]Q , hence
¢
div((Vulon) = o2 =D iy gup then

Q) = /aK(QCQULU +2¢*(N — 1)Hv?ds

_ / (=200 Lv — 2Ba(N — 1) Hv?ds
oK
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And by the Green’s formula we get

/ vads:/ IVA|2dz.
oK O\K

Remark 2.2.1 Let us note that since the Lagrange multiplier [q is negative, we
have to take into account this information in the search for local strict minimum.
In fact Q1 = —BaQ(v) where Q(v) is the quadratic form computed in the free bound-
ary part of this paper.

For the quadratic form Q1 to be positive, we only need () to be positive, on cane
conclude easily as follows:

if @ >0 then Q1 > 0.

sufficient conditions for the strict local minimum are the same as in the case of free
boundary problem obtained in [2].

Proposition 2.2.2 (Well case)
Let’s suppose that € is a critical point , then for any v € H%((?Q), we have

Q(v) = EANQV3V)

ou
= Qa/ vV2u— 4 v'uv)do =0
8K( (9n )

Proof of the Proposition (2.2.2)
Using the same techniques in the previous proof (3.3.1)we get the demonstration.

Remark 2.2.1 In fact v’ = g—z v on OK.

No information can be obtained from only the calculation of the second derivative.
We have a degenerate situation. We think that it would be a good challenge to study
this situation.

2.3 Sufficient conditions for the minimum

To give sufficient conditions for a local minimum of basic worth, we first present the
results we obtained in our paper [2].
Let A be an operator defined in the following sense :

A:H2(0Q) — H 7(09)
A = L+(N-1D([H |+ H),

where I is the identity operator? L is the pseudo differential operator as defined in
the proposition (3.3.1), and H~ = maz(0, —H).
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Remark 2.3.1

As assumed ON) is of class C?, then the mean curvature H is a continuous function
on Of).

Let us set a(x) = (N = 1)(||H ||« + H(x)), ¥V x € 0. We note that

a is continous and ¥V x € 0Q, a(x) > 0 (moreover a(z) > 0 on a sufficiently
large set).

Lemma 2.3.1

1 - The operator A is a bijection from Hz(0SY) into H=2(09) and it is continous.

2 - The inverse operator A~' is compact and self adjoint from H_%@Q) into
H2(09).

Proof
For proof see [2]

(al + L)™' is compact, self adjoint,
then there exists a Hilbert basis (¢n)n cny C H%((?Q) and a decreasing sequence of
etgenvalues i, which goes to 0.

Remark 2.3.2 Since the inverse operator :

Proposition 2.3.1
Let Qg the critical shape for \q, ( The first eigenvalue of the Laplace operator with
Dirichlet boundary conditions ).is given by

. [Vul*
Ao, = min Jo 5
wewy @0 Jo lul

With € solution of the following problem:

u = 0 on 0§

Qo s a local strict minimum of \q, if and only if

1
N-=—DH |l < —
( )IH ] o
Proof
Since v € Hz(09) then
v = Zvn¢n
n=0
(L+(N—=1)(H+||[H ||c)])'¢n = pndyn then

(L+ (N - 1)), = <ui—<N—1>\|HHoo>¢n

n
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1
Let us set A\, = — — (N — 1)||H || oo-
0

n
So (M) is an increasing sequence going to infinity. Then we have

Q(v)
—2Bq

= <(L+(N-1)HI)v,v > (2.10)

= > Mol (2.11)
n=0

Suppose that
_ 1
N =D e < —
Ho
So

1
M=——(N-=D||H ||l >0
Mo

As Ao > 0 then as a result of )\, increasing we get
S 2 2
Q) = EXolloliy )
with ¢ = —2fq
We are now in the case where it is possible to use the main result in [13],which can

be formulated as follows: there is a positive constant C' and a positive function w
and lim w(n) = 0 such that
n—:>0

5"(t) = 5"(0)] < Cw(n) (2.12)

where J7(t) = 2A(Q, V, V), j(t) = (%) and j"(0) = A2, V, V) = Q(v) , j(0) =
A(Q).
We replace in (2.12) we give

| 2N, V, V) — d2A(Q, V, V)| < Cw(n) (2.13)

1
Using Taylor formula with integral residual we get: \(€;) = )\(Q)—l—/ (1—t)d*X(Qy, V, V) dt.
0
Using inequality (2.13) :
if \p > 0, Q2 is a local strict minimum for the functional \q.
1
If Q2 is a convex domain, then \y = — > 0 . Hence (2 is a local strict minimum for

Ho
the functional \q.
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conclusion

Let €2 be a critical form of the first eigenvalue of the Laplace operator with Dirichlet
boundary conditions,
from proposition (3.4.1), we conclude that:

1
o if (N—1||H ||o < —, Qis alocal strict minimum for the first eigenvalue

Aq of the Laplace operator .

e if (2 is a convex domain, then — > 0 . Hence (2 is a local strict minimum for

0
the first eigenvalue A\ of the Laplace operator .
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Chapter 3

The problem of obstacle for the first
eigenvalue for the p-laplacian
operator

In [32| Long-Jiang Gua, Xiaoyu Zengb, and Huan-Song Zhoub have studied the ex-
istence of asymptotic behavior of the base states for the eigenvalue problem of the
following p-laplacian equation:

Apu = V(@)u’?u = plu2u+ alulu, z € RY

with p € (I,n) , s=p+ %,a > 0 and p € R Is a parameter and V(x) Is a field of
vectors satisfying certain assumptions.

In |31] Leandro , Del Pezzo and Julio Studied the first eigenvalue for the p-Laplacian
operator with the boundary conditions of Dirichlet and Neumann (mixed boundary
conditions). They considered the following problem:

{APU— Aajul*2ulv]® on 0 (3.1)

A= MBlul*uv|*2v on Q

with % + § = 1 and Next mixed boundary conditions:

u =0, \Vv|q2? sur 0f)
v

In [33] idrissa ly studied the behavior of the first eigenvalue of the p-Laplacian op-
erator A\7(€2,,) avec la condition du Dirichlet homogéne au bord du domaine variable
(Q,) ,ou (£2,,) est une famille séquentielles des perturbations géométrie.

In [14] Daniele Valtorta gave the estimate of the first non-trivial eigenvalue of the
p-Laplacian on a compact Riemannian manifold with a non-negative Ricci curvature
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and characterize the case of equality. He studied the following problem:

Ap(u) = Aplul*?u on Q
(Vun) = 0 on 0f)

Daniele Valtorta has proved the following strong estimate:

A 117
AL S
p—17~ dr

With

H_/l ds 2«
TS spyr psin(y)

In this article we will study the obstacle position problem for the p-Laplacian oper-
ator.

The obstacle locating problem for the fundamental eigenvalue is to locate the posi-
tion of the obstacle placement so as to maximize or minimize the eigenvalue of the
p-Laplacian operator. We were interested in the following problems:

Let Q be a bounded open set of RY and K An obstacle that moves The interior
of D. We consider the problem :

u = 0 on Of) (3.3)
Let A, The first eigenvalue of the p-Laplacian operator with certain hypotheses
we want to give the necessary and sufficient conditions so that the first eigenvalue
of the p-Laplacian operator is minimal or we want to determine the position of K
in € so that Ay, Is minimal where XA;, Represents the first eigenvalue of the
p-Laplacian operator

{Ap(u) = Apu/*?u in D\K

3.1 Position of the problem

Let D A fixed open set of RY and K An obstacle that is a subset of D. In this
work we study the minimization of the first eigenvalue of the operator P-Laplacian
with conditions at the edges of Dirichlet null on the border of Q@ = D/K. . More
specifically,, we place K at The interior of D  With conditions at the edges of
Dirichlet null on the border of Q = D/K.

The question is: : We want to determine the position of K in D so that A,
minimal where A, Represents the first eigenvalue of the p-Laplacian Dirichlet

(3.4)

Ay(u) = Aplu/*2u in Q
u = 0 on Of)
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With the p-laplacian operator defined by the following relation:

A, WyP(Q) — Wh(Q)
A, u — div(|Vu|F7*Vu)
W=44(Q) la dual de W, 7(Q)
Define a vector field
VRV — RV
v (@), Val@), Va(@) Vir(a))
For all real ¢ Small, we define the domains Disturbed:
Q= {Id+tV)(Q) ={z+tV(z), xe€Q}.

The variation of €2 Is explained by the fact that K Moves into 2 Without going
out. if K Is a hard obstacle, the movement of K dans €2 Is done either by
translation or by rotation, or one combines these two Types of motion.

If K Is considered a soft obstacle, K May undergo a transformation by homothety.
After perturbation of the problem (3.4) becomes :

{Ap(ut) = Aiplw*?uy in

u = 0 on O (3.5)

By using the variational formulation the first eigenvalue of the operator P-Laplacian
is defined by the following Rayleigh nonlinear quotient

VulP
Al (Qt) = 1Il'lln fQ|—J
ueWy P(Q),u#0 fQ |’U,’

VVO1 ? The adherence of all functions C* Has compact media contained in W'?, with
Wi (Q) = {u e LP(Q); 2+ € LP(Q), (i =1, ..., N)}
We will give some definitions before we formulate more precisely the problem

Definition 3.1.1 Let ¢ A unit vector of RN, e A strictly real number Positive

and y belonging to RY, The summit cone y And direction £, Of angle at the top
and height €. The set defined by

Cly.&ee)={r eRY : |z —y| <e et [(x—y) & = [z — y|cos &}

Definition 3.1.2 Let Q An open set of RY,
Q) Has the property of € - Cone if for any
x € 09, There is a direction & And a strictly positive number ¢ such as

C(y, &, e,6) € Q pour tout y € Bz, e) NQ
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In the case of a hard obstacle:
Define for any real ¢ pretty small T,(B) Such as a translation, rotation, or face.
Let Jo(£2) = / dx — v, with v, > 0 and
Q
O, = {Qt = D\T}(B), open of RY And verifying ownership of the &

Cone and / dx = vo}
Q

So the probletm becomes: determine the position of B such than

Qrflelgskl ,p(£2) Is reached

or A\;,p(2;) = min { |VulPdz |ulPdz = 1,}
Q

ueWhr(Q) Qy

3.2 The shape Critical of the first eigenvalue for the
p-Laplace operator (A ,(£%))

Now we will start by studying the shape critical of the functional Ay, p(€2;) (the first
eigenvalue for the p-laplacian operator) above. Indeed, the solution domain of the
free boundary problem is not automatically a minimum for the function A ().
this justifies the study of the shape critical of Ay ,(€2;), followed by 1 The study of
the quadratic form. The functional A\; ,(€2;) is given by the following relation:

Mp() = | |Vul|Pdx

Q
With wu solution of the following problem:

{ Ap(ut) = Al,p|utlo‘_2ut in Qt

Uy = 0 on 8Qt (36)

Using the hadamard formula we get
Ay () = / (IVulP) dv +/ div(|VulPV(0))dx
Qt Qt

App() = /Q VuVu'|Vu| " 2dz + /8 VUV (o) nd

With n is the unit exterior normal of K
with u Is the derivative of the form of u , and " Satisfying the following equation:
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—div(Vu'|VulP~2) — (p — 2)div(|VulP~4(Vu.Vu')Vu) = /\/Lp]ut|a*2u
+(p— DArplw/P2  in O\K (3.7)
T —%V.n on Of)

We multiply the equation (3.7) by u and using Green formula we get

—(p— 1)/Q —div(VU/ |VulP?)udz = Xy, (L, V) + /Q (p — D)1 plueP v udz

Using the Green’s formula then we get

—(p— 1)/ —div(Vu|VulP~?)u'dr + —(p — 1)/ |VulP2Vu.nu'dx =
Q4 o

K

)‘,1,p<Qv V) + / (p — 1))\17p|ut’p—2u/udl’ (38)
Qy

We are getting

—(p—l)/Q(—div(Vu|Vu|p_2)—Al,p|ut|p_2u)u'dx+—(p—l)/ |Vu|p_2Vu.nu’dx:)\/LP(Q,V)

OK
(3.9)
What gives after the simplification

>\/1,p(97 V) = _(p - 1)/ |VU|p_2VU.TLU/dO'

K
since
0
W =-yn= on 0K
on
and 5
U
Vu.n = e —|Vu|
So we get

N (V) = —(p— 1)/ IVl (0).ndo
’ K
Since we have an optimization problem with equality constraint

JQ(Q)—/d:U—UO—O
Q

©2019 RS Publication, rspublicationhouse@gmail.com Page 32



DOl : https://dx.doi.org/10.26808/rs.eb.01
Available online on http://rspublication.com/ebook.htm
September 2019

So there is a Lagrange multiplier 5 < 0 Depending on the domain (2, and verifying
Nip (2, V) = BdJy(Q,V) (3.10)

The derivative of J5(€2, V') Is given by

dJo(,V) = / V.ndo (3.11)
0K
By replacing in (3.10)
—(p— 1)/ |Vu|PV(0) «ndo = 3 V(0).n do (3.12)
oK oK
Which give
—(p=1)|VuffP =5 on 0K (3.13)

So we get the following relation:

—B
p—1

=

|Vu| = ( on 0K (3.14)

)

Let ©; = Q\K with K An obstacle that moves inside of 2 So y = Q\ K Is a shape
critical of functional A; ,(€2) If and if there exists a multiplier of lagrange 5 < 0
Depends on domain €2; Verifying the following relation:

IVu| = ( 1)% on 0K (3.15)

-
3.3 Quadratic form associated with the first eigen-
value of the p-Laplace operator (A ,(¢))

We have just proved that 2, = Q\ K Is a shape critical of the functional A ,(€2). And
our goal is to know if ; can be the minimum of \; ,(§2) under certain assumptions.
This leads us to the study of the positivity of a quadratic form that we will denote
by Q. This quadratic form is obtained by calculating the second derivative of A; ,(€2)
with respect to the domain. So before we go on, we need some assumptions. Suppose
that:

(i) Q TIs open of class C?— regular.

(ii) V(z;t) =v(x)n(z), v € H2(8Q), V¢ in [0,€].
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Proposition 3.3.1 (Hard obstacle case)
Suppose that g is a shape critical, then quadratic form associated with the first
eigenvalue of the p-Laplace operator is given by:

Q(U) = d2)\(l,p)<Q; V; V)

= _p/BQt/ (N_ 1)Hv2d5_p59t |VA|2dl'
oK Q

= —pﬁgt/ vLvdo — pBq,(N — 1) Hv*do
K

oK

Where [q s the Lagrange multiplier here it is negative and p is allowed to range
over 1 < p < oo, and A is the solution of the following boundary value problem

A = 0 on 0D (3.16)
A = v on 0K

H is the mean curvature of 0K and L is a pseudo differential operator known as the

Steklov-Poincaré or capacity or Dirichlet to Neumann(see e.g [16]) operator, defined
oA . . . . 4

by Lv = I and n is the unit exterior normal of K. In fact A is the harmonic

n
extension of v in 2.

Proof
The first derivative of the functional A; ,(€2) Is given by the following equation

AL(Q,V)=—-(p—1) AK |VulPV (0).ndo

N (V) = —(p— 1) / div(|VulPV (0))dz

Q

Using the hadamard formula we get

PA(QV.V) = —(p-1) /

of

div(|VulPV(0)) de+—(p—1) / div(div(|VulPV(0))V(0))dx

Q
What gives after the simplification

-1
—1d )\1717(97 ‘/, V) -

T . div(p|VulP"*VuVu'V(0))da+ / div(div(|Vu[PV (0))V (0))dz

Q
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—1
d*\,(Q,V, V) = / p|Vu|p_2VuVu'V(O).nda+/ div(|Vul|PV(0))V(0).ndo
(p—1) 0K oK
-1 X, (L V, V) = / p\Vu\pQVuVu’V(O).nda+/ V(| Vul")V(0)V(0).ndo
(p—1) 0K oK
Since |Vu| = (%)% on 0K and Vu = —|Vu|ln on 0K

and u' = —g—ZV.n = |Vulv on 0K

What gives after the simplification

A2\, (L, V, V)
(p—1)

Since v’ = —%Vn = (;Tﬁl)%v on 0K Son.Vu' = (ﬁ)%g—z on 0K

Replacing in (3.17) We obtain the following relation :

_ /6 PAVUP TV (0)n = V(TP VOV O)nlde  (317)

d2)\1 p(Q7 ‘/7 V) _/8 av D
’ = — ) v : 1
(p—1) /8K[p(p — 1)(9nv V(|VuP)V(0)V(0).n|do (3.18)
Replacing in (3.18) Which give:
d*A,(Q,V, V) —p / )
=) ’ULvda—/ vV (|Vul?).ndo 3.19
Do = | [ ov(vup) (3.19)
So we get the following relation:
Pr(QV,V) = —pB [ vLvdo — (p—1) / AV( VU ndo  (3.20)
oK OK

Sine we assumed that  is C?,50 using the formula of the level motion set related
to the mean curvature.
In fact 0K = {z € RY; u(x) =0} and we have

Vu Au  Vu.V(|Vu|)

—(N—1)H =di - -
( ) ”ﬂw) V] Vul?

where H is the mean curvature of K. Furthermore, since u = 0 on 0K, we have
Ay,u=0 on OK.
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Finally we get
—|Vuln :
—(N —1)H|Vu| = n.V(|Vul)
V(Vu]) = —(N—=1)H|Vu|.n

By miltipliating by |Vu|"~! we are getting:

Vul" 'V (|Vu|) = =(N — D)H|Vul’.n
Finally we get
V(|Vul|?) = —p(N — 1)H|VulP.n
This gives the following relation:

V([ Vul?).n = w

Replacing in (3.20) We obtain the following relation :

d*\1,(Q,V,V) = —pB vLvdo — pB(N — 1) Hv*do (3.21)
oK oK

Therefore the quadratic form of the functional Ay ,(€2;) Is given by the following
equation:

Q(U) = dz)\(Lp)(Q;V; V)

—— / (N — ) Ho?ds — pbo, | |VAPdz
oK O

= —pﬂgt/ vLvdo — pBq,(N — 1) Hv*do
oK oK
3.4 Sufficient conditions for the minimum of the
first eigenvalue of the p-Laplace operator

In [13], Michel Pierre and Marc Dambrine ((See as well [10],[11]) Have shown that
it is not enough to prove that the quadratic form is positive to say that a critical
form is a minimum.

For t € [0, €], A1) (1) = A1) () + Xy ) (2, VIE+ dP A1) (4 V; VI + 0(t?).
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The amount o(t?) Is expressed in terms of the norm of C2. It appears in the expres-
sion d2J(,V,V) norm of Hz(89). And these two norm are not equivalent. The
amount o(t*) Is not lower than ||V||2%(m) see [13],[19].

next, such an argument does not guarantee that the critical point is A strict local
minimum. For this we will use the main result [13] and The Taylor formula with
With integral rest to see if €2 is a strict local minimum or not.

To give sufficient conditions for a local minimum of basic worth, we first present the
results we obtained in our paper [2].

Let A be an operator defined in the following sense :

A:H2(0Q) — H 7(09)
A = L+(N-1)(|H ||+ H)I,

where I is the identity operator L is the pseudo differential operator as defined in
the proposition (3.3.1), and H~ = maz(0, —H).

Remark 3.4.1
As assumed 0N is of class C?, then the mean curvature H is a continuous function

on 0K.

Let us set a(x) = (N — 1)(||H ||oo + H(x)), ¥V = € 0. We note that

a s continous and ¥V x € 0Q, a(x) > 0 (moreover a(x) > 0 on a sufficiently
large set).

Lemma 3.4.1

1 - The operator A is a bijection from Hz(9RQ) into H™2(0) and it is continous.
2 - The inverse operator A~' is compact and self adjoint from H_%(QQ) into
Hz(09).

Proof
For proof see |2]

Remark 3.4.2 Since the inverse operator : (al + L)™' is compact, self adjoint,

then there exists a Hilbert basis (¢n)m e ny C H2(09) and a decreasing sequence of
eigenvalues (i, which goes to 0.

Proposition 3.4.1
Let Qg the critical shape for A\ ,(2) ( The first eigenvalue of the p-Laplace operator
) is given by

. |VulP
Ap(82) = min —fﬂ .
wewi P @0 Jo Ul
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With €, solution of the following problem:

{Ap(ut) = )\17p]ut\°‘_2ut m Qt (3 22)

w = 0 on 0

Qo is a local strict minimum of Ay ,(SY) if and only if
_ 1

(N =DlH e < —

Ho

Proof
The proof is a direct consequence of the remarks(3.4.1) ,(3.4.2) and The results of | 7]

conclusion

Let €, = Q\K with K An obstacle that moves Inside of Q So 2y = Q\K Is a
critical shape of the functional \; ,(£2) If and if there is a lagrange multiplier § <0
Depends on the domain €2y verifying the following relation:

_ B
\VU\—(p_

1)% on 0K (3.23)

Let € be a critical form of the first eigenvalue (A ,(12)) of the P-Laplace operator
with Dirichlet boundary conditions, from proposition (3.4.1), we conclude that:

1
if (N —-1||H ||l < —, € is a local strict minimum for the first eigenvalue

0
(A1,,(€2)) of the P-Laplace operator .
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